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ADVERTISEMENT -

BY THE EDITOR.

TH E Recreations, Mathematical and Philoso.
Phical, of M. Ozanam, have always been justly
esteemed the most rational and complete of all that
have ever been composed in any country; having
_gone through numerous editions, and been trans-
lated into various languages, even in their rudest
state and form. :

Many things, however, in the original work re-
quired much alteration and improvement, in cor-
rections, alterations, and additions, to adapt it to the

present improved state of the liberal sciences. Ac-

cordingly this task has been very ably performed
by M. Moritucla, the very learned author of the ce-
lebrated History of the Mathematics, who has just
published a new edition of those Recreations, in tous
large volumes, embellished with a grezt number of
elegant copper plates. Under his hand the work
assumes a quite different form and appearance, hav-
ing been wholly new cast and composed, the pueri-
lities and improprieties expunged, the materials pro-
perly arranged, and the whole greatly enlarged
with the new sciences and the numerous improve-

ments that have been made for nearly the last 200

years, since Ozanam first compiled his original
work. So that the whole appears now rather as a
new work, of the present times, than a new edition
of the old one. The circumstances of which are
particularly described in M.Montucla’s own preface.

The excellence of Montucla’s work, then, has
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vi ADVERTISEMENT.

induced me to render it still more useful to the
English reader, by the present translation ; which
is also further augmented by the addition of many
notes, remarks, and dissertations, rclating fo several
particulars which ‘have been omitted even by Mon-
tucla himself ; which the teader will find dispersed
through all the volumes and all the parts of this
work a work in which will be found an easy and
familiaf account of every thing the most amusing
and curious in all the branches of the mathematical
and philosophical sciences: Thus, in Arithmetic 3
we have the different systems and kinds of arith-
metic’; “short and curious ways of computing;
atithmetical machines and Napier’s rods ; palpable
arithmetic ; ‘curious properties of numbers, perfect,
amicable, prime, squares, cubes, &c, figurate, tri
angular,- &c, pyramidal, progressions, musical;
combinations, probabilities, chances, sports and
pastimes, divinations or guesses, cards, dice, maglc
squares and circles ; Political arithietic, propertion
of the males to the females, the numbers of persons
of all ages, proportion of births to the number of
persons and f'nmhes, &c, &c, &c.—In Geometry,
the various properdes, constructions, transforma-
tions, and measures of geometrical figures; as tri-
angles, squares, parallelograms, trapeziums, poly-
gons, circles, lunes, ellipses, spheres, &c ; quadra-
ture and rectification of the circle; geometrical
problems, both on paper and on the rrou.nd 5 select
and new geometrical theorems, more “extensive and
general than formerly 5 the most advantaceous form
and position of the cells in honey cowd, &c.—In
Mechauics, curious and interesting prob lems, pro-
perties and machines ; history of llm atten‘pts at the
perpetual motion, and of celebrated machines, both
ancient and modern 3 water-wheels, steam-cngines,
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&c.—In Optics, the new and in-portant discoveries,
both microscopical and oti:rs.—In Acoustics,
Pneumatics, and Music, the fo. mation and propagee
tion of sounds: echoes, pnéu:natic engines, ancient
and modern music, effects of harmony, description
of musical instruments, &c.—In Astronomy and
Geography, finding meridian .incs, latitude, longi-
tude, time. climates, measures ¢i degrees, figure and
magnitude of the earth, maps, rhe stars, planets,
sun, moon, comets, eclipses, constellaticns, system
of the universe, chronology, calendars ejochs, &c.
—On Gnomonics or Dialiing, ali so:ts of curicus
dials, both on plane and curved surtaces.—In Na-
vigation, the governing and manceuvring of ships,
finding the latitude and longitude at sca, history of
finding the longitude, &c.—In Architecture. the
construction of walls, vaults, arches, bridges, domes,
&c.—In Pyrotechny, the mixture ~f powder and

compositions, for muskets, cannon, all torts of fire. -

works, stars, rockets, serpenws, marroons, jets,

wheels, suns, fire that burns under water, &c.— -

In Chemistry, Philosophy, &c. of fire, air, water,
earth, thunder, winds, hydraulics, hydrostatics, ba-
rometers, thcrmomerers, hygrometers, air pumps,
water-pumps, syphons, fountains, odours, light,
heat, cold, ice, magnets natural and artificial, elec-

- tric fire, lightening, metals, earths, salts, phosphorus,
sympathetic inks, metallic vegetations, perpetual
lamps, palingenesy, &c, &c. 'Lhe particulars of all
which are stated at length in the table of contents at
the beginning of each volume; besides the more
ample account of the whole work, in the preface in-
serted in the first part, by Montucla, the learned
editor of the new French edition.

Royal Mil. Acad. ; CHA. HUTTON.

‘Woolwich, Oct. 20, 1801.
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SOME ACCOUNT
OF THE
LIFE AND WRITINGS

OF

MONTUCLA.

J OHN STEPHEN MONTUCLA, member of the Na-
tional Institute, and of the academy of Berlin, censor royal
for mathematical books, and author of this new-modelled
and enlarged edition of the l\:}jathematicnl Recreations of
Ozanam, was born at Lyons, the sth of September 1725.
His father was a banker, by whom he was intended for
the same professicn ; but the science of calculations, to
which he was early introduced, soon produced a discovery
of the natural bent of his mind. In the Jesuits college at
Lyons he laid a good foundation in the antient languages,
as well as in the mathematical sciences, which enabled
him afterwards easily to acquire a competent acquaintance
with the Italian, the German, the Dutch, and the English,
which he not only read, but also spoke very well.

At 16 years of age Montucla lost his father; and his
grandmother, who had been left guardian of his education,
died 4 years after. Having finished his studies at Lyons,
- he went to Toulouse to study the law, a branch of study
deemed necessary in the libcral education of every person
not destined for the profession of arms. -

"~ From hence he repaired to Puris, to enjoy in that capital
all the benefits it afforded to the studious, in the lessons
of the best masters,.in the rich collections of the produce
tions of nature and art, in the best libraries of books, and
in the united societies of the literari, such as Diderot,
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Dalembert, Degua, Lalande, Blondel, Cochin, Courtou,
le Blond, &c, among whom he found friends for the rest
of his life, and which fixed and determined his choice and
-pursuit of the mathematical and philosophical sciences, in
which he afterwards distinguished himself in so eminent a
degree. It was only in relaxing and unbending his mind,
from such severe exercises, that he could sometimes
occupy himself privately on subjects of less magnitude:
such as when he in a manner made an entire new book of
Ozanam’s Mathematical Recreatizng, by the multitude of
articles added, abridged, or substituted : on which occasion
he had so closely concealed from every person the secret
of his eoncern in that neat and improved edition, that the
work was actually sent to him to examine and authorize
in his capacitv of public cencor for mathematical books, an
honorary oifice to which he had some time before been
appointed. f'o the last edition of these Recreations how-
ever, from whence these four volumes have been trans-
lated, he set the initials of his name,

Many other picces were in the like 2nonymous manner
composed by Montucla 3 among which may be here noticed
an ingenious and learned History of Researches relating to
the Quadrature of the Cirdley published n 175135 a work
very intcresting, on account of the number of speculators
who have gone astray after that seducing phantom, and
of the curious properties which the rescarches have given
rise to. ' :

On occasion of introducing into Frirce, in 1756, the
“practice of inoculation, which had been brought to Eng-
land in 1721, by lady Montague, on her return from Con-
stantinople, Montucla madc a translation from the Eng-
lish, of the principal writings on that subject, which he
added to the Memoire of la Condamine.

In the year 1758, came out Montucla’s grand work, the
History of Matkematics, in 2 large volumes in quarto: a
work of profound reading and learning, and upon which,
young as he was, he had spent a great many years of his
life. 'This performance, of immense lubour and erudition,
publisied at 33 years of his age, justly procurcd to the
author 2 mest distinguisked place in the learned world.
This bistory, sv truly admirable, whether we consider the

-
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extreme clearness and precision with which the subjects
are trcated, or the profound learning it exhibits, having
been long out of print, the author’s employment under
the government, as first commissary of the king's build-
ings, for many years prevented him from tuily yielding to
the solicitations of his learned friends, to continue the
work through the 18th century, in a new and enlarged
edition. But the unfortunate loss of his fortune and em-
ployment, by the late revolution in France, left him but
too much leisure for that purpose. The consequence,
happy in this instance for the sciences, has been a new
edition in 4 large volumes; in which the history is con-
tinued down to the end of the 18th century, and the
former parts also very much enlarged and corrected.

In 1755, Montucla was elecfed an associated member of
the academy at Berlin. And in 1761 he was pliced at
Grenoble as secretary to the office of intendance, where
he united in a happy marriage with Maria Frangoise Ro-
mand, who was still living at his death.

The duke de Choiseul having ordered, in 1764, a colony
to be formed at Cayenne, Montucla went out there as first
secretary to the commission, to which appointment was
joined also that of astronomer royal. The affairs of the
colony not proving successful, after 15 months Montucla
returned again to Grenoble, bringing with him many
useful observations and specimens in botany and natural
history, which proved bencficial both to the sciences and
to the public at large. 'This voyage also furnished him
with those curious observations on the shining of the sea
in many places, and of various luminous insects, which
are inserted near the end of the 4th volume of these Re-
creations.

Soon after hie return, Montucla was appointed at Ver-
sailles to the honourable and profitable office of first com-
missioner of the royal and public buildings ; an employ-
ment which he executed with great ability and uscfulness
during more than 25 years, till the overthrow of the
monarchy put an end at once to his office, and the little
fortune his regularity and acconomny had “enabled him to
save, throwing him again on the world, in his old age,
naked and stript of every thing except his integrity, and
the love and respect of his friends !
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“The modesty and integrity of Montucla were not less
remarkable than his erudition. He was offered a place in
the Academy of Sciences of Paris; which through deli-
cacy he refuscd, as he felt he should not have leisure suf-
ficient properly to attend to the dutics of it. 'The por-
tions of time which others would give to their pleasures,
or amusements in their families, he always devoted to the
details of the dutics of his oilice, or to his studies. The
translation from the English, of Carver’s Travels in Norih
America, was the sole monument of his pen during that
long interval.  And even this was produced properly in
the faithful discharge of the public duties with which he
was charged. Being particularly charged by the govern-
ment with the correspondence relating to the voyages
which it ordered, he made it his duty and care to collect
all the accounts he could find rclating to such enterprizes
by other countries.  With this view, at first only amusing
his family with the reading of Carver’s travels, finding it
entertaining and instructive, he completed and published
the whole translation. ‘

Montucla was named a member of the National Institute
from the time of its commencement. And the govern-
ment of 1795 employed him in examining and analyzing
the treatises deposited in the national archives. He was
named professor of mathematics of the central scliool at
Paris ; but the bad state of his health would not permit
him to accept it3 and the Department honoured him with
a place in the jury of central istruction.  But a place in
the oflice for t)lxc national lottery was the only resource for
his family during two years; a pension of 2400 francs
(1ool.), given Iym by the minister Neufchatean on the
death of Saussure, and which he enjoved only four months
before his decease, which happencd the 18th of December
1799 3 and was chiefly occasioned, as it often happens to a
literary and sedentary men, by a retention of urine; leaving
a widow, as also a daughter, married in 1783, and a con
employed in the office of the minister for the interior.

Montucla was one of the most considerable mathe-
maticians of the 18th century ; being well acquuinted with
all the branches and improvements in those cbetruse sci-
ences.  His taste however, always chaste und cleur, lud
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him to prefer the pure and luminous methods of the
ancient mathematicians, and to blame, in the French and
the Germans, the great neglect of the same principles,
which they shewed on all occasions by their preference of
the mere modern analysis.

In the qualities of his heart too Montucla was truly
estimable : remarkably modest in his manner and deport-
ment; benevolent far beyond the means ‘of his small
fortune: of a very respectable personal appearance; he
spoke with ease and precision, but unassuming and with
simplicity 3 related anecdotes and stories in a pleasant and
playful manner; and breathing, in all his conduct and

deportment the swectness of virtue, and the delicacy of a
fine taste.



ON THE
LIFE AND WRITINGS

OF

OZANAM,
THE FIRST AUTHOR OF THESE

MATHEMATICAL RECREATIONS.

et e e

J AMES OZANAM, whose fame is established as an
eminent Mathematician, was born at Boligneux in Bressia,
in the year 1640: he was descended from a family of
Jewish extraction, but which had long been converts to
the Romish faith, and some of whom had held consi-
derable places in the parliaments of Provence. Being a
younger son, though of an opulent family, it was thought
proper to educate him for the church, that he might be
qualified for some small benefices belonging to the family :
he accordingly studied divinity four years, but this was
purely in obedience to the will of his father, upon whose
death he relinquished his theological pursuits, and, follow- .
in‘g his natural inclinations, devoted himself to the study -
of the mathematics. Having considerable genius, as well
as great industry, he made very great progress, though un-
assisted by a master, and at the juvenile age of 15 years, he
wrote a mathematical treatise.

While very young he removed to Lyons, and, for a
* maintenance, taught the mathematics, with tolerable suc-

cess: but his generosity soon procured him a better re-
"sidence. Among his pupils were two foreigners, who,
being disappointed of some bills of exchange for a journey
to Paris, mentioned the circumstance to hum: finding that
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5o pistoles were nccessary to cnable them to accomplish
their purpose, he immediately supplicd them with the
money, even without their note for it. Upon their arrival ag-
Paris, they mentioned this gensrous action to Al Dugus-
seau, father of the chancellor; who being struck with
this trait in his character, engaged these young gentle-
men to invite Ozanam to Paris, with a promise of his,
favour. He embraced this opportunity with eagerness,
and, at Paris, the emplovment of giving instructions in
mathematics soon brought him in a considerable income :
though' his business, however, procured him plenty of
money, he saved none 5 for being addicted both to gaming
and gallantry, they continually drained his purse.  After
afew years of dissipation and expence he began to wish
for domestic enjoyments, and soon entered into the con-
nubial state with a young woman, who, though she had
no fortune, was formed to give him happiness, being dis-
creet, modest, virtuous, and of a sweet dizposition. From
the period of his marriage, he long enjoyed much comfort,
and, besides atiending to his business as a mathematical
master, he wrote a great number of useful works: Among
these we cannot help mentioning his Treatise of Lines of
the first Order, and of the Construction of Equations,
published in 1637 ¢ the Mathematical Dictionary, pub-
lished in 1690t the Ceurse of Mathematics, § volumes
cctavo, published in 1603 : the Mathematical and Philo-
sophical Reercations, fisst published in 1604, in 2 vols,
8vo: and the Elements of Algebra, in 2705, 8vo, pub-
lished in 1702

Our author had 12 children, but had the pain of losing
most of them while young @ and, to complete his bereave-
ments, his wife died, in 1501, which last stroke made
kim very unhappy indeed.  About this period too the war
breaking out, on account of the Spanish succession, it de-
prived him of mcst of his pupils, who, being foreigners,
were cbliged to leave Paris. This concurrence of painful
circumsiances reduced liim to a very melancholy state;
from wiich he had mercly a temporary reiief, in conse-
quence of his being admitted an eleve of the Royal Aca-
demy of Sciences: but he ncever recovered his wonted
health and spisits 5 so that, although Le lingered through a
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few dull years, with a strong presentiment of his approach-
ing dissolution, he might rather be said to exist than to
live, until the year 1717, when he was seized with an
apoplexy which terminated his existence on the third of
April, at 77 years of age.

Ozanam possessed a mild and calm disposition, a chear-
ful and pleasant temper, an inventive genius, and a gene-
rosity almost unparalleled. After marriage, his conduct
was 1rreproachable ; and, at the same time that he was
sincerely pious, he had a great aversion to disputes about
theology. On this subject he used to say, that it was the
business of the Sorbonne doctors to discuss, of the Pope

- to decide, and of a Aathematician to go straight to heaven
in a perpendicular line. ’

————t



ERRATA AND ADDENDA.

Invor. 1. Pa. 108 line 16, after die B, add, or by 4 with
the die A and 2 with the die B.—Pa. 113 line 22, and 23, for

.o the chances of Tosing, read of the chances for losing.— Pa.

315 last line, and pa. 116 line 1, for than 19 fo e, read, than
171 to 1125, or about 1 to 63 ought &c. L ne 12, for {og

read Pryfs or }g—Pa. 289 line 24, for vol. v. read vol. i

Ix voL. 1. Pa. 141 line 19, for plate 19, read plate 14.—

Pa. 14§ &c,for p]ate 20, read plate IS.—PC. 212, line 4,j'nm
the bottam, for mearer, read farther from.

Ix vou. 1i1. Pa. 18, of Bristol, the lat. ;x’ a2y, and its lorg.
2° 35’; Pa. 28, of Wells, the lat. 51° 10" and its ‘ong. 2° 39",
Pa. 281, Jine 1%, 18, 19,20, for 13° 4¢' &e. read 13° 48';
14° 65 14° 38 15° 175 15° 5475 16° 17",

’

The binder to place the table of contents at the beginning of

each wolume, to ahich they appertain.  Alsoy the plates in
cech val. immediatel(v after the parts to avhich they belong :
as, all the plates relating to arithmetic, immediately after the
_ﬁr;t party or arithmetic ; those velating to gecmetry, nmext
after that branch ; and so of the rest.



MONTUCLA’s

PREFACE

THOUGH the mathematics are commonly, and
not without reason, accounted the most difficult
of all the branches of human knowledge, those
who are only initiated in them must allow that they
present a variety of questions respecting numbers
and magnitude, (independently of the mixed ma-
thematics, such as optics, mechanics, astrono-
my, &c.) which, without being so difficult as to
afford much occupation to a cultivated mind, are
well adapted to excite curiosity, either by the so- -
lution of them, or by the means employed to attain
it. We do not indeed pretend, that minds accustom-
ed only to frivolous or trifling pursuits, and which
are not even acquainted with the elements of real
science, can find in these questions any thing inte-
resting or amusing. But as it forms a part of polite
education at present, to give to young persons some

elementary and superficial ideas of the mathema-
" vot. 1. b
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tics and natural philosophy, we have no doubt that
there are a great many capable of being interested
in a work which presents them with a well chosen
selection of whatever is mgst curious in these
sciences, either on account of their singularity or
usefulness. Besides, there are minds of all dis-
positions, as well as there are different characters
and faces. What one class of men treat with the
utmost indifference, is often highly esteemed by
another. A circumstance in which consists the
harmony of the universe.

It may here be added, that the mathematics
and philosophy were never more cultivated than
at present. But they are cultivated by two differ-
ent classes of men: some make them an object
of pursuit, either in consequence of their situation,
or through a desire to render themselves illustrious,
by extending their limits; while others pursue
them for mere amusement, or by a natural taste
which inclines them to that branch of knowledge.
It is for the latter class of mathematicians and
philosophers that this work is chiefly intended ;
and yet, at the same time, we entertain a hope
that some parts of it _will prove intercsting to the

. former. 1In a word, it may serve to stimulate the
ardour of those who begin to study these sciences;
and it is for this reason that in most elementary
books the authors endeavour to simplify the ques-
tions desxoned for exercising bcmnners,vby pro-
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posing them in a less abstract manner than is em-
ployed in the pure mathematics, and so as to in-
terest and excite the reader’s curiosity. Thus, for
example,” if it were proposed simply to divide a
~ triangle into three, four, or five equal parts, by
lines drawn from a determinate point within it,
in this form the problem could be interesting to
none but those really possessed of a taste for geo-
metry. But if, instead of proposing it ‘in this
abstract manner, we should say: ‘¢ A fatheron his
~ death bed bequeathed to his three sons a trian-
gular field, to be equally divided among themw;
and as there is a well in the ficld, which must be
common to the three co-heirs, and fromn-which
the lines of division must necessarily proceed, how
is the field to be divided so as to fulfil the inten--
tion of the testator?” This way of stating it will,
no doubt,’create a desire in most minds to dis-
cover the method of solving the problem ; and
however little taste people may possess for real
science, they will be tempted to try their inge-
nuity in finding the answer to such a question as
this.

We do not think it nccessary to prove by ex-
amples, as Ozanam docs, that a geometrician,
without degrading his character, may sometimes
descend from his abstract study and calculations,
to questions ‘in his .art, rather curious and easy
than useful and difficult. Such indeed are the
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greater part of those in this work ; but the ex-
amples selected by Ozanam are, it must be con-
fessed, not well chosen. For what connection is
there between this subject and the enigmas pro-
posed, as we are told, by the kings of Syria and
Egypt, or the calculations of eclipses and other
celestial phenomena, which the Babylonians and
Egyptians sent to each other as friends? Besides,
I know not where Ozanam could find such anec-
dotes. It was more natural to have said, that the
mind cannot always be bent ; and that after a sub-
ject has been thoroughly studied, there is some-
times a pleasure in afterwards skimming lightly
over its surface: in short, if in this work there
are some questions rather frivolous, we may plead
in excuse, that Wisdom finds it sometimes ne-
cessary to throw herself for rellef into the arms
of Tolly.

The first exapmple of these mathematical amuse-
ments has been given us by the Greeks. For we
find in the Greek Anthology a great number of’
epigrams, which are nothing but arithmetical
questions : such is the celebrated problem of the
Ass and the Mule; or that respecting a figure of
Cupid which fills a reservoir with water, through
various apertures in different times; &c. which
~we find proposed there in verse. The most re-
markable of these will be found in the first volume
of this work.
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It was from similar considerations, as it appears,
that Bachet de Méziriac, a celebrated algebraist,
who wrote a learned Commentary on Diophantus,
was induced to collect a great variety of questions
on numbers, which he published in 1626, under
. the title of Problémes plaisans et délectables sur les
Nombres. This book, next to the problems of the
Greek Anthology, -laid the foundation for all the
Mathematical Recreations that afterwards appear-
ed, more or less extensive, and in different lan-
guages. But we shall here speak only of the
French works on this subject.

The first Mathematical Recreations appeared in
1627, in 8vo. under the title of Recreation Ma-
thematique, composée de plusicurs Problémes plaisans
et facetieur, par H. wvan Etten. This, it must be
allowed, was a mere wretched rhapsody, and there-
fore justly excited the indignation of Mydorge, a
celebrated geometrician of that period, who cor-
rected with some asperity the ridiculous things it
contained. And yet, notwithstanding, the sub-
sequent editions of the book, are of as little value
as the first. This work exhibits a confused col-
lection of questions, the greater part of which
are silly and childish, and expressed in barbarous °
language, sufficient to disgust any person of only
common taste. ‘

This no doubt induced Ozanam, about the end
of the 17th century, to form a more select col-
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lection of mathematical and philosophical ques-
tions, which he published in'1692, under the title
of Récréations Muathématiques et Physiques, in two
vols. Bvo.; which, by various additions, were at
length increased to four volumes. As the changes,
additions and retrenchments we have made are
very considerable, it is our duty to give the reader
an account of the motives which induced us to
the undertaking. It is proper also that we should
here say something concerning the manner in
which the work is presented to the literary world
in this new edition. :

If the great number of editions which a book
has gone through be an incontestible proof of its
excellence and usefulness, the Mathematical and
Philosophical Recreations of Ozanam ought to be
considered as one of the best and most useful

_ works ever published. But this is so far from being
the case, that the book was both very faunlty, and
incomplete. There is reason howeyer to think
that the author would have rendcred it much more
interesting, and have carried it to a higher degree
of perfection, had te lived in an age more en~
lightened, and better informed in regard to the
mathematics and experimental philosophy. Since
the death of that mathematician, indeed, the arts
and sciences have been so much improved, that
what in his time might have been entitled to the
character of mediocrity, would not at present be
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supportable. How many new discoveries in every
part of Philosophy? How many new phenomena
observed, some of which have even _given birth to
the most fertile branches of the sciences? We shall
mention only electricity, an inéxhaustible source
of profound reflection, and of experiments highly
amusing. Chemistry also is a science, the most
common and slightest principles of which were
quite unknown to Ozanam. In short, we need
not hesitate to pronounce that Ozanam’s work
contains a multitude of subjects treated of with
an air of credulity, and so.much prolixity, that it
appears as if the author, or rather his continuators,
had no other object in view than that of multiply-
ing the volumes.

To render this work then more worthy of the
enlightened age in which we live, it was neces-
sary to make numerous corrections and consider-
able additions. A task which we have endeavour-
ed to discharge with all diligence; the particulars
of which we shall now proceed to give some ac-
count of. ,

The first volume comprehends arithmetic and
~ geometry; those two branches of the mathematics,
which Plato so justly called the twowings of the Ma-
thematician. In theformer, the nature of the differ-
ent kinds of arithmetic is explained; a great many.
singular properties ‘of numbers, with several of
which Ozanam it is probable was not at all acquaint-
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ed ; also those of right-angled triangles in num-
bers, and of polygonal numbers; but confined to
such as are most interesting and easiest to be un-
derstood. The principles of the doctrine of com-
binations are then given in a clear and compre-
hensive manner, with a great variety of curious
problems relating to games and chances, several
of which are quite new. The next article com-
prehends the different kmda of progressions, with
the solution of various problems, arising out of
them : also several tricks and games, founded on
arithmetical combinations, are proposcd and ex-
plained; which are followed by a selection ‘of
curious problems, very propef for exercising young
mathematicians. This part then concludes with
whatever is most curious in political arithmetic,
in regard to populatxon and the duration of human
life, &c. g

The second part of this volume is occupied by
geometry.  This part contains about seventy-five
problems, which it is hoped will be found, in ge-
neral, well chosen ; and which we have endeavour-
ed to render more interesting, both by the form
of the enunciation, and by the elegance and sim-
plicity of the solution. Among these, are some
élegant and singular theorems, trom which is de-
duced a generalization of certain celebrated pro-
perties, such as the 47th proposition of the first
bock of Euclid, which is demonstrated also by
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various tianspositions of parts, exceedingly inge-
nious. We have likewise given some transmuta-
tions of rectilineal spaces into other forms; as, of
the square into rectangles, merely by decompo-
sition and the transposition of parts, which, though
elementary and not ditficult, are yet quite new. -
- This part contains also a curious historical disser-
tation on the quadrature of the circle, with a great
number of remarkable problems respecting the
lunules of Hippocrates, and others formed in imi-
tation of them. Lastly, this volume is terminated
by a collection of very curious problems, of which
only the enunciation is given, being here proposed
by way of exercisc to young arithmeticians and
geometricians. In general, they are rather sim-
ple and elegant, than difficult. Some of them
however are not ynworthy the attention of the ex-
perienced geometrician or analyst. ' ‘

The second volume begins with mechanics. In
this part the reader is presented with a great nam-
ber of interesting problems, much better sclected
in general than those in the former editions.. An
examination of several attempts to discover the
perpetual motion, and various curious facts re-
lating to that subject,will also be found in it. The
" whole is terminated by a brief historical account
of the most remarkable machines, both ancient
and modern ; among the latter of which are the
gelebrated ¢locks of Strasburgh and Lyons; the
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machines invented by Truchet, Camus and Vau-
canson ; the machine of Marly, and the stcam en-

‘gine.  On all thesc objects several new and inte-

resting observations are offered.

The next part of the same volume contains Op-
tics. This part we can assert has been much im-
proved, as well in regard to arrangement, as to
the accuracy and novelty of the matters. 'This
subject is concluded with a short account of every
thing new or worthy of being ]-.nown in regard to
microscopical observations,

. This volume then terminates with the subjects
Acoustics and Music. The principles of the for-
mation and propagation of sound, the phenomena
depending on them, an explanation of ancient and
modern music, several curious facts relating to the
effects of both, with questions respecting the me-
chanisim of harmony, the properties of different
instruments, and certain musical paradoxes, are
the principal articles which compose this part, and

. which terminate the second volume.

The following, or third volume, comprehends
Astronomy, and Geography as far as it relates to
the former science; also Chronology, Gnomonics,
Navigation, Architecture, and Pyrotechny, or the
art of making artificial fire works. To enter into
a minute detail of the corrections and consider-
able additions made to these different treatises of
Ozanam’s book, would be too tedious. In ge-
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"neral, they have been abridged and simplified ;
and the errors he committed have been corrected ;
for it must be owned that Ozanam, having but
very little studied astronomy, possessed scarcely
any knowledge of the physico-astronomical truths
that were demonstrated even in his own time:
nothing therefore can be more superficial than
what he says in regard to the system of the uni-
verse. A view of that system, and of the bodies
which compose it, has been substituted in its stead;
and which it is hoped will afford satisfaction te
the reader, both on account of the explanation
given of the different phenomena, and of the sin-
gular comparisons employed to convey-.an idea of
its immensity.

In regard to Chronology, we shall only remark,
that this part, a few introductory observations ex-

cepted, is entirely the work of Ozanam, -and re-
~ quired very few changes. The article on Gno-
monics is almost all of it qriginal, and con-
. tains several new problems, better chosen than
those given in the work of that author. The suc-
ceeding part is also entirely new, and contains
many curious problems concerning the art of na-
vigating and manceuvring vessels. A pretty full
account is here given of the celebrated problem
respecting the longitude. The case is the same
with the article Architccture, which has furnished
matter for several curious questions, either in re-
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gard to building, or to measuring, or the art con- '
sidered merely as an object of taste. )

The volume concludes with Pyrotechny. What
Ozanam gave on this subject is abridged in some
places, and improved in others.

The fourth volume is entirely devoted to Physics
or Natural Philosophy. The first division of thjs
volume, which forms the eleventh of the work, is
a kind of Philosophical Miscellany, in which are
collected the most curious questions of every kind.
It commences with a necessary introduction, which
contains an accurate account of every thing known
and best approved in regard tq the properties of
fire, of air, of water, and of earth. A view is
then taken of the diftferent branches of Natural -
Philosophy in general : experiments on air, hy-
draulic and hydrostatic recreations ; the history of
thermometers, barometers and hygrometers, with
the method of constructing them ; remarkable
problems in physical astronomy solved according
to their real principles; curious observations on
the divisibility of matter, the tenuity of odours,
and that of light, &c; questions respecting
comets, an account and examination of some sin-
gular and ingenious opinions on that subject; ex-
planation and history of intermittent springs, phe-
nomena of ice, the method of producing it, the
analysis of paper kites, &c, are the principal ar-
ticles which compose this eleventh part: a propey
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idea of which can only be formed by consulting
the table of contents. :

What regards experimental philosophy could
not be terminated better than by a particular trea-
tise on the magnet. Every thing new and most
curious respecting the phenomena of this singular
production of nature, its different properties, the
advantages derived from it, the amusements and
principal tricks performed by their combination,
with artificial magnets, &c, form the subject of
this treatise.

Electricity holds too distinguished a rank among
the phenomena of nature not to find a place in a
work of this kind. This- subject will be found
treated at full length, if the number of facts and
experiments made known be considered; and with
great precision, if attention be paid to the manner
in which they are explained. An interesting part
of this short treatise is contained in what is said
on the analogy between thunder-and clectricity.
The different amusements performed by means of
this singular property of bodies has not been
neglected ; and something is said also on the cures
effected by electricity. N

Electricity, the source of so many curious phe-
nomena, is' followed by Chemistry. The prin-
ciples of this science are first explained in a suc-
cinct manner, and an accurate idea is given.of the
djfferent substances, the mutual play and actioa

*
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of which produce its principal phenomena. - After
this introduction, the simplest and most curious
experiments in Chemistry are described and ex-
plained, according to the principles before laid
down. Sympathetic inks, and the amusements
which can be performed by their means, are not
forgotten ; nor are metallic vegetations. This part
concludes with a dissertation on the philosopher’s
stone, on potable gold, and on palingenesy ; also
chemical problems, of which a curious, instruc-
tive and philosophical kind of history is given.
This volume is terminated by two supplements ;
one of which treats on the different kinds of phos-
“phorus, both natural and artificial ; and the other
on the pretended perpetual lamps. But we have
not been so prolix as Ozanam, or rather the author
of the pitiful compilation contained in the fourth
volume of his work. We hope, or rather can
with confidence assert, that we have related, in
“much less room, -a great many more things, and
in a much more correct manner, respecting the
different kinds of phosphorus, than has been done
by the author of that treatise, inserted in the edi-
tion of the Mathematical Recreations, published
after Ozanam’s death. In regard to the perpetual
lamps, after giving an historical account of them,
we shew in a very few pages, and according to
the principles of sound philosophy, that they are
to be considered as a chimera, only worthy of being
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placed in the same class as Palingenesy and the
divining rod. ‘

We must not here omit to mention a peculiar .
advantage which mathematicians and philosophers.
will derive from this work: we allude to the va-
rious and extensive tables, which they have often
occasion to make use of ; and for want of which,
calculators are often at no smallloss. These are as
follow : .

Vol. I. A table of the feet of different coun-
tries, as compared with the Parisian foot.

A table of the ancient measures of capacity as
compared with those of Paris.

Vol. IL. A table of the specific gravities of the
most usual substances. In various respects it is
more extensive than that of Muschenbroek, and
certainly more correct. ,

A table of the different weights, both ancient.
and modern, as well as foreign, compared with:
the French pound.

.Vol. III. Atable of the longitudes and latitudes
of the principal places of the earth, more exten-
sive than any cver yet given.

A table of the itinerary measures, both ancient
and modern*.

* In this English cdition these tables have been entirefy changed;

the weights, measures, &c, being given as compared with a Bri-
tish standard, TrANs.
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A table of the eclipses visible on the hotizon of
Paris, till the year 1800*. '

Vol. IV. A table of the degrees of heat, or cold,
at which different substances melt or congeal.

A table of the different degrees of heat or cold ob-
served in different places of the earth, or necessary’
for certain operations.

A table of the dilatation of metals.

A table of the heights of different places, and of
several mountains above the level of the sea, both in
the old continent, and in America.

Such then is the plan of this new cdition of the
Mathematical Recreations; and we may venture to
assert that, in its present state, it is not unworthy
the attention of the best informed mathematicians
and philosophers.  Persons of every class, by pe-
rusing it, may find amusement and instruction ; and
the questi-ous proposed or solved will aftord them an
agrecable opportunity of exercising their genius
and talents in the various sciences.

- * In the translation this table has been omitted and a new one of
the eclipses visible at London, for many ycars to come, has been
given in its stcad,  TraNs,
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3t except two ather bottles, one capable of containing 5»

and the other 3, pints, how muft he manage [o a5ty

put exaltly 4 pints into the bottle capable of contain.
ing §? - - = - -

, AP ¢
PROB. XXI1. A gentleman has a bottle containing 14 pints 4

of wine, fix of which he is defirous of giving 'y

riend; but as he has nothing to meafure it extgpt :wi
other bottlesy one of 7 pints and the other of g by,
muft hé manage to have the 6 pints in the bottl, capable

of containing 7 pints? - - - -

PROB. XX11l. To make the knight move in;o al-l ”); 176

Jquares of the chefs board, in fucce-ﬂfon,.witbaut pafing

twice over the fame - -

®roB. ¥X1v. To difiribute among 3 perfon s, ;I c;/}, 0. 17y

wine, ]Ief them fully 7 of them empty, gpg 7 of them
td

balf-full, fo that each fhall bave th, . .
wx{t and the fame number of cafks f:zm: uantity of
To" =18

CHAP. XI.
Containing fome curio
blems - . -

wROB. 1. A gentleman in bis wi)
property fhould be divided amangaz;’ °'}, ders thay bis
Jollowing manner s the eldefl 1y 4,, f‘ ildren jy 15,
1000{. and the 7th part , o :m{be wholp
Jesond 2000£. and the 7th pay of the ,‘;Z?;Zd; the
5 the

Us arithmetic,] pro-

= 18,
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third 3000[. and the th part of what was Lft, and
Jo on to the lafly always increafing by locpo‘(‘/.i The
children having fillowed the difpofition of the tefiator,
1t was found that they had ench got an equal portion :
bow many children were there, what was the father’s
property, and te how much did the fhare of 2ach child
amount? -~ -« =« o 2 @ a = =
PROB. 11. A gentleman meeting a certain mumber of
beggars, and being defirous to difiribute among them
all the money beé had about kim, finds that if be gave
JSixpence to each he would have 2/b too little; but that
by giving each a groaty he would have 2/h 84 over
bow many beggars were there, and what fum had the
gentleman in bis pocket? - - - - -
PROB. 11L. A gentleman purchafed for nc:‘é a lot of
wine, confifting of 100 bottles of Burgundy, and 8o
of Champagne; and another purchafed, at the fame
pricey for the fum of 95/[ 85 bottles of the former
and 70 of the latter : what was the price of each
kind of wine? - - - - - - - =184
PROB. 1V. A gentleman, on his death bed, gave orders in
bis will that if his lady, who was then pregnant,
brought forth a fon, he fhould inherit two thirds of his
property, and the widow the other third; but sf fhe
brought forth a daughter, the mother fbould inberit two
thirds and the daughter one third; the lady however
was delivered of two children, a boy and a girl,
what was the portion of cach? - - - - -jbid-
PROB. V. A brazen lion placed in the middle of a refervsir
throws out water from its mouth, its eyes and its
right foot. When the water. flows from its mouth
alone it fills the refervoir in 6 heurs; from the right
eye it fills it in 2 days; from the lft eye in 3, and
yom the foot in 4. In what time will the bafen be
Sfilled by the water flowing from all thefe apertures at g
. oonce? = = = e e - - - = =183
proB. VI. A mule and an afs travelling together, the
" afs began to camflain that her burthen was too heavy.
« Lazy animal,” faid the mule, « you have little
- reafon to complain; for if I take one of your bags I
Jhall have twice as many as you, and if 1 give you one
%ﬁmim, we fhall then bave only an equal number.”’—
ith how many bags was each liaded? - - - 186

182

183
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Varisus other problems of the fame kind from the
Greek Anthslogy - - - - <« <«
¥RroB. vit. The fun of goof. having been divided among
feur perfons, it was found that the jhares of the fir/?
two amounted to 285/ ; thofe of the fecond and third
10220 ; thife of the ihird and fourth to 215/ ; and
that the [bars of the fir/l was to that of the luyt as 4
12 3. /¥ hat was the fhare of each # - - =
PROB. VIIL. A labourer hired himfelf to a gentleman on
the foliswing conditions : for every day he worked be
was to recetve 2/h Od 5 but for every day he remained
sdle be was to forfeit 1/h 3d: afier 4o days’ fervice
be bad to recaive 2f 15/h.  How many days did he
work, and how many remain idle? - - - =
PROB. 1X. A bill of exchange of 2000/ was paid with
balf guineas and crowns, and the number of the picces
of meney amounted ta 4700; how many of each fort

PAGE

186

191

192

wers emphyed? - - - -ibid.

PROB.X. A gentleman having Inft bis purfe, could not
. tell -the exalt [um it containedy, but recollefted that
when he counted the pieces two by twe, or three by
three, or five by five, theve always remained one; and
that when be counted them feven by feven there re<
mained nothing.  I¥'hat was the number of pieces in
bis purfe? - - - - < - - - -
¥ROB. XI. A fum of money. placed out at intereft, increafed
in-8 months to 3616L 13/h 4d.  And in two years
and a half it amsnted to 39374 1ok Ihat was
the original capitaly and at what rate of intereff was
it placedout - - - - - o o . .
PROB. XI1I. T#hree wimen auent to market to fell ecgs ;
the firft of whem fud 1o, the fecond 25, and the third
30, all at the fame price. As they were returning they
bezan to reckom bow much money they carried back,
- and it was found that cach had the fame fum : how

many eggs did they fell, and at what price? - -

*ROB. XUl To find the number and the ratio of the
weights with which any number of pounds, from unity
20 @ given number, can be aweighed, in the fimple/t
MaAnNEr - = o = o = @ = ‘=

PROB. X1V, A country woman carrying eggs to a garri-

Jony where fhe had three puards to pafs, fold at the
JoR balf the nwmber fhe bad and balf an egg mare;

192

195

195

2721
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at the fecond the half of what remained and half anegg
more; and at the third the balf of the remainder and
balf an egg more : when fhe arrived at the wmarket
place fbe had three dozen flill to [fell : how was this
poffible without breaking any of the egzs? - - - 203
PROB. XV. A gentleman avent out with a certain number
of guineas, in order to purchafe neceflaries at diffrent
Jhops. At the firft he expended half bis guineas and
balf a guinea more; at the fecond half the remainder
and half a guinea mores and fo at the third : when
"he returned he frund that he had laid out all his
money, without having received any change. "How
was this poffible ? - = -« - -« = -ibid
PROB. XVI. Three per/ins have each fuch a number of
crowns, that if the firft gives to the cther tawo as many
" asthey each bave, and if the fecond and third alfo do the
Same, they will then all have an equal number, namely -
8. How many has each? - -, - <« = =203
PROB. XVIL. A wine merchant who has only two forts
wine, cne of which he [lls at 10/b, and the other at
S/b, per bottle, being afked for fome at /b, per bottle,
wifhes to know how many bottles of each kind he muft
mix together to form wine worth 8/b per bottle? - hid-
PROB. XVIIL. A gentleman is defirous of finking 100000/,
which, together with the interefl, is to become extinét at
" the end of 20 yearsy on condition of receiving a certain
annuity during that time.  Fhat fum mujt the gentla
man receive annually, fuppofing interefl to be at the
. . rate of five per cent? - - - <o < <208
PROB. XIX. F¥hat is the interc/t with which any capital
whatever would be increaled at the end of a year, 5/'
the intereft due at every inflant of the year were itfelf
10 become capital, and to bear intere/t - = - 208
PROB. XX. A difbone/l butler every time he went into his
mafier’s cellar flole a pint/'rom a particular cajk, which
contained 100 pintsy and [upplied its place by an equal
quantity of water. At the end of 30 days, the theft
being difcovered, the butler was difiharged.  Of what
quantity of wine did he rob his maflery and how much
remained in the cafk? - - - - - - = 20%
PROB. XX1. A and B can perform a certain piece ¢
work in 8§ days, A and C can ds it in g days, and
and G in 10 days ; how many days will each of them
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require to perform the fame work, when they labour

Jeparately? - - - - - = - = =209
PROB. XX11. An Englifbman owes a Frenchman 1/ 11/b;
but bas no other money to pay bis debt than feven-
Jhilling pieces, and the Frenchman_has only French
crowns valued at frve fhillings. How many feven-
Jhilling pieces muft the Englifbman give to the French-
many and bow many crowns muff the latter give to
the former, .that the difference fhall be equal to 31
Jhillings in {awur of the Frenchmgany fo thar the debt

amay be paid ? e e = = - - - -ibid

CHAP. XII.
Of magic fquares - - - - - - 21

§ 1. Of odd magic fyuares - - - - - =213
§. 11 Of even magic fquares - = = =« <« =222
Rule for fquares evenly even’ - - = a -1224
Rule for jquarcs oddly even -~ -« - - - <229

§. YW1 Of magic fquares with borders = - - - 230
§. IV. Of anotner kind of magic [quares in compartments 232

V. Of the variations of magic fquares - < =235
§ VI. Of geometrical fyuares - - = - 236

CHAP. XIIL
Political arithmetic - - « - - - 240

§. 1. Of the proportion between the males and the females ibid.
§ I1. Of the mortality of the human race, according to
the different ages - - - - = - - <242
§. L. Of the vitality of the buman fpecics, according to
" the different ages or medium of lifs - - - - 244
§ IV. Of the number of men of different ages, in a
. given number - = = = - - - =248
§- V. Of the proportion of the births and deaths to the
awhole number of the inhabitants of a country.—The
confequences thence refulting - - - = =250
§. VL. Of fome other proportions between the inhabitants
of @acountry - < - - - - - = -12§3
§ VIL Some queflions awhich depend on the preceding
obfervations - - - - - <« - - ~256
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!Rosm:u 1. From the extremity of a given right line to
raife a perpendicular, without continuing the line, and
even without cbangmg the opening of the compaffes 262
*ROB. 1. 1o divide a given firaight line into any number
of equal parts, at pleafure, without repeated trials - 263
PROB. 111. Without any other inflrument than a few :
pegs and a rody to perform on the ground the grmt:r

part of the operations of geometry - - « 264
Different examples of thefe operations, and qf mayi«r-
" ing inacceffible diffances - - - -7 - 265

PROB. 1v. Todeferibe a circle, or any determinate arc of a
circle, without knot uxng the centye and awithout com-
paffes - - 268

PROB. V. Three pomt: not in tbe fam /)raigbt line bn'ng
given, to defcribe a circle which fball pafs through them 270

PROB, VI. An engineer, employed in a furvey, obferved
, from a certain point the three angles firmed by three
ab'ea’h, the pofitions of which he had before determined :
it 1s required to determine the pofition of that pomt,
without any farther operation - - - - 271

PROE. VIL. If two lines mect in an inacce(fible pamt, or
a point awhich cannot be obferved, it is propofed ta
draw, from a given pomt, a Ime teadmg to the inac-

ceffible point - - - 272
PROB. viil. The Jame /upp(f ition bemg made, to :ut aﬁ'
tawo equal portsons from thele lines - - 273
PROB. 1X. The fame fuppofition flill made, to a’w:de the
angle which they form into tawo equal parts - 2
PROB. X. Two fides of atriangle and the included anglt
being giveny to find its area - - - - -ibid.

PROB. Xt. T0 find the fuperficial content of any tra-
peziumy or quadr:lateral ﬁaure, wztbout Anolwmg its .

Sides - - ‘- = 27§
A property of quady zlarzralr, 'wlmb app:ars rmt t0 have
been before objerved - - - - -ibid,

PROB. X, Two circles, not enfzre/y cowprtbmded one
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aithin the athcr, being given, to find a point from
which if a tangent be drawn to the oney it fhall be a
tangent alls to the other - - - - =277
®ROB. xut. A gentleman at his death I ft two children
to wwhom he lhqueatbed a triangular field to be divided
aqually betaveen tbcm, in the ﬁeld is a aell which
Jerves for aatering it; and as it is neceffary that the -
" dine of divifisn [pould pajs through this aell, in what
manner mufi it be drawn foas to interfec? the well and
divid: the field, at the fame time,into two equal parts ? 298
Different cafes in regard to this problem = . = = 279
. ¥ROB. X1v. Tawo psints and a ffraight lme, not pafing
" through them, being givens to defiribe a circle which
Shall touch the /irmgbt Ime, and pafs t/:raugb the two
given points - - 280
PROB. XV. Tawo lines, A B and C D 'w:*b a pomt E be-
tween them, being given, to a’:ﬁrtbe a circle which fhall
pafs through this pamt and touch the two lines - 282
*THEOR. I. Various demonflrations o / the forty-feventh pro-
pofition:of the firft book Qf Eucli by the mere tranfpo-
Jition of parts = - = ibid.
THEOR. 11 If a fyuare be J:/'r:b:d on mrlr qf the fides of
any triangle A B Cy and if a perpendicular, B D, be
let fall from one of the a//g/e.r, a5 B, on the oppaf te f de
AC; if the lines BE and B F be drawn in fuch a
manner, that the angles A E B and CF B fhall be
equal to the* angle B's and lajily, if EX and F L be
drawn parailel to C Gy the fude of the [quare, the fquare
of A B will be equal to the rfﬁang/e A I, and the
Jouare of B C to the reciangle C L ; confequently the
Jum of the fyuares on A B and B C avill be equal to the
fquare of the bafe, minus the reitangle E Ly if the angle
B be obtufe, and p/a: the fame reﬁangle f the angle.B
be acute - 283
THEOR. LI Let A B Cc h a trmng/e, and Iet any pm al-
lelogram C E be defiribed on the fide A Cy and any
paratlelegram B Fy on the f de A D 5 continue the fides
D E and K F, till they miect in the print H, from avhich
draw the _/irangt line H A Ly and mate L' M equal to
HA; if the parallelsgram C O be then completed on
the bafe B C, by drawing B O or C N, parallel 1o
L M, this par. a//e/ogram will be rqr ial to the two C E
and B F - - - - - -286



CONTENTS. T

.

. l PACGR:
THEOR. 1V. In every parallelogram the fum of tlre Jquares

- of tb:rfour Jides is equal to the fum qf the fquare.r of the
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. given pointy and touck the circle and the fraight line 301
PROB. XXVI. Tavo circles and a flyaight line being given,
to defcribe a circle which fhall touch them all - - 302
PROB. xxvil. Of inferibing regular polygons in the circle 303
Refutation of a pretended methed - - - - ibid.
A wery good approximation for the beptagan - = 303
PROB. XXVILL Y be fide of a polygon of a given number of
Sides being knoaun, tofind the centre of the circumfirip-
a"b/e circle © = += e e e = = = - ibid.



v

) CONTENTS.

)

sx0f
Totle of the fides of the palx gons the radius g’ the cm:le
beiny 100000 - - 307
Table af the radii of tbe arwmﬁrxbzd arcle, the _/ide qf
the polygon being 100000 - 308
PROB. XXIX. M:tbad gf ﬁrmmg i/ve di ﬁrent ' :gular
bodies -b - P - <« ibide
1. A [phere bem 1ven, lo nd the de: of the faces
ﬂqf ta{i of the ﬁvgt icgular badies -f - f f o

2d. To find the radius of the liffer circle of tbe j}fvere, 37
in wbhich the face of tbe propaj}d regular bodies is
inferiptible - - - - 3lo

3d. "To determine. the opemng of tbe nmpa]&: with
awhich the circle, capable of receiving the face of the
regular body, ought to be defcribed on the [phere - 31%

4th. To find the angle formed by tb: Jaces of the differ-

entt regular bodies - - - -« < ibid.
Dable of the above dimensions = + - 312
§th. Lo form the fame bodies of a piece of card - 314
PROB. XXX. To cut a hole in a cube, through achich
another cube of the fame fize fball be able to pq/} - 315
PROB. XXXI. With one fwecp of the compaffes, and avith-
out altering the opening or cbangwg the centre, to de- . s
Sferibe an oval - - - - 16
PROB. XXX11. o de _/Zr:be a true aml or el/:pf s geome=
trically - - - - - - 317
Obfervation on the wal formed gf' _/evtral ares of circles
having different radit - - - - 319
PROB. XXXII. On a given bafe to n’e/knbe an infinite
number of triangles, in avhich the fum of the two files
Jlanding on the bofe fball be always the fame - - 320
THEOR. V1. Of all the ifoperimetric figures, or figures
baving the fame perimeters and a determinate number
of fides, the greateft is that which bas aIl its f des and
all its angles equal - = - ibid.
Of two regular polygons baving tbe ﬁnm perzmeter, the
greater is that which bas the grmtg/? number gf

Jides 4 - -
Confequence in regard ta tbe wtle and [og vmem‘ qf a
circle e e e e e e o= - 323
Solution of various problems .- - - - ibid.

PROB. XXXIV. A gentleman wifbes to have a f. l'uer veffel
of acylindrie form, open at the top, capable of containing
a cubic foot “of liguor; but being dfirexs to fove the



CONTENTS, xvid

. *ace
Waterial as much as poffible, requefis to Rnow the
proper dimenfions of the veffel . -~ - - - . 326
PROB. XXXV. On the form 1u which the bees confiruc?
- theircombs s 8 <« & & & & 4 wibid
" Examination of twe fingularities in regard to thar
combs, and particularly of the arrangement of their
© bottems, in which thefe infeéls feem to bave folved a
_ problem de maximis et minimis o = a3 2323
PROB. XXXVi. FVhat is the greatefl polygon that canm b
Sormed of ziven lines - + - &+ - . <330
PROB. XXXVii. What is-the larget triangle that canm be
inferibed in a circle ; and what is the leaf? that can be
arcumferibed about it » - - - & o <331
PROB. XxXXVIIt. A B-is the line g’ feparation between
two plains, ene of which AC I B confifls of foft [and,
in which a vigorous borfs can fearely advance at the -
rate of a league per bour; the other ABD K is
covered with fine turf where the fame horfe, without
much fatiguey can proceed at the rate of a league in
half an bour ; the two places C and D are given in
pofstion, that is to fay the diftance C Aand D B ¢
cach from the line of boundary A B, as well as the
pofition and length of A B, are known ; now if a tra-

- weller bas to go from D to C, what route muft be
purfue fo as to.employ the leaft tims poffible on bis
Journey? e« 4 4 - - o - - ..ibid

PROB, XXXIX. On a given bafe to deferibe an infinite
number of triangles, in fuch @ manner that the fum of
the fquares of the fides fhall be conflantly the fame, and
equal to a grven [quare - = 4 s < =373
PROB. XL.’ Ogn a given bafe 1o deferibe an infinite number
of triangles, in fuch a manner that the ratio of the
two fides on that bafe fball be conflantly the fame - 333
THEOR. ViI. In' @ circle, if two chords, as A B and
C D, interfefl each other at vight anglesy the fum of
the fquares of their fegments CE, AE, ED and
E By will always be equal to the [quare of the di-
ameter - - - - - - - - - - 334
PROB. XL1. To find four proportional circles, which taken
together fball be “equal to a given circle, and whith
Jball be of /ucb a nature that the fum of their di-
ameters fhall b¢ squal 10 @ given line  « = &« 336
YOL. I, - c N



vt CONTENTS.
S 7 1 ]
pROB. X111 OF the trifeftion and multifeftion of an angle- 337
" PROB. XLl 1he duplication of the cube < - =339
Curious amecdotes refpefting ity and warious folutions
of it as far as ean be obtained by common geometry « 340
PROB. XLIV. An angle whbich is not an exaét portion of
the circumferance being given, to find its value, with
great accuracy, by means of a pair of compaffes only < 343
PRoB. XLV. A firaight line being given, to find by an
eafy operation and without a fcale, to a thoufandth,
ten thoufandth, bundred thoufandth &c part .nearly,
its proportion to another  « - 2 4 e -3
pRoB: XLVI. To make the fame body pafs through a
Jquare holey a round bole and an clliptical bole - < 345%
PROB. XLV11. 10 meafure the cirele, that is to fay to find -
a reficlinial fpace equal to the circle, or more generally
to find a firaight line equal to the circumference of the
circle, or 10 a given arc of that circumference -« 346
§. L. The diameter of a circle being given; to find, in
approximate numbers, the circumference, or vice verfa 347
§. IL. The diameter of a circle being given; to find the
area----‘------348
§ IIL. Geometrical confiructions_for making a [quare,
wery nearly equal to°a given circle; or-a firaight line
equal to a given circular circumference - - =349
§. IV, Scucral methods for making, either numerically or
geometrically, and very near the truth, a _firaight line
equal to the given arc of acircle - - - - - 381
Curious account refpefiing the attempts made to fquare
the circle—ridiculous [peculations of certain perfons
" on that fubject. - - - - - - - =353
proB. XLVIIL. Of the length of the clliptical circum-
rence - 2~ = = = <« = = = =365
Table on tba;jubje{f - - - - - - =367
PROB. XLIX. 7o defcribe geometrically a circle, the cir-
cumference of which [ball approach very mear to that
ofagivenelipfe - - - - = - = o 368
$ROB. L. To determine a firaight line nearly equal to the
arc of any eurve. whatever - "= - = = <370
PROB. L1. A circle having a [quare infcribed in it being
given; 8o find the diamcter of a arcle, in which an
otagon of a perimeter equal to the fquare can be in-
C feribed T - - 4 - - & e = 4 =378




CONTENTS. W

, ) raot
Remark on an ingenious attempt to fquare the cifcle by

the folution of this problem - &4 - - -1372
"#RoB. Lit. The three fides of a rightangled triangle
being given; to find the value of its angles, without
‘trigonometrical tables - - - « - « -ibid.
" PROB. LIII. An arc of a circle being given, in degrees,
“minutes and feconds ; to find the correfponding fine,
awithout the belp [of trigonometrical tables - - - 374
PROB. LIV. 4 circle and two points biing given; to
defcribe another circle which fball pafs through thefe
pointsy and touch the former circle - - - - 377
* PROB. LV. Tawo circles and a ioint being given; to de-
Jeribe a third circle, which fhall pafs through the
-given paint, and touch the other two circles - - 378
PROB. LVL. Three circles being given; to deferibe a
Jourth which fhall touch them all - o e =
PROB. LVII. What bodies are thofe, the furfaces of
which bave the fame ratio to each other as ther
/blidifi“ ? - - - - - - - - - 380
A problem of a fimilar kind - - -- - . . 382
THEOR. V1iL. The dodecagon inferibed in the circle is § of
the fquare of the diameter, or equal to the [quare of the
JSide of the inferibed triangle - - - - - 2382
_PROB. LVIIL. If the diameter A B,of a femicircle A C B,
be divided into any two parts whatever, A D and
D B; and if on thefe parts as diameters there be
deferibed two femicircles, A E D and D F B, a circle
is required equal to the remainder of the firft femicircle 383
PROB. LIX. A fquare being given; to cut off its angles in
Juch a manners that it fball be transformed into a
regular oflagy - - - - o - « <1384
PROB. LX. A triangle A B C being given ; to infcribe in
it a reflangle, in fuch a manner that F H or G 1 fball
be equal to @ given fquare - - - - - . 385
PROB- LXI. Through a gi-ve;{pm’nt D, within an angle
BAC; to drow a line H1I, in fuch a manner, that
the triangle I H A fball be equal 20 a given [quare - 386
PROB. LX11. Of the lunule of Hitpecrates of Chios =  -ibid. .
Cufri;m obfervations of modern geometricians on this
ubjelt . - - - & o - - - -
p20B. LX1IL To conflrult other lunules befides that of 3
Hippocrates, which are abfolutely [quarable - -38



© CONTENTS,

PAGR
Conflruction of the firf lunule = ¢ o« < 39i
Conftruction of the fecond, where the circles are as
Ite§ - = 4 = = e = < sibid
PROB. LXIV. A Juntle being givens to find in it por=
tions abfslutely fquarabley provided the circles by which
st is_formed are to cach cther in a certain numerical ratio 393
A lunule vot [quarable, but formed by twe circles in
the ratio of 1 ts 2, being giveny to interfect it by a
line paralicl to itc bafey avhich feall cut off from it a
portion abfilutely fquarable & = = - -39
To divide geometrically circles and ellipfes into any
number of parts at pleafure, and in any propsjed
ravios, by Dr. Hutton = - - < < -ibid.
PROB. LXV. Of varicus other circular fpaces abfelutely ‘
Squarable - = = - - - & - -g00
PROB. LXVI. Of tle meafure of the ellipfe, or gesmetrical
- ovaly and ¢f its parts - - -+ - - < . 404
PROB. LXVIL To divide the [eitor of an ellipfis into tawo
equal parts - & = - - o o o . 408
PROB. LXVIIL. A carpenter kas a triargular piece of
timber ; and avifbing to make the moft of ity is difircus
20 know by what means ke can cut from it the greatest
rightangled quadrargular table pofisle.  In what
manner muft be proceed? - - - « - < 406
Required alfo how to cut from it the greatef? oval poffisle ibid.
PROB. LXIX. The points B and C, are the adjutors of
two bafons in a gardeny, and A is the poimt avkere a
conduit is introduced and to be divided irito tawo parts,
in order to fupply B and C with water. 1V here muft
the point of [eparation bey that the [fum of the three
conduits A D, D B and D C, and confequently the
expence in pipesy fball be the leaff poffible? - - - 408
PROB. LXX. Geometrical paradox of lines avhich always
approach each other, without ever being able to meet or
2o coincide - - - < - = = e =41t
PROB. LXXIL. In the ifland of Delos, a temple eonfeerated
to geometry wwas erciled, on a circular bafisy and coverad
by a lemifpherical dume, having four windesvs in its
circuniferences with a circular aperture at the topy fo
combined that the remainder of the hemifpherical furface
of the dome awas equal to a reclilineal figure: ard in
the cylindric part of the temple was a door abjoluiely
Jquarable or equal to a rctilineal fpace. Wlat gecs



I:O)’r‘i’b"fs.
Xt

m‘rx. ol mecns J»J t?:l ﬂ..lxm? lmpl sm the ”’.’ﬂ"uc- PAGE
sicn of ¢ tkis 'n,mmf . - .
Remarks rrt ions of rﬂudl fur].uu abr,lwdy 4
jquarabll Iy - Y a6
pROB: LxX1I- If ea.b of tb( ﬁuh gf any nrrerular polsgon
ﬁlf’dfﬂ'ﬁ 4B cD A’ d"-”dld into twd "I“al
. by € d’ (£ ¢ﬂd f‘bfp‘ ints ?] drm,,'O” in
_ﬁJu be pzmd . the refult will be a
new P ¢ :if the Jame gperation be per-
f;mzd on 1B Ivgfn ; “tien on the M€ refulting From
.. gnd f3n 2 od infinitum s it 1s required 10 ﬁnd the

ity 8 !a ;
sint wWEETE thefe dit gypens awill terminate -
A cslleron & various T roblenisy bath antbmmcal and - a%7
£ ricaly the falutwn of wbxcb is P:’apo by wa
of exersyf 15 mathemati ical red 'y
pendi%s € ining [me €17 :iivns and addxtzam - 419
Collectim of uﬁfu] tables _ - 430
Fables ¢ noient and moders ftd MPaﬂd with the - 434

able of )™ other meafures bath ancxmt ond modern - 135
- ? 39

French meé. ures = - -
Roman and Scripture M ures - = =~ - 449
- 441

Grecian meafures =~ -
New French meafures campar:d wttb tbe Engli _/71 - 442
- 445

yol. % q



Note. In binding the volurics, it is to be observed
that the plates relating to cach of “thc parts or sciences,
are to be placed all together at the end of that part, Thus,
all the plates relating to the first part, or Arithmetic, to be
placed in the middle of the first,volume, at the cnd of the
grithmetic s .then all the plates relating to Geometry to be
placed after that science at the end of the volume. And
sp of thewothers.




MATHEMATICAL
AND

PHILOSOPHICAL

- RECREATIONS.

PART FIRST.

Containing the most curious Problems and most in.
teresting Truths in regard to Arithmetic.

ARITHMETIC and geometry, according to
Plato, are the two wings of the mathematician.
The object indeed of all mathematical questions, is
to deteymine the ratios of numbers, or of magni-
* tudes ; and it may even be said, to continue the com-

arison of the ancient philasopher, that arithmetic
is the mathematician’s right wing ; for it is an in.
contestible ‘truth, that geometrical determinations
would, for the most part, present nothing satisfac-
tory to the mind, if the ratios thus determined could
not be reduced to numerical ratios. This justifies
the common practice, which we fhall here follow, of
beginning with arithmetic.

VoL. 1. 3



9 DIFFERENT KINDS

This science affords a wide field for speculation
and curious research ; but in the collection which
we here present to the mathematical reader, we
have confined ourselves to what is best calculated to
excite the curiosity of those who have a taste for ma-
thematical pursuits.

«

CHAPTER L

Of our Numerical Systcm, and the different Kinds
of Arithmetic,

IT has been generally remarked, that all or most
of the nations with which we are acquainted, reckon
by periods of ten; that is to say, after having count-
ed the units from 1 to 10, they begin and add units
to the ten ; having attained to two tens or 20, they
continue to add units as far as 3o, or three tens;
and so on, in succession, till they come to ten tens,
or a hundred ; of ten times a hundred they form a
thousand, and so on. Did this arise from necessity ;
was it occasioned by any physical cause; or was it
merely the effect of chance?

No person, after the least reflection on this una-
nimous agreement, will entertain any.idea of its be-
ing the eflcet of chance.  Itis not only probable, but
might almost be proved, that this systemn derives its
origin from our physical conformation. All men
have ten fingers; a very few excepted, who, by some
lusus naturze, have twclve.  The first men began to
reckon on their fingers.  'When they had exhausted
them by reckoning the units, it was necessary that
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thcz should form a first total, and again begin to
reckon the same fingers, till they had exhausted
them a second time; and so on in succession.
Hence the origin of tens, which being confined, like
the units, to the number of the fingers, could not
be carried beyond it, without forming a new total,
called"a hundred ; then another called a thousand,
and so on. . :

From these observations, a curious consequence
may be drawn. If nature, instead of ten fingers,
had given us twelve, our system of numeration
would have been different. After 10, instead of
saying ten plus one or eleven, ten plus two or
twelve, we should have ascended by simple denomi-
nations to twelve, and should then have counted
twelve plus one, twelve plus two, &c, as far as two
dozens; our hundred would have been twelve ‘do-
zens, &c. A six-fingered people would certainly
have had an arithmetic of this kind, which indeed
would have sufficiently answercd every arithmetical
purpose, or rather would have been attended with
various advantages, which our numerical system does
not possess.

In consequence of an idea of this kind, philoso-
phers have been induced to examine the properties
of other numerical systems. The celebrated Leib-
nitz proposed one, in which only two characters, 1
and o, were to be employed. In this system of arith«
metic, the addition of an o multiplied every thing
by two, as it does by ten in common arithmetic, and
the numbers were expressed as follows :

One . . . . . . . ¢
Two . . . . » . 10
Three . . . . . . . 11
Four . . . . 1e®

N\
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Five . . . . . 101
Six . . . . . 110
Seven . . . . . 111
Eight . . . . . 1000
Nine - . . . . « . 100I
Ten . . . . 1010
Eleven . . . . . 1011
Twelve . . . . . 1100
Thirteen . . . . . 1100
Fourteen . . . . . 1110
Fifteen . . . . 1111
Sixteen . . . . . 10000
Thirty-two . . . . . 100000
Sixty-four . . . . . 1000000
‘T'wo thousand three hundred an
seventy-nine . . 100101001011

As Leibnitz found in the above mode of express-
ing numbers some peculiar advantages,- he pub-
lis%ned, in the Memoirs of the Academy of Sciences
at Berlin, rules for performing, in this kind of arith-
metic, the usual operations of common arithmetic.
Butit may be readily perceived, that this new system,
if introduced into practice, would be attended with
the inconvenience of requiring too many figures:
twenty would be necessary to express a number
equal to about a million. '

One ¢urious circumstance in regard to this binary
arithmetic must not be here omitted. It serves to
explain, as some pretend, a Chinese symbol, which
has occasioned great embarrassment to the learned
who have applied to the study of the Chinese anti.
quities. This symbol, which is highly revered by
the Chinese,-who ascribe it to their ancient emperor
Fohi, consists of certain characters formed by the
different combinations of a small whole line- and
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a broken one.: Father Bouset, a celebrated Jesuit,

who resided some time in China as a missionary, -

having heard of Leibnitz’s ideas, observed, that if
the whole line were supposed to represent our 1,
and the broken line our o, these characters would
be nothing else than a series of numbers expressed
by binary arithmetic. It is very singular, that a
Chinese enigma should find its GEdipus only in Eu-
~ rope; but perhaps in this explanation there is more
of ingenuity than truth. :

If the binary arithmetic of Leibnitz is entitled to
no farther notice, than to be classed among the
curious arithmetical speculations, the case however
is not the same with duodenary arithmetic, or that
kind which, as already observed, would have been
brought into use had men been born with twelve fin-
gers. This arithmetic would indeed have been as
expeditious as the arithmetic now employed, and
even somewhat more so ; the number of the charac-
ters, which would have received an increase only of
two, to express ten and eleven, would have been as
little burthensome to the memory as the present cha-
racters, and would have been attended with advan-
tages which ought to make us regret that this sys-
tem was not originally adopted.

It is not improbable, however, that the duode-
nary system would have been preferred had philoso-
phy presided at the invention; for it would have
been readily seen that twelve, of all the numbers
from 1 to 20, is that which possesses the advantage
of being small, and of having the greatest number
of divisors; for there are no less than four divisors
by. which it can be divided without a fraction, viz.
2, 35 4 and 6. The number 18 indeed has four
divisors also; but being larger than 12, the latter
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deserves to be preferred for measuring the periods
of numeration. The first of these periods, from
one to twelve, would have had the advantage of
being divisible by 2, 3, 4, 6; and the second,
- from one to 144, by 2, 3, 4, 6, 8, 9, 12, 16,

18, 24, 36, 48, 72 ; whereas, in our system the
first period, from oné to 10, has only two divi-
sors, 2 and 5 ; and the second, from one to a hun-
dred, has only 2, 4, §, 10, 20, 25, 50. It is
evident thetefore, that fractions would less fre-
quently have occurred in the designation of num.
bers in that way, namely by twelves. ,

But what would have been most convenient in
this mode of numeratien, is that, in the divisions and
sub-divisions of measures, it would have introduced
a duodecimal progression. ‘Thus, as the foot has
by chance been divided into 12 inches, the inch into
12 lines, and the line into. 12 points; the pound
would have been divided into 12 ounces, the ounce
into 12 drams, and the dram into 12 grains, or
parts of any other denominations ; the day would
have been divided into 12 equal portions called
-hours, the hour into 12 other parts, each equal to
10 minutes, each of these parts into 12 others; and
so on successively. The case would have been the
same in regard to measures of capacity.

Should it be asked, what would be the advan.
tages of such a division? we might reply as follows.
It 1s well known by daily experience, that when it
is necessary to divide any measure into g, 4, or 6
parts, an integer number in the measures of a lower
denomination cannot be found, or at least only by
chance. Thus, the third or the 6th of a pound
averdupois does not give an exact number of ounces;
and the third of a pound sterling, does not give an

R
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integer number of shillings. The case is the same
_ in regard to the bushel, and the greater part of the
other measures of capacity. These inconveniences,
which render calculations exceedingly complex,
would not take place if the duodecimal progression
were every-where followed.

There 15 still another advantage which would re.
sult from a combination of duodenary arithmetic,
with this duodecimal progression. Any number of
pounds, shillings, and pence ; of feet, inches, and
lines, or of pounds, ounces, &c, being given, they
would be expressed as whole numbers of the same
kind usually are in common arithmetic. Thus, for
example, supposing the fathom to consist of 12 feet,
" as must necessarily be the case in this system of
" numeration, if we had-to express g fathoms 5 feet
3 inches and 8 lines, we should have no occasion to
write of sf 3i 8!, but merely 9538; and when.
ever we had a similar number expressing any di-
mension in fathoms, feet, inches, &c, the first fi-
gure on the right would express lines, the second
. inches, the third feet, the fourth fathoms, and the
fifth dozens of fathoms, which might be expressed
by a simple denomination, for example a perch, &c.
In the last place, when it might be necessary to add,
or subtract, or multiply, or divide similar quanti-
ties, we might operate as with whole numbers, and
the result would in like manner express, according
to the order of the figures, lines, inches, feet, &c.

It may easily be conceived how convenient thjs
would be in practice. On this account Steyin, a
Dutch mathematician, proposed to adapt the subdi-
visions of weights and measures to our present sys-
tem of numeration, by making them decrease in
decimal progression. According to this plan, the
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fathom would have contained 10 feet, the foot 10
inches, the inch 10 lines, &c. But he did not re-
flect on the inconvenience of depriving himself of
the advantage of being able to divide his measures
&c, by 3, 4 and 6, without a fraction, which is in-
deed of some importance.

It is evident that in the duodenary arithmetic, the
nine first numbers might be expressed as usual, by
the nine known characters 1, 2, 3, &c; but as the
period ought to terminate only at twelve, it would
be necessary to express ten and eleven by simple
characters. In this case we might choose ¢ to de-
note ten, and .9 to denote eleven, and then it is evi-
" dent that, .

10 would express twelve

Im . . . . thirteen
12 . . . . fourteen )
13 . . . . fifteen
14 . . . . Sixteen
1§ . . . . seventeen
16 . . . . eighteen
17 « .« . . nineteen
18 . + . . twenty
19 + . . . twenty-one
19 . . . . twenty-two
13 . . . . twenty-three
20 . . . . twenty-four
39 « .« . . thirtysix -
4° . . . . forty-eight
§9 . . . . seventy-two
10© . . . . ahundred and forty-four
200 . . . . twohundredand eighty-eight
300 . . . o+ four hundred and thirty-two
1000 . one thousand seven hundred

* land twenty-cight
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3

three thousand four hundred
and fifty-six
twenty-thousand seven hun.
* ) dred and thirty-six
100000 two hundred and forty-eight
&e. { thousand eight hundred and
* thirty-two

Thus the number denoted by the figures $943
would be eighteen thousand six hundred and twenty-
seven ; for Qooo is eighteen thousand two hundred
and eighty, goo is one thousand two hundred and
ninety-six, 4o is forty-eight, and 3 is three num-
_ bers which if added will form the above sum.

It would be easy to form a set of rules for this
pew arithmetic, similar to those of common arith-
metic ; but as it does not seem likely that this mode
of calculation will ever be brought into general use,
we shall confine ourselves to what has been already
said on the subject, and only add, that we have seen
a book, printed in Germany, in which the common
rules of arithmetic were explained in all the sys-
tems, the binary, ternay, quaternay, and so on, to
the duodenary inclusively.

i
2000 .«

10000 « o o
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CHAPTER II.

Of some Short Methods of performing Arrtkmctwal
Oper a/wns.

5L

AMethod of Subtracting several Numbers from
several other gicen \umbu sy Tt hout malmm
partial A dditions.

TO give the reader an idea of this operations .
one example will be sufficient. Ler it be proposed
to subtract all the sums below the line at B, from
all those above it at A. Add, in the usual man-
ner, all the lower figures of the first column on
the right, W_hich will make 14, and 56243
subtract their sum from the next 84564
highest number of tens, or 20. Add 3252 A
the remainder 6 to the corresponding 26848
column above at A, and the sum total p
will e 23.  Write down 3 at the 224 13
bottom, and because there were here 395 g S
two tens, as before, there is nothing __23°°
to be reserved or carried. Add, in 162003
like manner, the figures of the second lower column,
which will amount to 9, and this sum taken from
10 will leave 1; add 1 therefore to the second
column of the upper numbers, the sum of which
will be 20; write down o at the bottom, and be-
cause there were here two tens, while in the lower
column there was only one, reserve the difference,
and subtract it from the next coluinn of the numbers
marked B before you begin to add. In the! cone
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trary case, that is to say when there are more tens
in any one of the columns marked B than in the
corresponding column above it, the difference must
be added. In the last place, when it happens that -
this difference cannot  be taken from the next
column below, for want of more significant figures,
as is the case here in the fifth column, we must
add it to the upper one, and write down the whole
sum below the line. By proceeding in this manner,
we shall have, in the present instance, 162003 for
the remainder of the subtraction required.

S II.
A z?ltiplicatz'on by the Fingers.

To multiply any two numbers, for example, 9
by 8; first take the difference between g and 10,
which is 1, and having raised up the ten fingers
of both hands, bend down 1 finger of one hand,
for example the left. Then take the difference
 between 8 and 10 also, which is 2, and bend down
2 fingers of the right hand. ’ -

Count the fingers still raised up, which in this
case are 7, and the sum will be the number of tens
in the product. Multiply the number of the fingers
bent down of one hand, by that of the fingers
bent down of the other, and the result will be the
number of units in the product. By this operation
it will be found, in the present instance, that g
multiplied by 8 makes 72.

"It may hence be seen, that in general, we must
take the difference between 10 and each of the
given numbers ; that the product of these differ-
ences, denoted by the fingers bent down of each
hand, will give the units of the product, and that
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the number of the fingers which remain raised up,
will give that of the tens of the same product.

It is evident however, that this operation is
rather curious than useful ; for no numbers but
such as are less than ten can be multiplied in this
manner, and every person almost can tell these first
products from memory alone, otherwise they could
not perform any complex multiplication at all.

§ IIL

Some Short Methods of performing Multiplication
and Division.

I. EVERY one, 'in the least acquainted with arith-
metic, knows, that to multiply any number by 10,
nothing is necessary but to add to it a cipher ; that
to multiply by 100, two must be added, and so on.

Hence it follows, that to multiply by 5, we
have only to suppose a cipher added to the num-
ber, and then to divide it by 2. Thus, if it were
required to multiply 127 b{ 5 ; suppose a cipher
added to the former, which will give 1270, and
then divide by 2: the quotient 635 will be the

product required. .

In like manner, to multiply any number by 23,
we must suppose it multiplied by 100, or in-
creased by two ciphers, and then divide by 4.
Thus, 127 multipbied by 23, will give 3175. For
127 when increased by two ciphers makes 12500,
which being divided by 4, produces 3175.

According to the same principle, to multiply by
125, it will be sufficient to add three ciphers to
the multiplicand, or to suppose them added, and
then to divide by 8. The reason of these opera-
tions may be so readily conceived, that it is not ne-
cessary to explain it.
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II. The multiplication of any number by 11 may
" be reduced to simple addition. For it is evident
that to multiply a number by 11, is nothing else
than to add the number to its decuple, that is to
say, to itself followed by a cipher. ,

Let the proposed number, for ex. be . .. .67583
To multiply this number by eleven, 743413
say 3 and o make 3; write down
3 in the units place; then add 8 and 3,
which make 11; write down 1 in the place of
tens, and carry 1; then 5 and 8 and 1 carried make
14; write down 4 in the third place, or that of
hundreds, and carry 1. Continue in this manner,
adding every figure to its next following one, till
the operation is finished, and the product will be
743413, as above. :

The same number may be multiplied in like
manner, by 111, if we first write down the 3,
then the sum of 8 and 3, then that of 5, 8, and 3,
then that of 7, 5, and 8, and so on, adding al-
ways three contiguous figures together.

IIl. We shall only just farther observe, that to
multiply any number by g, simple subtraction may
be employed. Let us take, for example, the same
-number as before, . . . . . 67583 .

608247
To multiply this number by 9, nothing is neces-
. sary but to suppose a cipher added to the end of
it, and then to subtract each figure from that which
precedes it, beginning at the right. Thus 3 from
o or 10, leaves 7; 8 from 2 or 12, leaves 4; and
if we continue in this manner, taking care to bor-
row 1o when the right-hand figure is too small to
admit of the preceding one being subtracted from
it, we shall find the product to be 608247.
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' roason of these operations may be readily
poival. Jor it is gvidqnt, that in the first, we
wnly add the number itself to its decuple; and in
the latter, we subtract it from its decuple ; But in
ovder to form a clearer idea of the matter, it may
wiliaps be worth while to perform the operation at
’ull length,

Condise operations of a similar kind may be em-
ployed in cortain cases of division 5 as in dividing',
tor exanple, a given number by any power what-
cver of 5. “Lha,, if it were required to divide 128
by 54 wemut double it, which will give 256 ; if
we then ot off the Lt figure, which will be a
docimal, the quotient will be 25°6 or 255 To
diade the gane number by 25, we must quadruple.
fr, which will pive s12; and if we then cut off
the two bast Byrares an decimals, we shall have for
the quotient g and (e To divide by 125, we
st ltiply the dividend by 8, and cut oft three
foaren, b dike manner we may divide a given
ot e by any other power of g3 but it must be
conbsad 1t such short methods of calculation
woee pttendded with no preat mlvumngc.

¢ IV,

It Al thod ol pevforming Muaitiplication and
Locracn by Naprer's Rods er Bones,

Wore ot o ninobora are to be multiplied, it s
6 Lot thoat the Gpeation nughe be performed mnuch
¢ bir, by Daving d table previously formed of cach
gt ool o maliiphcandy when doubled, tripled,
epreadtengededd, il o one - Suchia table indeed might
b gert e dd b minple addition, vince nothing would
bo gt rmanry Lol do whl any sanber to itsclf, and
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we should have the double; then to add it to the
double, and we should have the triple, &c. But
unless the same figure should frequently recur in the
multiplicand, this mcthod would be more tedious
than that which we wished to avoid.

The celebrated Napier, the sole object of whose
researches seems to have been to shorten the opera-
tions of arithmetic and trigonometry, and to whom
we are indebted for the ingenious and ever-memo-
rable invention of logarithms, devised a method of
forming a table of this kind in a noment, by means
of certain rods, which he has described in his work
entitled Rabdologia, printed at Edinburgh in 1617.
The construction of them is as follows :

Provide several slips of card or ivory or metal
rods, about nine times as long as they are broad,
and divide each of them into g equal squares. (Plate
L fig. 1.) Inscribe at the top, that is to say in the
first square of each slip or rod, cne of the numbers
of the natural series 1, 2, 3, 4, &c, as far as g
inclusively. Then divide each of the lower squares
into two parts by a diagonal, drawn from the upper
angle on the right hand to the lower one on the left,
and inscribe in each of ihese triangular divisions,
proceeding downwards, the double, triple, quadru-
ple, &c, of the numbcr inscribed at the top ; tak-
ing care, when the multiple consists of only one
figure, to place it in the lower triangle, and when
it consists of two, to place the units in the lower
triangle, and the tens in the upper one,. as seen in
the figure. It will be necessary to have one of these
slips or rods thé squares of which are not divided by -
a diagonal, but inscribed with the natural numbers
from 1 to g. This one is called the index rod. It
will be proper also to have several of these slips or
rods for each figure.
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The rods being prepared as above, let us sup.
pose that it is required to multiply the number
6785399. Arrange the seven rods inscribed at the
top with the figures 6785, &c, close to each other,
and apply to them on the left hand the index rod,
or that inscribed with the singlefigures (sce P1. 1. fig.
2.); by which means we shall have a table of all the
multiples of each figure in the multiplicand ; and
scarcely any thing more will be necessary, but to
transcribe them. Thus, for example, to multiply
the above number by 6; looking for six on the in.
dex rod, and opposite to it in the first square, on
the right hand, we find 54 ; writing down the 4
found in the lower triangle, and adding the § in the
upper one to the 4 in the lower triangle of the
next square on the left, which makes g; write
down the g, and then add the g in the upper tri-
angle in the same square to the 8 in the lower tri-
angle of the next one; and proceed in this manner,
. taking care to carry as in common addition, and we

shall find the result to be 40712394, or the product
of 6785399 multiplied by 6. .

Compound multiplication, or by several figures,
may be performed in the same manner, and with
equal facility. Let us suppose, for example, that the
same number is to be multiplied by 839938. Write

down the multiplicand, and the . 6785399
multiplier below it in the usual 839938
.manner ; and as the first figure 54283192
of the multiplier is 8, look for it 20356197

in the index rod, and by adding 61068
the different figures in the trn- 61:;28 5’;?1
angles of the horizontal column 20356197
opposite to it, the sum will be 54243192

found to be 54283192, or the
product of the above number by 5099314465262




OF COMPUTING. ' 17

8, which must be written down. Then -find the
sum of the figures in the horizontal column oppo.
site to 3, and write the sum down as before, but
carrying it one place farther to the left. Continue
in this manner till you have gone through all the
figures of the multiplier, and if the several partial
products be then added as usual, you will haye the
total product, as above expressed.

A similar artifice may be employed to ghorten
division, especially when large sums ‘are to be often
divided by the same diviser. Thus, for example, if
the number 1492992 is to be divided by 432, and if
the same divisor must frequently occuyr, constryct,
in the manner above described, a table of) the myl-
tiples of 432, which will scarcely require any far-
ther trouble than that of transcribing the numbers,
as may be seen here on the left.

I e 432 1492992 ( 3456
2 ,e 864 - 1296 (a5
3 ... 1296 1969
4 e 1728 o 1728
§ wee 2160 . 221
6 ... 2592 2?62
7 - 3024
. 8 v 3456 2592
9 ... 3888 3592

0000

When this is done, it may be readily perceived,
that since 432 it not contained in the first three
figures of the dividend, some multiple of it muse
be contained in the first four figures, viz. 1492.
To find this multiple, you need only cast your eye
on the table, to observe that the next less multiple

VOL. I, ¢
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of 432 is 1296, which stands oppotite to 3 ; write
down 3 therefore in the quotient, and i296 under
1493, then subtract the former from the latter, and
there will remain 196, to which if you bring down
the next figure of the dividend, the result will be
1969. By casting your eye again on the table, you
will find that 1728, which stands opposite to 4, is the
greatest multiple of 432 contained in 1969 ; write
down 4 therefore in the quotient, and subtract as be-
fore. By continuing the operation in this manner,
it will be found that the following figures of the
quotient are § and 6; and as the last multiple leaves
no remainder, the division is perfect and complete.

REMARK.

L)

Mathematicians have not confined themselves to
endeavouring  to simplify the operations of arith-
metic by such means : they have attempted some-
thing more, and have tried to reduce them to mere
mechanical operations. The celebrated Pascal was
the first who invented a machine for this purpose,
a description of which may be seen in the fourth
volume of the Recucil des Muachines preséntées a
I’ Academie.  Sir Samuel Morland, without knowing
perhaps what Pascal had done in this respect, pub-
lished, in 1673, an account of two arithmetical ma-
chines, which he invented, one of them for addition
and subtraction, and the other for multiplication,
but -without explaining their internal construction.
The same object engaged the attention of the ce-
~ lebrated Leibnitz, about the same time ; and after-
wards that of the marquis Poleni. A description of
their machines may be seen in the Theatrum Ariths
meticum of Leupold, printed in 1727, together with
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tht of a machine invented by Leupold himself, and
also in the AMiscell. Berol. for 1709. We have
Jikewise the 4baque rabdologique of Perrault, in the
- collection of his machines published in 1700, It
serves for additon, subtraction and multiplication.
The Recueil des Machines présentées @ U Academie
- Royale des Sciences contains also an arithmetical
machine, by Lespine, and three by Boistissandeau.
Finally, Mr. Gersten, ‘professor of mathematics at
Giessen, transmitted, in the year 1735, to the Royal
Society of London, a minute description of a ma-
chine of the same kind, invented by himself. We
shall not enlarge farther on this subject, but pro-
ceed to give an account, which we hope will be
acceptable to the curious reader, of an ingenious
method of performing the operations of arithmetic,
invented by Mr. Saunderson, a celebrated matherma-
tician, who was blind from his infancy.

§ V. :

Palpable Arithmetic, or a method of bperformz'ng
arithmetical operations, which may be practised
" by the blind, or in the dark.

WHAT is here annoonced may, on the first view,
appear to be a paradox ; but it is certain that this
method of performing arithmetical operations was
practised by the celebrated Dr. Saunderson, who,
though he had lost his sight when a child of a year
old, made $o great progress in ‘the mathematics, as
to be able to fill a professor’s chair in the university
of Cambridge. The apparatus he employed to sup~

-ply the deficiency of sight, was as follows.
~ Let the square AB C D (Pl 3 fig. 2.) be divided
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into four other squares, by two lines parallel to the
sides, and intersecting each other in the centre.
These two linés form with the sides of the square
four points of intersection, and these added to the
four angles of the primitive square, give all together
nine points. If a hole 'be made in each of these
points, into which a pin or peg can be fixed, it is evi-
dent that thire will be nine distinct places for the
nine simple and significant figures of our arithmetical
system, and nothing further will be necessary but
to establish some order in which these points or
places, destined to receive a moveable peg, ought to
be counted. To mark 1, it may be placed in the
centre ; to express 2, it may be placed immediately
above the centre; to express 3, at the upper angle
on the right; and so on in succession, round the
sides of the square, as marked by the numbers op-
* posite to each point. Pl 3 fig. 1.

But there is still another character to be express-
ed, viz. the o, which in our arithmetic is of very
great importance. This character might be express-
ed in a manner exceedingly simple, by leaving the
holes empty ; but Saunderson preferred placing in
the middle one a large-headed pin, unless when hav-
ing unity to express, he was obliged to substitute in
its stead a small-headed pin. By these means he
~ obtained the advantage of being better able to di-
rect his hands, and to distinguish with more ease,
by the relative position of the small-headed pins, in
regard to the large one in the centre, what the
former expressed. This method therefore ought to
be adopted ; for Saunderson no doubt made choice
of those means which were most significant to his
fingers. ~

As the reader has here seen with what ease a
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simple number may be expressed in this manner,
we shall now shew that a compound number may be
expressed with equal facility. If we suppose several
squares to be constructed like the preceding, ranged
in a-line, and separated from each other by small
intervals, that they may be better distinguished by
the touch, any person acquainted with common
arithmetic may perceive, that the first square on the
right will serve to express units ; the next towards -
the left, to express tens ; the third to express hun.
dreds, &c. Thus the five squares, with the pegs
arranged as represented Pl. 3 fig. 4, will express the
number 54023.

If you therefore provide a board, or table, di-
vided into several horizontal bands, on each of
which are placed seven or eight similar squares, ac-
cording to circumstances ; if these bands be sepa-
rated by proper intervals, that they may be better
distinguished ; and if all the squares of the same
order, in each of the bands, be so arranged, as to
correspond to each other in a perpendicular direc-
tion ; you may perform, by means of this machine,
all the different operations of arithmetic. The rea-
der will find, Plate 3 fig. 4, a representation of the
method of adding four numbers, and expressing
their sum by a machine of this kind.

Saunderson employed this ingenious machine, not
only for arithmetical operations, but also for repre-
senting geometrical figures, by arranging his pins in
a certain order, and extending threads from the one
to the other. But what has been said is sufficient
on this subject; those persons who are desirous
of farther information respecting it, may consult
Saunderson’s Algebra, or the French translation of
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~ Wolf’s Elements Abridged, where this palpable
arithmetic is explained at full length. .

ProBLEM.

To multiply 11£. 11s. and 11d. by 114, 114,
and 11d.

TAa1s problem was once proposed by a sworn
accountant to a young man who had been recom-
mended to him as perfectly well acquainted with
arithmetic. And indeed, besides the difficulty which
results from the multiplication of quantities of dif-
ferent kinds, and from their reduction, it is well
calculated to try the ingenuity of an arithmetician.
But it is not improbable that the proposer would
have been embarrassed by the following simple
question : what is the nature of the product of
pounds shillings and pence multiplied by pounds
shillings and pence ? “We know that the product of
a yard by a yard represents a square yard, because
geometricians have agreed to give that appellation to
a square surface one yard in length and one in
breadth ; and 6 yards multiplied by 4 yards make
24 square yards; for a rectangular superficies 6
yards in length and 4 in breadth, contains 24
square yards, in the same manner as the product of
4 by 6 contains 24 units. But who can tell what
the product of a penny by a penny is, or of a penny
by a pound ? \

The question considered in this point of .view, is
therefore absurd, though ordinary arithmeticians
sometimes are not sensible of it. :

It may however be considered under different
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oints of view, which will render it suseeptible of
3 solution. The first is to observe that a peund
contains 20 shillings, or 240 pence; so that the
problem may be reduced to the following, in ab-
stract numbers : to multiply 11 plus i3 plus 3 by
11 plus —* plus 55 ; and in this case, the product
will be 134 plus % plus 35 plus . oo

The second way of considering this question, is
to observe that every product is the fourth term of
a proportion, the first term of which is unity, while
" the two quantities to be multiplied are the second
and third terms. Nothing therefore is necessary
but to fix that kind of unity which ought to be the
first term of the proportion. .

We may say, for example, if a pound employed
in any way has produced 11£. 11s. and 1§d. how
much will 11/. 114. and 114 produce? The pro-
duct here will be the same as above, viz. 134£. g3.

d. and 2% of a penny.

But this unit might be a shilling, for there is
nothing to prevent us from expressing the question
in this manner : If a shilling produce 11£. 115. and
11d., how much ought 11/. 115, and 11d. to pro.
duce? The product then would be 3689/. ss. 44.
and ;% of apenny. -

In the last place, this unit might be a penny ; and
in that case the product will be 322714, 4. 1d.

———
CHAPTER IIIL
Of certain Properties of Numbers.

WE do not here mean to examine those properties
of numbers which engaged so much the attention of
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the ancients, and in which they pretended to find so
many mysterious virtues. Every one, whose mind
is not tinctured with the spirit of credulity, must
laugh to think of the good canon of Cezene, Peter
Bungus, collecting in a large quarto volume entitled
De Alysterits N umeroriamn, all the ridiculous ideas
which Nichomachus, Ptolemy, Porphyry, and scveral
more of the ancients, childishly propagated respect-
ing numbers. How could it enter the minds of
reasonable beings, to ascribe physical encrgy to
things entirely metaphysical? For numbers are
mere conceptions of the mind, and consequently
can have no influence in nature. '

None therefore but old women and people of
weak minds can believe in the virtues of numbers. .
Some imagine, that if thirteen persons sit down at
the same table, one of them will die in the course
of the year; but there is a much greater probabi-
lity that one will die if the number be twenty-four.
¢

L

THE number g possesses this property, that the
figures which compose its multiples, if added toge-
ther, are always a multiple of g; so that by adding
them, and rejecting g as often as the sum exceeds
that number, the remainder will always be o. This
may be easily proved by trying diflerent multiples
of g, such as 18, 27, 36, &c.

This observation may be of utility to enable us to
discover whether a given number be divisible by g;
for in all cases, when the figures which express any
number, on being added together, form g, or one
of its multiples, we may be assured that the number
is divisible by 9, and consequently by 3 also.
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" But this property does not exclusively belong to
the number g; for the number 3 has a similar pro-
perty. If the figures which express any multiple
.of 3 be added, we shall find that their sum is al-
ways a multiple of 3; and when any proposed num-
ber is not such a multiple, whatever the sum of the.
ﬁ?lres by which it is expressed exceed a multiple
of 3, will be the quantity to be deducted from the
number, in order that it may.be .divisible by 3
without a remainder.

We must not omit to take notice here, of a ve
ingenious observation of the author of the History
of the Academy of Sciences, for the year 1726,
which is, that if a system of numeration different
from that now in use had been adopted, that for
example of duodecimal progression, the number
eleven, or, in general, that preceding the firft .
petiod, would have possessed the same property as
the number nine does in our present system of nu-
meration. By way of example let us take a mul-
tiple of eleven, as nine hundred and fifty-seven,
and let us express it according to that system by
the characters 7¢5: it will here be seen that 7 and
¢ make seventeen, and 5 added makes twenty-two,
which is a multiple of efeven. :

We shall not here attempt to demonstrate why
this property belongs to the last number but one,
of the period adopted for numeration, as it would
lead us into analytical researches of too complex a
nature. ~

In addition to the foregeing observations of the
French author, may be added the following remarks
on the same subject, lately made by an ingenious
. English gentleman. He first expresses all tho pros
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ducts of g by the other figures, in the following
manner, and then enumerates the curjous properties.

-

9 . 643=9
] $
s.9 77429
* 9
13..14-3=9 81.. 8419,
3
27..24y=x9
4
$6..34-6=9
H
45 -.4+s=°‘
54.-5+4=9

The component figures of the product, made by
the multiplication of every digit into the number g,
when added together, make NINE. }

The order of those component figures is reversed,
after the said number has been multiplied by s.

The component .figures of the amount of the
multipliers (viz. 45), when added together make
NINE.

The amount of the several products, or multiples
of 9 (viz. 405), when divided by g, gives for a
quotient, 45; that is 44- §=NINE.

The amount of the first product (viz. 9), when
added to the other products, whose respective com-
ponent figures make 9, is 81; which is the square
of NINE. '

The said number 81, when added to the above-
mentioned amount of the several products, or mul-
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tiples of g (viz. 405), makes 486; which, if divided
by 9, gives for a quotient 54; that is §4-4=NINE.
It is also observable that the number of changes’
that may be rung on aine bells, is 362880; which
figures, added together, make 27; that is, 24+7=
NINE.
. And the quotient of 362880, divided by g, is
40320; that 18 440+ 3+240=NINE, )

L

Every square number necessarily ends with one
of these five figures, 1, 4, 5, 6, 9; or with an even
number of ciphers preceded by one of these figures.
This may be easily proved, and is of great utility in
enabling us to discover when a number is not 3
square; for though a number may end as above
mentioned, it is not always however a perfect
square; but, at any rate, when it does not end in
that manner, we are certain that it is not a square,
which may prevent useless labour. In regard to
cubic numbers, they may end with any figure what-
ever; but if they termipate with ciphers, they must
be in number either three, or six, ot nine, &c.

m.

Every square number is divisible bl 3, or be-
comes so when diminished by unity. This may be
easily tried on any square number at pleasure.—
- Thus 4 less 1, 16 less 1, 25 less 1, 123 less 1, &c.
-are all divisible by 3; and the case is the same with
other square numbers. o

Every square numiber is divisible also by 4, or
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becomes so when diminished by unity. This may
. be proved with the same ease as the former.
“Luvery square number is divisible likewise by s,
or becomes so when increased, or else diminished
by unity. Thus, for example, 36—1, 4941,
6441, 81—1, &c, are all divisible by s. :
Every odd square number is a multiple of 8 in-
creased by unity. We have examples of this pro-
perty in the numbers g, 25, 49, 81, &c; from
which if 1 be deducted, the remainders will be

divisible by 8.
IV.

EvERY number is either a square, or divisible
into two or three or four squares. Thus 30 is
equal to 25+4+1; 31=25+4+141; 33=16
+1641; 63=494+9+4+1,0r=364254+141.

We shall here add, by anticipation, though we
have not yet informed the reader what triangular,
or pentagonal, &c, numbers are, that

Every number is either triangular, or composed
‘of two or of three triangular numbers. And that

Every number is either pentagonal, or composed .
of two or three or four or five pentagonals, and so
of the rest.

We shall add also, that every even square, after
the first square 1, may be resolved at least into
four equal squares; and that every odd square may
be resolved into three, if not into two. Thus 81
=36436+49; 121=81+436+4; 169=144+425;
625=400+144+81 )
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V.

Eviznv power of 5, or of 6, necessarily ends with
5 or with 6. , '

VI. ' '

Ir we take any two numbers whatever; then
either one of them, or their sum, or their difference,
is necessarily divisible by 3. Let the numbers
assumed be 20 and 17; though neither of these
numbers, nor their sum 37, is divisible by 3, yet
~ their difference is, for it is three.

It might easily be demonstrated, that this must
necessarily be the case, whatever be the numbers
assumed.

VII.

Ir two numbers are of such a nature, that their
squares when added together form a square, the
product of these two numbers is divisible by 6.

Of this kind, for example, are the numbers 3
and 4, the squares of which, g and 16, when added,
make the square number 25: their product 12 is
divisible by 6. : ’

From this property a method may be deduced,
for finding two numbers, the squares of which,
when added together, shall form,a square number.
For this purpose, multiply any two numbers toge-
ther ; the double of their product will be one of
the numbers sought, and the difference of their
squares will be the other. -
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Thus if we multiply together 2 and 3, the squares
of which are 4 and g, their product wi.l be 65 if
we then take 12, the double of tlis precduct, and §
the difference of their squarcs, we shull have two
numbers, the sum of whose squares is equal to
another square number ; for these squares are 144
axfm_d 25, which when added make 169, the square
of 13.

VIIL

WnrEN two numbers are such, that the difference
of their squares is a square number; the sum and
difference of these numbers are themselves square
fumbers, or the double of square numbers.

Thus, for example, the numbers 13 and 12,
when squared, give 169 and 144, the difference of
which 25, is also a squaré number; then 25, the
sum of these numbers, is a square number, and
also their difference 1.

In like manner, 6 and 10, when squared produce
36 and 100, the difference of which 64 is also a
square number ; then it will be found, that their
sum 16 is a square number, as well as their dif-
ference 4.

The numbers 8 and 10 give for the difference
of their squares 36; and it may be readily seen,
that 18, the sum of these numbers, is the double
of g, which is a square number, and that their dif-
ference 2 is the double of 1, which is also a square
number. ' '

IX.

Ir two numbers, the difference of which is 2, be
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multiplied together, their product increased by unity -
will be the square of the intermediate number.

Thus, the product of 12 and 14 is 168, which-
being increased by 1, gives 169, the square of 13,
the mean number between 12 and 14.

Nothing is easier than to demonstrate, that this
must always be the case; and it will be found in
general, that the product of two numbers increased
by the square of half their difference, will give the
square of the mean number.

X'

A prime number, is that which has no other
divisor but unity. Numbers of this kind, the
number a excepted, can never be even, nor can -
any of them termiinate in g, except § itself; hence .
it follows, that except those contained in the first
period of ten, they must necessarily terminate in 1
of 3 ofr 7 or g. - ’

One curions property of prime numbers is, that
every prime 'number, 2 and 3 excepted, if increased
or diminished by unity, is divisible by 6.  This may
‘be readily seen in any numbers taken at pleasurs,
as 5, 7, 11, 13, 17, 19, 23, 29, 31, &c; butldo
not knoew, that any one has ever yet demonstrated

this prope‘nl);a priori. But the inverse of this is
* not true, that i, every numbet which when in.
creased or diminished by unity is divisible by 6, is
not, on that account, necessarily a prime numbet.

As it is often of utility to be able to know,
without having recourse to calculation, whether a
number be prime or not, we have here subjoined a
table of all the prime numbers from 1 w0 10,000,
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TABLE

or

TABLE

Of the prime numbers from 1 to 10,000.

\lhwﬁ‘

11
13

19
23
29
31
37
41
43
47
53
59

67
71

79
83
80

97

101
103
107
109
113
127
131
137
1349
140
151
157

373
379
383
380
397

401
409
419
421
431
433
439
443
44 9
457
461
403
497
479
457
491
499

503
500
521
553
541
547
557
503
500
571
577
587
503,
594

601
607
613
617
019
631
641
043
647
G653
659
001
673
677
683
091

701
799
719
77
733
730
743
751
797
701
709
77
797
797

811
821
823
827
829
830

5531093
8571097
850
865{1103
877(1100
8811117
8831123
857 1129
(1151
9071153
0111163
9191171
029,1181
9371187
941(1193
947
953(1201
067(1213
971(1217
0771223
0983|1229
091{1231
097 [1237
1249
100011250
101311277
1019|1279
10211283
103111289
10331291
1020!1207
1049
1051 {1301
106111503
106311307
100911310
108711321
10011327

1301
1367
1373
1381
1399

1400
1423
1427
1429
1433
1439
1447
1451

1453].

1450
1471
1481
1483
1487
1489
1493
1499

1511
1523
1531
1543
1549
1553
1559
1567
1571
1570
1583
1597

1601

1607
1609
1613
1619
1621
1627
1657
1057
1603
1007
1009
1693
1697
1699

1709
1721
1723
1733
1741
1747
1753
1759
1777
1783
1787
1789

1801
1811
1823
1831
1847
1861
1867
1871
1873
1877

1879 2143
1869 2153

1901
1907
1913
1931
1933
1049
1951
1973
1979
1987
1993
1997
1999

2003
2011
2017
2027
2020
2030
2053
2003
2069
2081
2083
2087
2089
2099

2111
2113
2129
2131
2137
2141

2161
2179

2203
2207
2213
2221
2237
2239
2243
2251
22067
2209
2273
2281
2287
2203
2297

2309
2311
2333
2339
2341
2347
2351
2357
2371
2377
2381
2383
2389
2393
2399

2411

2417

2437
2441
2447
2459

2473
2477

2503
2521
2531
2530
2543
2549
2551
2557
2579
2591
2503

2609
2617
2021
2033
2647
2059
5059
2003
2671

2683
2087
208q
2093
2099




2707130233361
Q711{3037[3371
271313041|3373
271913040(3384
2729(3001{3391
27313007
274130703407
2740(3083 3413
275313089 3433
2767 3449
Q777 3100|3457
2789[3119[3401
970113121 3403
-q7 {3137 |3407
T 6|3469
2801|3167 | 3491
2803 (3169|3499
2819|3181
2833(3187|3511
2837(3191(3517
2843 3527
2851{3203 (3529
285713200 3533
286132173539
2879|3221 3541
28873229 3547
. 2897|3251 3557
3253(3559
2903{3257(3571
2909|3259|3581
2017|3271 3583
2027(3299(3593
2939
2953(3301|3607
295733073613
- |2963|3313|3617
2060(2319|30623
|2071(3323(3631
2999|3329{3037
3331|3643
300133433659
301133473671
3019|3359|3673

YOoL. 1.

PRIME NUMBERS.

5677]4007
3001140135
3097|4019
1021
3701(4027
3709|4049
371914051
3727|4057
3733{4073
3739|1079
3761[14091
376714093
3709(4¢99
3779
370214111
3797 4127
+120
3803({4133
392114139
382514153
3833|4157
38474150
3851|4177
3853
3806:3{4201
38774211
3881|4217
3889{4219
1229
300714231
39114241
3017|4243
30194253
302314259
3029|4261
3931{4271
3043(4273
394714283
39674289
3989|4297

40014327

400314337

4339
4349
4357
4303
4373
4391
4397

4409
14421
1423
4441
4447
4451
1457
1463
4481
1483
1493

4507
1513
4517
4519
1523
1547
4549
4501
1567
4583
1591
1597

4603
4621
4637
4639
4643
4049
1651
4657
46063

4673
»

4679
1091

4703
4721
4723
1729
4733
4751
1759
4773
4787
1789
4795
4799

4801
4813
4817
4831
1861
4871
1877
1889

1903
1909
1919
1931
4933
1937
1943
4951
4957
1967
4969
1973
1987
4993
4999

5003
5009
5011

5021
5023
5039
5051
5059
5077
5081
5087
5099

5101
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5303
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5441|5783
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5653|
5657 |6007
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6091
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0133
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6211
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6379
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63896733
039716737
6701
6421|6763
1642716779
644916781
6451{6791

6473
6827

0547 (0841
6551|6857
655316863

656916871

6581
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8999

8089 /9001 |«
80693 19007 9341
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0291
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93779059
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21913319437 qul
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9013|9967
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XI.

A~oTHER kind of numbers which possess a singu=
lar and curious property, are those called perfect
numbers, 'This name is given to every number,
the aliquot parts of which, when added together,
form exactly that number itself. Of this we have
an example in the number 6 ; for its aliquot parts
are 1, 2, 3, which together make 6. The number
28 possesses the same property ; for its aliquot parts
are 1, 2, 4, 7, 14, the sum of which is 28.

To find all the perfect numbers of the numerical
progression, take the double progression 2, 4, 8,
16, 32, 64, 128, 256, 512, 1024, 2048, 4096,
8142, &c; and examine those terms of it, whichy
when diminished by unity, are prime numbers.
Those to which this property belongs, will be found
to be 4, 8, 32, 128, 8192 ; for these terms when
diminished by unity, are. 3, 7, 31, 127, 819I.
Multiply therefore each of these numbers by that
number in the %:ometrical progression which pre-
ceded the one from which it 1s deduced, for ex-
ample 3 by 2, 7 by 4, 31 by 16, 127 by 64, 8191
by 4096, &c; and the result will be 6, 28, 496,
8128, 33550336, which are perfect numbers. -

These numbers however are far from being so
numerous as some authors have believed ®*. The
following is a series of numbers either perfect, or,
for want of proper attention, supposed to be so,
taken from a memoir of Mr. Krafft, published in

* The rule given by Ozanam is false, and produces a multitude
of numbers, such as 130816, 2096128, &c, which are not per-
fect numbers. When Ozanam wrote his rule, he did not recol-
lect, that one of the multipliers must be a prime number. But
511 and 2047 are not prime numbers.
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the 7th volume of the Transactions of the Academy
of Petersburgh. Those to which this property
really belongs are marked with an asterisk.

*

* 28
* 496
* 8128
130816
2096128
* 33550336
536854528
* 8589869056
* 137438691328
2199022206976,
35184367894528
1562949936644096
9007199187632128
144115187807420416
* 2305843008139952128
36893488143124135936
Thus we find that between 1 and 10 there is only
one perfect number ; that there is one between 10
-and 100, one between 100 and 1000, and one be-
tween 1000 and 10000; but those would be mis-
taken who should believe that there is one also be-
tween ten thousand and a hundred thousand, one
between a hundred thousand and a million, &c ;
for there is only one between ten thousand and
eight hundred millions. The rarity of perfect num- |
bers, says a certain author, is a symbol of that of
perfection.
All the perfect numbers terminate with 6 or 28,
but not alternately or conversely.
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- XIL

THEeRE aresomenumbers called amicable numbers,
on account of a certain property which gives them
a kind of affinity or reciprocity, and which consists
in their being mutually equal to the sum of each
others aliquot parts.  Of this kind are the numbers
220 and 284 ; for the first 220 is equal to the ali-
quot parts of 284, viz. 1, 2, 4. 71, 142; and,
reciprocally, 284 is equal to the aliquot parts, 1,
2, 4, §, 10, II, 20, 22, 44, §5, 110, of the
other number 220.

Amicable numbers may be found by the following
method. Write down, as in the subjoined example,
the terms of a double geometrical progression, or
having the ratio 2, and beginning with 2 ; then
triple each of these terms, and place these triple
numbers each under that from which it has been
formed ; these numbers diminished by unity, s,
11, 23, &c, if placed each over its corresponding
number in the geometrical progression, will form a
third series above the latter. In the last place, to
obtain the numbers of the lowest series 71, 287,
&c, multiply each of the terms of the series, 6,
12, 24, &c, by the one preceding it, and subtract
unity from the product.

5§ 11 23 47 95 191 - 383

2 - 4 8 16 - 32 64 - 128

6 12 24 48 96 192 384
: 7% 287 115t 4607 18431 73727
Take any number of the lowest series, for example
71, of which its corresponding number in the first
series, viz. 11, and the ene preceding the latter,
viz. 5, as well as 71, are prime numbers : multiply
5 by 11, and the product 55 by 4, the correspond-

-
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ing term of the geometrical series, and the last
product 220, will be one of the numbers required.
The second will be found by multiplying the num-
ber 71 by the same number 4, which will give z84.

In like manner, with 1151, 47 and 23, which -
are prime numbers, we may find two other amica-
ble numbers, 17296 and 18416 ; but 4607 will
not produce any amicable numbers, because, of
the two other corresponding numbers, 47 and gg,
the latter is not a prime number. The case is the
same with the number 18431, because 95 is among
its corresponding numbers ; but the following num-
ber 73727, with 383 and 191, will give two more
amicable numbers, 9363584 and 9437056.

By these examples it may be seen, that if perfect
numbers are rare, amicable numbers are much more
so, the reason of which may be easily conceived.

XIIL

Ir we write down a series of the squares of the
natural numbers, viz. 1, 4, 9, 16, 25, 36, 49,
&c; and take the difference between each term and
that which follows it, and then the differences of
these differencess the latter will each be equal to
2, as may be seen in the following example.

1 4 9 16 25 136 49
1st. Diff. 3 5 7 9 11 13
2d. Diff. 2 2 2 2 2
It hence appears, that the square numbers are
formed by the continual addition of the odd num-
bers 1, 3, 5, &c, which exceed each other by 2.

In the series of the cubes of the natural numbers,
viz. 1, 8, 27, &c, the third, instead of the second
differences, are equal, and are always 6, as may be
seen in the following example.

. - - T
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Cubes 1 8 272 64 123 216
1st. Diff. 7 19 37 - 61 9k

2d. Diff, 12 18 24 30

3d. Diff. 6 6 6

In regard to the series of the fourth powers, or
biquadrates, of the natural numbers, the fourth
differences only are equal, and are always 24. In
the fifth powers, the fith differences only are equal,
and are invariably 120.

These differences, 2, 6, 24, 120, &c, may be
found by multiplying the series of the numbers 1,
2, 3, 4, §, 6, &c. For the second power, mul-
tiply the two first; for the third power, the three
first, and so on. .

: XIV.

Tur progression of the cubes 1, 8, 27, 64,
125, &c, of the natural numbers, 1, 2, 3, 4, §,
6, &c, possesses this remarkable property, that if
any number of its terms whatever, from the begin-
ning, be added together, their sum will always be
-a square. - Thus, 1 and 8 make g ; if we add to
this sum 24, we shall have 36, which is still a
square number ; and if we add 64, we shall have
100, and so on.

XV.

THE number 120 has the property, of being
equal to half the sum of its aliquot parts, or divi-
sors, -viz. I, 2, 3, 4, §, 6, 8, 10, 12, 1§, 20,
24, 30, 40, 60, which together make 240. 'The
number 672 is also equal to half the sum of its ali- -
quot parts, 1344. Several other numbers of the
like kind may be found, and some even which
would form only a third, or fourth, of the sum of
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their aliquot parts, or which would be the double,
triple, or quadruple of that sum; but what has
been here said, will be sufficient to exercise those
who are fond of such researches.

et ———

CHAPTER 1V,
. of Figurate Numbers.

IF there be taken any arithmetical progression, as
for instance, the most simple of all, or that of the
natural numbers 1, 2, 3, 4, §, 6, 7, &c; and if
we take the first term, the sum of the two first,
that of the three first, and so on; the result will
be a new series of numbers, 1, 3, 6, 10, 15, 21,
28, &c, called triangular numicrs, because they
can always be ranged in such a manner as to
{fiorm an equilateral triangle, as may be seen Plate x

. 3
.gThe square numbers, as .1, 4, 9, 16, 25, 36,
&c, arise from a like addition of the first terms of
the arithmetical progression, 1, 3, 5, 7, 9, 11,
&c, the common difterence of which is 2. These
numbers, as is well known, may be arranged so as
to form square figures. See PL 1 fig. 4.

A similar addition of the terms of the arithme-
tical progression 1, 4, 7, 10, 13, &c, the common
difference of which is 3, will produce the numbers
1, 5, 12, 22, &c; which are called pentagonal
numbers, because they represent the number of
points which may be arranged on the sides and in
the interior part of a regular pentagon ; as may be
seen Plate 1 jfig. 5; where there are three penta,
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gons, having one common angle, representing the
number of points which increase arithmetically ;
the first having two points on each side, the second
three, and the third four ; and which progression it
is evident, might be continued ever so far.

It is in this sense, and in this manner, that we
must conceive the figurate numbers to be arranged.

It is almost needless to say, that the progression
1,5 9, 13, 17, &c, the common difference of
which is 4, produces, by a similar addition, the
hexagonal numbers, which are 1, 6, 15, 28, 45,
&c; and that in like manner may be found the
heptagonals, the octagonals, &c.

There is another kind of polygonal numbers,
which result from the number of points that can be
ranged in the middle, and on the sides, of one or
more similar polygons, having a common centre.
These are different from the preceding; for the
series of the triangulars of this kind is 1, 4, 10, 19,
31, &c, which are formed by the successive ad-
dition of the numbers, 1, 3, 6, 9, 12.

The central square numbers are 1, 5, 13, 235,
41, 61, &c; formed, in like manner,. by the suc-
cessive addition of ‘the numbers 1, 4, 8, 12, 16,
20, &c. '

The central pentagonal numbers are 1, 6, 16,
31, §1, 76, &c; formed by the addition of the
numbers. 1,. 5, 10, 15, 20, &c.

But we shall not enlarge farther on this kind of
polygonal numbers, because they are not those to,
which mathematicians usually give that name. Let
us return therefore to the ordinary polygonal.
numbers. - ‘

The radix of a polygonal number, is the number
of the terms of the progression necessary to be
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added in order to obtain that number. Thus, the
radix of the triangular number 21, is 6, because
that number results from the successive addition of
the six numbers 1, 2, 3, 4, 5, 6. In like manner,
4 is the radix of the square number 16, considered

as a figurate number, because that number is pro- -

duced by adding the four terms 1, 3, 5, 7, of the
progression of the odd numbers.

Having given this explanation of the naturc of
polygonal numbers, we shall now present the
reader with a few problems respecting them.

PROBLEM I.

7o find whether any proposed Number is Triangu-

lar, or Square, or Pentangular, &c.

Tue method of finding whether a number be
square, is well known, and serves as a foundation
for discovering the other figurate numbers. This
being supposed ; then to determine whether any
given number is a polygonal number, the followin
general rule may be employed. -

Multiply by 8 the number of the angles of the
polygon less 2 ; multiply this first product by the
proposed numker, and to the new product add the
square of a number equal to that of the angles of
the polygon less 4 : if the sum be a perfect square,

the given number is a polygon of the kind pro--

posed.

It may easily be seen, that as the number of the
angles in the triangle are 3, in the square 4, in the
pentagon 5, &c, we shall have, as the multiplier of
the proposed number, in the case of the triangular
number, 8; in that of the quadrangular number,
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163 in that of the pentagonal, 24; and in that of
the hexagonal, 32. . ‘

In like manner, as the number of the angles less
4, gives for the trianfgle — 13 for the square o
for the pentagon 1; for the hexagon 2 ; &c; the
numbers to be added to the product, as before
mentioned, will be for the triangle 1 (because the
square of — 1is 1); for the square o; for the
pentagon, 1; for the hexagon, 4; for the hepta.
gon, 9; &c. From these principles we may deduce
the following rules, which we shall illustrate by ex.
amples. .

Suppose it were required to know whether 21 be
a triangular number.

Muluply 21 by 8, to the product add 1, and the
sum will be 169, which is a perfect square: conse-
quently 21 is a triangular number.

If we are desirous of knowing whether g5 be a
pentagonal number, we must multiply 35 by 24,
and the product will be 840 ; to this product if 1 be
added we shall have 841, which is a square number:
we may therefore rest assured-that 35 is a penta-
gonal number,

PROBLEM II.

A Triangular, or any Figurate Number whatever,
being given ; to find its Radiv, or the Number
of the Terms of the Arithmetical Progression of
which it is the Sum,

FirsT perform the operation described in the pre-
ceding problem ; and having found the square root,
the possibility of which will indicate whether the
number be figurate or not, add to this root a num-
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ber equal to that of the angles of the proposed poly-
gon less 4, and divide the sum by the double of the °
same number of angles less 2: the quotient will be
the radix of the polygon.

The number to be added is, for the triangle — 1,
that is to say 1 to be deducted ; for the square it is
o; for the pentagon 1; for the hexagon 2 ; &c.

As to the divisor, it may be easily seen that for the
triangle it is 2 (because the double of 3 less 2 is 2),
- for the square 4, for the pentagon 6, for the
hexagon 8, &c. ‘

Let it be required therefore to find the radix of
the triangular number 36. ‘ ‘

Having performed the operation explained in the
preceding problem, and found the product 289, the
square root of which is 17, subtract unity from this -
number, and divide the remainder by 2; the quotient
8 will be the radix or side of the triangular number

6.

’ Let the radix of the pentagonal number 35 be
required.

- Having found, as before, the radix 29, add to it
1, which will give 30, and divide by 6 ; the quotient
5 will be the radix of this pentagonal number, that
is to say, of the number formed by the addition of
the 5 terms of the series 1, 4, 7> 10, I3.

PROBLEM III.

The Radir of a Polygonal Number being given; to
JSind that Number. .

THE rule for this purpose is exceedingly simple.
From the square of the given radix, subtract the
product of the same radix by a number equal to
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that of the angles less four; the half of the re-
mainder will be the polygonal number required.

. For example, what is the triangular number the
radix of which is 12?

The square of 12 is 144 ; the number equal to-
that of the angles less 4 is — 1, which being multi-
plied by 12 gives — 12 : but according to the rule
— 12 ought to be subtracted, which is the same
thing as adding 12; in that case you will have 156,
which being divided by 2 gives 78.

Wl;at is the heptagonal number the radix of which
is 20?

To find the number required, take the square of
20, which is 400 ; then multiply 20 by 3, which is
the number of the angles less 4, and subtract 6o,
the product, from 400 ; if you then divide the
remainder 340 by 2, the quotient 170 will be the
number sought, or the heptagon the radix of which
is 20.

It may not be improper here to remark, that the
same number may be a polygon or figurate number
in different ways. Every number greater than 3 is
a polygon, of a number of sides or angles equal to
that of its units. -

Thus 36 is a polygon of 36 sides, the radix of
which is 2; for the two first terms of the progression
are 1, 35. The same number %6 is a square ; and
lastly, it is triangular, having 8 for its radix.

In the like manner, 21 is a polygon of 21 sides;
it is also triangular ; and lastly it is octagonal. -
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PROBLEM 1vV.

To find t'he Sum of as many Triangular, or of as
manySquare, or qf as many Pentagonal N umbers,
as we choofe.

As by the: successive addition of the terms of dif-
ferent arithmetical progressions, we obtain new pro-
gressions of numbers, called triangular numbers, _
squarenumbers, pentagonals, &c; we canadd alsothese
last progressions, which will give rise to new figurate
numbers, of a higher order, called pyramidat num-
bers.. Those which arise from the' progressicn of
triangular numbers, are called pyramidals of the first
order 3 those produced bfy the addition of the square
numbers, pyramidals of the second order; and
those by the progression of the pentagonal numbers,
pyramidals of the third order. The same operation
may be performed with the pyramidals; which
gives rise to the pyramido-pyramidals. But as these
numbers are of little utility, and can’ answer no
other purpose than that of exercising the genius of
such as are fond of analytical investigation, we shall
not enlarge farther on the subject. We shall there-
fore confine ourselves to giving a general 1ule for
adding as many figurate numbers as the reader may
choose. _

* Multiply the cube of the number of terms to be
added, by the number of the angles of the polygon
less 2 ; to the sum add three times the square of
the said number of terms, and subtract from it the
product of the same number multiplied by that of
the angles less 5 : if you then divide the remainder
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‘by 6, you will have the sum of the terms of the
progression. :

For cxample, suppose it were required to find
the sum of the eight first triangular numbers.

The cube of 8 is 512 ; which being multiplied
by the number of the angles of the polygon less 2,
or by 1, gives still 512; add to this number the-
triple of the square of 8, or 192, which will make
704; then, as the number of the angles less 5, is —
2, muldply 8 by —2, and you will have —16 ; if
you then add 156 to 704 you will have 720, which
being divided by 6, gives 120, for the sum of the

_eight first triangular numbers.

The same result may be obtained, with more
ease, by multiplying the number of the terms 8,
by 9, and the product by 10, which gives also 720 ;
which divided by 6, the quotient is 120, as before.

In the case of a series of squares, the number of
which we shall here suppose to be 10, we have only
to multiply the number of terms, viz. 10, by the
same¢ number plus unity, or by 11, and then by the
double of the same number plus unity, that is to
say by 21: the product of these three numbers,
2310, if divided by 6, gives 385, for the sum of
the first ten square numbers 1, 4, 9, 16, &cq

et
CHAPTER V.,

Of Rightangled Triaf;gles in Numbers. -

A RIGHTANGLED triangle in numbers, con-
sists of three numbers of such a nature, that the
sum of the squares of two of them is equal to the

o ——— e . - ey = e = P U —— —
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-square of the third. Of this kind, for example,
are the three numbers 3, 4, 5, which express the
simplest rightangled triangle of all; for, if g the
square of 3, be added to 16 the square of 4, the
sum will be 25, which is the square of 5. The
numbers 3, 4, 5, express thercfore the three sides
of a rightangled triangle.

It may here be observed, that these numbers must
necessarily be unequal ; for if two of them were
equal, they would be the two sides of a rightangled
isosceles triangle : but it can be demonstrated that,
in such cases, it is impossible to express the hypo-
thenuse by a rational number, either whole or frac-
tional, because a triangle of this kind is the half of
a square, the two equal sides of the triangle being
the sides, and the hypothenuse the diagonal ; and
it is well known that the diagonal of a square is in-
commensurable to the side. ' '

It is necessary also that the three numbers which
form the triangle should be rational numbers, either
whole or fractional, otherwise it would require no
art to find as many numbers of this kind as we
might choose ; for we would have nothing more to
do, than to take any two numbers whatever, as 2
and 6, the sum of the squares of which is 40, and
the hypothenuse would be +/40; but v/40 has no
precise signification, and only shews that the square
root of 40 must be extracted, which it is impossible
1in finite terms to do. )

Having made these previous observations, we
shall now propose a few of the most curious and
easy problems respecting rightangled triangles in
numbers.
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PROBLEM I.

To find as many Rightangled Triangles inN umbers,
as we please.

TAKE any two numbers at pleasure, for example
1 and 2, which we shall call generating numbers ;
multiply them together ; then having doubled the
product, we obtain one of the sides of the triangle,
which in this case will be 4. If we then square each
of the generating numbers, which in the present
example will give 4 and 1, their difference 3 will
be the second side of the triangle, and their sum g will
be the hypothenuse. The sides of the triangle,
therefore, having 1 and 2 for their generating
numbers, are 3, 4, §. '

If 2 and 3 had been assumed as generating
numbers, we should have found the sides to be s,
12, and 13; and the numbers 1 and 3 would have
given 6, 8, and 10.

Another Method. Take a progression of whole
and fractional numbers, as 13, 23, 3%, 43, &c, the
properties of which are: 1st. The whole numbers
are those of the common series, and have unity for
their common difference. ed. The numerators of
the fractions, annexed to the whole numbers, are
also the matural numbers. 3d. The denominators
of these fractions are the odd numbers 3, §, 7, &c.

Take any term of this progression, for example
3%, and reduce it to an improper fraction, by multi-
plying the whole number 3 by 7, and adding to 21,
the product, the numerator 3, which will give %*.

- The numbers 7 and 24 will be the sides of a right-

VOL. I E
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angled triangle, the hypothenuse of which may be
found by adding together the squares of these two
numbers, viz 49 and 576, and extracting the
square root of the sum. The sum in this case being
625, the square root of which is 25, this number
will be the hypothenuse required. The sides there-
fore of the triangle produced by the above term of
the generating progression, are 7, 24, 25.

In like manner, the first term 15 will give the
rightangled triangle 3, 4, s.

The second term 21 will give 5, 12, 13.

The fourth 43 will give 9, 40, 41. All these
triangles have the ratio of their sides different ; and
they all possess this property, that the greatest side
and the hypothenuse differ only by unity. :

The progression 1%, 21}, 31, 413, &c, is of the
same kind as the preceding. The first term of it
gives the rightangled triangle 8, 15, 17; the second
term gives the triangle 12, 35, 37; the third the
triangle 16, 63, 65; &c. All these triangles, it is
cvident, are different in regard to the proportion of
their sides ; and they all have this peculiar property,
that the difference between the greater side and the
hypothenuse, is always the number 2,

PROBLEM II.

1
To find Any Number of Rightangled Trianglcs in
Numbers, the Sides of which shall differ only by
Unity. .
To resolve this problem, we must find out such
numbers that the double of their squares plus or
minus unity shall also be square numbers. Of this
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kind are the numbers 1, 2, 5, 12, 29, 70, &c}
for twice the square of 1 is 2, Which diminished
by unity leaves f, a square number.. In like
manner, twice the square of 2 is 8, to which if we
add 1, the sum g will be a square number. And
$0 on. ’ .

Having found these numbers, take any two of
them which immediately follow each other, as 1 and
2, or 2 and 5, or 12 and 29, for generating num-
bers. ‘The rightangled triangles arising from them
will be of such a nature, that their sides will differ

“from each other only by unity. The following is
..a table of these triangles, with their generating
numbers. '

Gener. Numb. , Sides. Hypoth.
12 3 4 5
2 5 20 21 29
5 12 Ir 120 169
iz 49 696 697 - 985
29 70 4059 4060 5741
70 169 23660 23661 33461

But if the problem were, to find a series of
friangles of such a nature, that the hypothenuse of
each should éxceed one of the sides only by unity,
the solution would be much easier. Nothing in
this cdse would be necessary but to assume, as the

enerating numbers of the required triangle, any
two riumbers having unity for their difference.. The
following is a table, similar to the preceding, of the
six first rightangled triangles produced by the first
aumbers of the natural scries. '
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Gener. Numb. Sides. " Hypoth. - ’
1 2 3 4 5
2 3 5§ 12 13
3 4 7 24 25
4 5 9 40 41
g 6 I 60 61
7 13 84 85

If we assume, as generating numbers, the respec-
tive sides of the, preceding series of triangles, we
shall have a new series of rightangled triangles, the
hypothenuses of which will always be square num-
bers ; as may be seen in the following table.

Gener. Numb. Sides. Hypoth. Roots.
3 4 7 24 25 5

5 12 119 120 169 13
7 24 336 527 625 . 25

9 40 720 1519 1681 41
11 6o 1320 3479 3721 61
13 84 2184 6887 7225 85

It may here be observed, that the roots of the
hypothenuses are always equal to the greater of the
generating numbers increased by unity.

But if the second side and the hypothenuse of
each triangle in the above table, which differ only
by unity, were assumed as the generating numbers,
we should have a series of rightangled triangles, the
least sides of which would always be squares. A
few of these are as follow :
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Gener. Numb. Sides. -~ Hypoth.
4 5 9 = 40 41
12 13 25 312 313
24 35 ' 49 1200 ° 1201
40 41 81 3280 3281

In the last place, if it were required to find a
series of rightangled triangles, one of the sides of
which shall be always a cube, we have nothing to
do but to take, as generating numbers, two follow-
ing terms in the progression of triangular numbers,
as 1, 3, 6, 10, 15, 21, &c. By way of example
we shall here give the first four of these triangles :

| Gener, Numb. * Sides. Hypoth.
1 3 . 6 °8 ’ 10
3 6 .36 27 45
6 10 120 64 . 136 - .
o 13 300 123 326

PROBLEM IIL

To find Three different Rightangled Triangles, the
B Areas of which shall be all Equal.

THe following are three rightangled triangles
which possess this property. The sides of the first.
are, 40, 42, 48 ; ‘those of the second 24, 70, 74;
and those of the third, 15, 112, 113.

The method in which these triangles are found, is
as follows: . .

Add the product of any two numbers to the sum
of their squares, and that will give the first number; -
the difference of their squares will give a second ;

1
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and double the sum of their product and of the
square of the least nymber, will give the third,

If you then form a rightangled triangle from the
two first of the Rumbers thus found, as generating
numbers; a second from the two extremes ; and a
third from the first and the sum of the other two;
these three rightangled triangles will be equal to
gach other, - - .. - ’

'No more than three rightangled tringles, equal
to each other, can be found in whole numbers;
but we may find as many as we choose in fractions
or mixt numbers, by mecans of the following
formula :

. With the hypothenuse of one of the abave
triangles, and the quadruple of its area, form an.
other rightangled triangle, and divide it by double
the product which arises from multiplying the
hypothenuse of the triangle you made choice of by
the difference of the squares of the two other sides:
the triangle thence produced will be the one re.
quired.

PROBLEM IV,

To find a Rightangled Triangle, the Sides of which
shall be in Arithmetical Progression.

TAKE two generating numbers which have to
cach other the ratio of 1 to 2; the sides of the
rectangled triangle thence produced will be in
arithmetical progression. S

The simplest of these triangles, is that which has
for its sides 3, 4 and g, arising from'the numbers
1 and 2 assumed as generating numbers. But it is
to be observed, that all the other triangles, which
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~ possess the same property, are similar to. this one;
and are only multiples of it. That there can bé no
other kind, might easily be demonstrated in a gieat
many different ways.. N '
REMARK. .

If it were requited to find a rightangled tridngle,
the three sides of which should be in geometrical pro-
portion, we must observe that none sucth ean be
found in whole numbers ; for the two generating
numbeszs ought to be in the ratio of 1 to v/ v 5—3,

- which is an irrational number. - :

PROBLEM V. . N

To find 2 Rightangled Triangle, the Area qf‘ which,
expressed in Numbers, shall be equal to the Perimeter,
or in a given ratio to it.

OF any square number, and Phe same square
- increased by 2, form a rightangled triangle, and
divide each of its sides by that square number : the
quotients will give the sides of a new rightangled
- triangle, the area of which, expressed numerically,
will be equal to the perimeter. '
Thus, if we take, as generating numbers, 1 and 3,
we shall have the triangle 6, 8, 10, the sides of
which if divided by unity give the same 6, 8, 1o,
forming a triangle having the property required ;
for the area and the perimeter are each equal to 24,
In liké manner, if we take 2 and 6 as generating.
nushbers,. we obtain for the required triangle 5, 12
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13, which on trial will be found to possess the same
property.

" These triangles are the only two of the kind
which can be found in whole numbers; but we may
find abundance of them in fractional numbers, by
means of the squares g, 16, &c; such as the
following: 4, 1, 22:. or §3, L&, 22, or in
their least terms, X7, 144, 143, .

If it were required that the area of the proposed
triangle should be only in a given ratio to the.
perimeter, for example that of 4 ; take as generating
numbers a square and the same square increased by
3, and form from them, as before directed, a right-
angled triangle: this triangle will possess the re-
quired property. Of this kind, in whole numbers,
are the two triangles 8, 15, 17, and 7, 24, 25:
and numberless others may be found in fractional
numbers.

e
. CHAPTER VL

Some Curious Problems respecting Square and Cube
Numbers. '

PROBLEM 1.

Any Square Number being given, to divide it into Two
~  other Squares.

INNUMERABLE solutions may be found to
this problem, in the following manner. Let 16,
for example, whose root is 4, be the square to be
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-divided into two other squares, which, as may be
easily seen, can be only fractions.

Take any two numbers, as 3 and 2; multiply
them together; and by their product multlply the
double of .4, the root of the proposed square; the
last product, which in this case is 48, will be the
numerator of a fraction; the denominator of which
will be 13, the sum of the squares of the above
numbers 3 and 2: the fraction %! therefore will
give the sidg ‘of the first square requu'ed which
square consequently will be £32%. . ~

To obtain the second, multiply the given square -
by the above denominator 169, and from the pro-
duct 2704 subtract the numerator 2304: if we
then take-20; the root of 400 the remainder, (which
will be always a squarc,) for a numerator, and 13
for a denominator, we shall have the fractlon 2 for
the side of the second square.

The two-sides of the required squares therefore,
are 4] and 22, the squares of whxc?u, 2224 and 4335
will be found equal to the square number 16.

If we had taken for the primitive numbers 2 and-
'1, we should-have had the roots **and 1%, the
squares of which are 2% and %4 the sum of which
is 42> or 16.

The numbers 4 and 3 would have given the
roots 2° and 2¢, the squares of which °°’;s‘ and %3
still make up 3222 or 16.

- It may here be seen, that by varying the two firgt
supposed numbers at pleasure, the solutions also
may be vaned wnthout end.
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REMARK.

- Should it here be asked whether a given cube
can, in like manner, be divided into two other
cubes ? we shall reply, on the authority of an
eminent analyst, M. de Fermat, that it is not
possible. It is equally impossible to divide any
power above the square into two parts,. which shall -
be powers of the same kind ; for example, a biqua.
drate into two biquadrates. = .. . - .

PROBLEM H. ', . yo

To divide Nunber, which is the Sum of Tuo Sgaa}a};
inte Two Other Squares. - . . .

LeT the proposed number be 13, which is com.
posed of the two squares g.and 4 : it is required to
divide i into two other squares. , L

Take any two mumbers, for example, 4 and 3.
and multiply the former, 4, by 6, the double of 3 the
roat of one of the above squares; and the second 3
naultiply by the double of 2 the xoot of the other
square; which will give as products 24 and 12,
Subtract the latter of these numbers from the
former, and their difference 12 will be the nume.
rator of a fraction, the denominator of which will
be 25, the sum of the squares of the pumbers first
apsumed, - Multiply this fraction ;, by each of the
assumed numbers, viz 4 and 3, and you will
have #* and % If you then take the greater of
these numbers from the root of the greater square
contained in 13, viz 3, the remainder will be Z;
and if you add the other to the side of the smallcr



CUBIC NUMBERS. ' 59

square contained in 13, viz 2, .you will have 25,
These two fraetions then, 2 and 3, will be the sides
of the two squares sought, viz 732 and 2222, which
together are equal to 13, as may be easily proved.

. By supposing other numbers, other squares may
be obtained ; but these are sufficient to shew the
method of ﬁnd_ing them.

t

REMARK.

" For a ‘number to be divisible, in a variety of
ways, into two squares, it must be either a square,
or composed of two squares. Qf this kind, taking
them in order, are the numbers 1, 2, 4, 5, 8, o,
.10, 13, 16, 17,.25, 26, 29y 32, 34 361 37;
&c. 'We do not know, nor do we think it possible
to find, any method of dividing inte two squares,
any number which is not a square, or the sum of
two squares ; and we are of opinion that it may be
established as a rule, that every whole number, which
is not a square or composed .of .two squares, in,
whole numbers, ¢an not be divided, in any manner,
ito two squares, A demonstration of this would
be curious. , ) ‘

But every number is divisible, in 3 great variety
of ways, into foyr squares ; for there is no number
which is not either a square, or the sum of two, or of
three, or of four squares. Bachet de Meziriacadvanced
this proposition®, the truth of which he ascertained,
as far as possible by trying all the numbers from g
to 325. It is added, by M. de Fermatt, that he

" ® Diophaoti Alexandrini Arithmeticorum lib. vi, cum Comm.
C.G. Bacheti. Tolosas. 1670. fol. p. 179. :
1 1bid. p. 180, .



60 : OF SQUARE AND

was able to demonstrate the following general and
curious, properties of numbers, viz :

That every number is either triangular, or com.

ed of two or three triangular numbers.

That every number is either square, or composed
of two, or three or four square numbers.

And that every number is either pentagonal, or
composed of two, or three, or four or five pentagonal
numbers. And so of the rest.

A demonstration of these properties of numbers,
if they be real, would be truﬁ)y curious.

PROBLEM III.

To find Four Cuﬁe:; two of which taken together, shall
be equal to the Sum of the other two.

Tuis problem may be solved by the following
simple method. - Take any two nuinbers of such a
nature, that double the cube of the less shall exceed
that of the greater ; then from double the greater
cube subtract the less; and multiply the remainder,
as well as the sum of the cubes, by the lesser of the
assumed numbers: the two products will be the
sides of the two first cubes requiregi_". ' o

In like manner, take the cube of the greater of
the assumed numbers from double the cube of the
less; and multiply the remainder, as well as the
sum of these two cubes, by the greater of the
assumed numbers: the two new products will be
the sides of the other two cubes. I

For example, if we assume the numbers 4 and g,
which possess the above property, we obtain, by
following the rule, for the sides of the two first
cubes, 744, 756 ; and for those of the other two,
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945 and 15, which being divided by 3, give for the
two first- 248, 253 ; and for the two latter, 315, 5.

If the assumed numbers be 5 and 6, we shalt
have 1535 and 1705 for the sides of the two first
cubes; and 2046 and 204 for those of the other

two.
REMARK.

A number composed of two cubes being given, -
it is possible to find two other cubes, the sum of
- which shall be equal to the former two. Vieta was
of a contrary opinion; but M. de Fermat, in his
Observations on the Arithmetical questions of . Dio-
hantus, with a commentary by Bachet de Meziriac,
gas pointed out a method by which such cubes can
be found. The calculation indeed extends to num-
bers which are exceedingly complex, and sufficient
to frighten the boldest arithmetician ; as may be
se.n by the following example, where it is required
to divide the sum of the two cubes 8 and 1 into
two other cubes. By following the method of M.
de Fermat, Father de Billy found that the sides of
the two new cubes were the following numbers :

12436177733990097836481,
60962383566137297449
and - 487267171714352336560.
60962383566137297449
We must take these numbers on Father de Billy’s
word ; for we do. not know that any one will ever
venture to éxamine whether he has been deceived.
But it is possible to resolve, without much
trouble, another question of a similar kind, which
is: To find three cubes which, taken together,
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shall be equal to a foutth. By following the method
pointed out in the above mentioned work, it will
be found that the least whole numbers, which re-
solve the Y{uestion, are 3, 4 and 5; for theit cubes
added togetheér make 216, which is the cube of 6.

We have confined ourselves to a few questions of -
this kind, but they might be varied almost without
end. They are attended with a peculiar kind of
difficulty which renders them interesting, and on
that account they have been an object of attention
to various analysts; such as Dioplantus of Alex-
andria, among the ancients, who wrote thirteen
books on atithmetical questions, of which the first
six only remain, with another on polygonal
numbers. Vieta too exercised his ingenuity on
questions of this kind ; as did also Bachet de Me-
ziriac, who wrote a commentary on the above work
of the Greek Arithmetician. But this species of
analysis was carried farther than ever it had been
before by the celebrated M. de Fermat. Father de
Billy, about the same time, gave proofs of thé
acuteness of his talents in this way, by his work en-
titled Digphantus Redivivus, in which he far excelled
the ancient analyst. M. Ozanam likewise shewed
great ability in this species of analysis, by the reso-
fution of several problems, which had been consi.
dered as insoluble. He wrote a work on this sub-
ject, but it was never published ; and the manu-
script, after his death, came into the hands of the
late M. Daguesseau, as we are informed by the his-
torian of the Academy of Sciences.
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CHAPTER VIL

Of Arithmetical and Geometrical Progressions, and of
© eertain Problems which depend on them.

§ L.

Explanation of the most remarkable properties of an.
" drithmetical progression.

\

" IF there be a series of numbers, either increasing
or decreasing, in such a manner, that the difference
between the first and the second, shall be equal to
that between the second and third, and between the
third and fourth, and so on successively ; these
- pumbers will be in arithmetical progression. '

The series of numbers. 1, ¢, 3, 4 5, 6, &C3
or 1, 5, 9, 13, &c; or 20, 18, 16, 14, 12, &c 3,
or 15, 12, ‘9, 6, 3, are therefore arithmetical pro-
gressions ; for in the first, the difference between
each term and the following one, which exceeds it,
is always 1; in the second it is 2: in like manner
this difference is always 2 in the third series, which.
goes on decreasing, and in the fourth it is 3.

It may be readily seen, that an increasing arith-
metical progression may be continued ad infinitum ;.
but this cannot be the case, in one sense, with a
decreasing series ; for we must always arrive at some
term, from which if the common difference be
taken, the- remainder will be o, or else a negative
quantity. - Thus, the progression 19, 15, 11, 7, 3,
cannot be carried farther, at least in positive nume-
bers ;5 for it is impossible to take 4 from 3, or if it
be taken we shall have, according to analytical ex- -
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pression, —1* ; and by centinuing the subtraction
we should have —5, —9, &c. .

The chief properties of arithmetical progressions
may be easily deduced from the definition which we
have here given. For a little attention will shew,

1st. That each term is nothing else than the first,
plus. or minus the common difference multiplied by
the number of intervals between that term and the
first. Thus, in the progression 2, §, 8, 11, 14,
17, &c, the difference of which is 3, there are five
intervals between the sixth term and the first ; and
for this reason the sixth term is equal to the first
plus 15, the product of the common difference 3
by 5. Bus as the number of intervals is always less
by unity than the number of terms, it thence fol-
lows, that we may find any term, the place of which
in the series is known, if we multiply the common
difference by the number expressing that place less
unity. According to this rule, the hundredth term
of an increasing progression will be equal to the
first plus g9 times the common difference. If it be
decreasing, it will be equal to the first term minus
that product.’

In every arithmetical progression therefore, the
commen difference being given, to find any term
the place of which is known ; multiply the common
difference by the number which indicates that place
less unity, and add the product to the first term, if
the progression be increasing, but subtract it if it

® As the quantities called negative are real quantities, taken in a
sense contrary to that of the quantities called positive, it is evident
that, according to mathematical and analytical strictness, an arithme-
tical progression may be continued ad infinitum, decreasing as well as
increasing ; but we here fpeak agreeably to the vulgar mode of ex-
Pression, .

P - _—

}
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De decreasing : the sum or remainder will be the
term required.

. 2d. In every arithmetical progression, the sum
" of the first and last terms, is equal to that of the
second and the last but one; and to that of the
third and the last but two; &c; ina word, to the
sum of the middle terms if the number of the
terms be even, or to the double of the middle term
if the number of the terms be odd.

This may easily be demonstrated from what has
been' said : for let us call the first term A, and let
us suppose that there are twenty terms in the pro-
gression 3 if it be increasing, the twentieth term
will be equal to A plus nineteen times the common
difference ; and their sum will be double the first
term plus 19 times that difference. But the second
term is equal to the first plus the common difference,
and the igth term, or last but one, according to
our supposition, is equal to the first plus eighteen
times that difference. The sum therefore of the se-
cond and last but one, is twice the first term plus
19 times the common difterence, the same as before.
And so of the third and last but two. . -

3d. By this last property we are enabled to shew
in what manner the sum of all the terms of an
arithmetical progression may be readily found ; for,
as the first and last terms make the same sum as the
second and last but one, and as the third and the
last but two, &c ; in short as the two middle terms, -
if the number of terms be even ; it thence follows,
that the whole progression contains as many times
the sum of the first and the last terms, as there are
pairs of such terms. But the number of pairs is

equal to half the number of the terms ; conse-
VOL. I. F
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quently the sum of the whole progression, is equal
to the product of the sum of the first and last
terms multiplied by half the number of terms, or,
what amounts to the same, to half the product of
the sum of the firstand the last terms by the num-
ber of the terms of the progression.

If the number of the terms be odd, as g for ex-
ample ; it may be readily seen that the middle term
will be equal to half the sum of the two next to it,
and consequently of the sum of the first and the last.
But the sum of all the terms, the middle term ex-
cepted, is equal to the product of the sum of the
first and last terms by the number of terms
less unity, for example 8 in the case here proposed,
where there are g terms; consequently, by adding
the middle term, which will complete the sum of
the progression, and which is equal to half the sum
of the first and the last terms, we shall have, for
the sum total of the progression, as many times
the half sum above mentioned, as there are terms
in the progression ; which is the same thing as the
product of half the sum of the first and last terms
by the number of the terms, or the product of the
whole sum by half the number of terms.

When these rules are well understood, it will be
easy to resolve the following questions.

PROBLEM I.

If a hundred stones are placed in a straight line, at the
distance of a yard from each other ; how many yards
must the person scalk, who undertakes to pick thcm
up one Wy one, and to put them into @ basket a yard
distance from the first stone ?
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It is evident that, to pick up the first stone, and
put it into the basket, the person must walk 2
yards, one in going and another inreturning ; that
for the second he must walk 4 yards; and so
on, increasing by two as far as the hundredth, which
will oblige him to walk two hundred yards, one
hundred in going, and one hundred in return-
ing. It may easily be perceived also, that these
numbers forn an arithmetical progression, in which
the number of terms is 100, the first term 2, and
.the last 200. The sum total therefore, will be the
product of 202 by 50, or 10100 yards, which
amount to more than five miles and a half.

PROBLEM 1L

A gentleman employed a bricklayer to sink a well, and
agreed to give him at the rate of three shillings for
the first yard in depth, five for the second, seven for
the third, and so on increasing till the twentieth,
where he expected to find water : how much was
due to the bricklayer when be” bad completed the

" aork?

‘This question may be easily answered, by the
rules already given ; for the difference of the terms
is 2, and the number of terms 20; consequently,
to find the twentieth term, we must multiply 2 by
19, and add 38, the product, to the first term 3,
which will give 41 for the twentieth term.

If we then add the first and last terms, thatis 3
and 41, which will make 44, and multiply this
sum by 10, or half the number of terms, the pro-
duct 440 will be the sum of all the terms of the
progression, or the number of shillings due to
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the bricklayer when he had completed the work.
He would therefore have to receive 22 £.

PROBLEM 111,

A gentleman employed @ bricklayer 1o sink a well to the
depth of 20 yards, and agreed to give him 20 £,
Jor the whole ; but the bricklayer falling sick, when
be bad finished the eighth yard, was unable to go on
with the work : how much was then due to him 2

Those who might imagine that two fifths of the
whole sum were due to the workman, because 8
yards are two fifths of the depth agreed on, would
certainly be mistaken ; for it may be easily seen
that, in cases of this kind, the labour increases in
proportion to the depth. We shall here suppose,
for it would be difficult to determine it with any
accuracy, that the labour increases arithmetically as
the depth ; consequently the price ought to increase
in the same manner. .

To determine this problem, therefore, 20/£. or
400 shillings must be divided into 20 terms in
arithmetical progression, and the sum of the first
eight of these will be what was due to the bricklayer
for his labour. :

But 400 shillings may be divided into twenty
terms, in arithmetical proportion, a great many
different ways, according to the value of the first
term, which is here undetermined: if we sup-
pose it, for example, to be 1 shilling, the progres-
sion will be 1, 3, 5, 7, &c, the last term of which
will be 393 and consequently the sum of the first
eight terms will be 64 shillings. On the other
hand, if we suppose the first term to be 104, the
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the series of terms will be 104, 114, 121, 134,
14+, which will give 112 shillings for the sum
of the first eight terms.

But, to resolve the problemin a proper manner,
so as to give to the bricklayer his just due for the
commencement of the work, we must determine
what is the fair value of ayard of work, similar to
to the first, and then assume that value as the first
term of the progression. We shall here suppose
that this value is 5 shillings ; and in that case the
required progression will be 5, 613, 8+, 913,
I1+5, 121}, &c, the common difference of which
is 33, and the last term 35. Now to find the
eighth term, which is necessary before we can find
the sum of the first eight terms, multiply the
common difference #$ by 7, which will give 115,
and add this product to § the first term, which will
give the eighth term 1643 if we then add 16/
to the first term, and multiply the sum, 21+, by 4,
the product, 84 1%, will be the sum of the first
eight terms, or what was due to the bricklayer, for
the part of the work he had completed. The
bricklayer therefore had to receive 84+%, shillings,
or 4£. 4:sh, 213d.

PROBLEM 1V,

A merchant being  considerably in debt, one of bis cre-
ditors, to whom he owed £ 1860, offercd to give him
an acquittance if he would agree to pay the while
sum in 12 montbly installments ;. that is to say,
£ 100 the first month, and to increase the payment
by ‘a certain sum each succeeding month, to the
twelfth inclusive, when the whole debt wwonld be dis-
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charged : By ahat sum was the payment of cach
month increased ?

In this problem the payments to be made each
month ought to increase in arithmetical progres-
sion. We have given, the sum of the terms, which
is equal to the sum total of the debt, and also the
number of these terms, which is 12; but their com-
mon difference is unknown, because it is that by
which the payments ought to increase each month.

To find this difference, we must take the first
payment multiplied by the number of terms, that is
to say 1200 pounds, from the sum total, and the
remainder wil] be 660 ; we must then multiply the
number of terms less unity, or 11, by half the
number of terms, or 6, and we shall have 66 ; by
which if the remainder 660 be divided, the quo-
tient 10 will be the difference required. The first
payment therefore being 100, the second payment
must have been 110, the third 120, and the last
210/

¢ IL
Of Geometrical Progressions, with an explanation of
their Principal Propertics.

If there be a series of terms, each of which is
the product of the preceding by a common multi-
plier ; or, what amounts to the same thing, each

- of which is in the same ratio to the preceding ; $uch
a series forms what is called a geometrical progres-
sion. Thus 1, 2, 4, 8, 16, &c, form a geome-
trical progression ; for the second is the double of
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the first, the third the double of the second, and so
on in succession. The terms 1, 3,9, 27, 81, &c,
form also a geometrical progression, each term be.
ing the triple of that which precedes it.

1. The principal property of geometrical progres-
sion is, thatif we take any three following terms,
as 3, 9, 27, the product 81, of the extremes, will
be equal to the square of the middle term g ; in like
manner, if we take four following terms, as 3, o,
2%, 81, the product of the extremes, 243, will be
equal to the product of the two means or middle
terms, 9 and 27, .

In the last place, if we take any successive nume
ber of terms, as 1, 4, 8, 16, 32, 64, the product
of the extremes, 2 and 64, will be equal to the
product of any two which are equally distant from
them, viz. 4 and 32, or 8 and 16. If the number
of the terms were odd, it is evident that there would
be only one term equally distant from the two ex-
tremes; and in that case, the square of this term
would be equal to the product of the extremes, or
to that of any two equally distant from them, or
from the mean term.

II. Between geometrical and arithmetical pro-
gression there is a certain analogy, which deserves
here to be mentioned, and which is, that the same '
results are obtained in the former by employing
multiplication and division, as are obtained in the
latter by addition and subtraction. When in the
latter we take the half or the third, we employ in
the former extraction of the square, cube, &c,
Toots.

Thus, to find an arithmetical mean between any
two numbers, for example 3 and 12, we add the
two given extremes, and 7§, the half of their sum
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15, will be the number required; but to find a
geometrical mean between two numbers, we must
multiply the two extremes, and extract the square
root of their product. Thus, if the given numbers
were 3 and 12, by extracting the square root of
their product 36, we shall have 6 for the number
required. '

If ‘we take any geometrical progression what-
ever, as I, 2, 4, 8, 16, 32, 64, &c, and write it
down as in the subjoined example, with the terms
of an arithmetical progression above it, in regular
order, '

o123 4 5 6 ‘7 8 9 10

1 2 48 16 32 64 128 256 512 1024
the following properties will be remarked in this
combinarion :

Ist. If any two terms whatever of the geometri-
cal progression, for example 4 and 64, be multi-
plied together, their product will be 256 ; if we
then take the two terms of the arithmetical pro-
gression corresponding to 4 and 64, which are 2
and 6, and add them together, their sum 8 will be
found over the above sum 256. .

ad. If we take four terms of the lower series in
geometrical proportion, for example, 2, 16, 64,
512, the numbers of the upper series corresponding
to them will be 1, 4, 6, 9, which are in arith-
metical proportion ; for the difference between 4
and 1 is the same as that between g and 6.

5d. In the lower serics, if we take any square
number, for example 64, and in the upper series
she term corresponding to it, viz 6, the half of the
latter will be found to correspond to the square root
of 64, the former, viz 8.

By taking, in the lower series, a cube, for ex-
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4

ample 512, and in the uptper series the correspond-
ing number g, it will be found that the third of the
latter, which is 3, will correspond to the cube root
of the former 512, which is 8. .

Thus, it is evident, that what is multiplication in
geometrical progression, is addition in arithmetical ;
that what is division in- the former, is subtraction
in the latter ; and, in the last place, that what is
extraction of the square, cube, &c, roots, in geo-
metrical progression, is simple division by 2, 3, &c,
in arithmetical. ,

This remarkable analogy is the foundation of the
common theory of logarithms; and on that ac.
count, seemed worthy of some illustration.

- IIL It is evident that all the powers of the same
number, taken in regular order, form a geometrical
progression ; as may be.seen in the following ex-
ample, which is a series of the powers of the num-
ber 2,

2 4 8 16 32 64 128 &ec.

The case is the same with the powers of the
number 3, which form the series,

39 27 81 243 729 &c.

The first of these series has this peculiar property,
that if we take the first, second, fourth, eighth,
sixteenth, and thirty-second terms, and to them,
add unity, the result will be prime numbers.

IV. The common ratio of a geometrical pro-
gression, is the number that results from the divi-
“sion of any term by that which precedes it. Thus,
in the geometrical progression 2, 8, 32, 128, 512,
theratio is 4; forif we divide 128 by 32, 32 by 8,
or 8 by 2, the quotient will be always 4. The
ratio therefore acts an important part in geometrical
progtession ; the same that the common difference

)



74 " GEOMETRICAL

does in arithmetical, that is to say it is always con.
stant.

To find any term then, for example the 8th, of
a geometrical progression, the ratio and first term
of which are known, multiply the ratio by itself
7 times, or as many times as there are units in the
place of the required term less one; or, what is
the same thing, raise the ratio to the 7th power;
then multiply the first term by the product, and the
new product will be the 8th term required. For
example, let the first term of the progression be 3,
and the ratio 2; to find the 8th term, raise 2 to
the 7th power, which will be 128, and multiply
128 by the first term 3, the product 384 will give
the 8th term of the progression required.

We shall here observe, that had the 8th term of
an arithmetical progression been required, the first
term and the common difference being given, wé
should have multiplied that difference by 7, and
added the product to the first term ; which is a proof
of the analogy already mentioned in the second pa-
ragraph. ‘

V. The sum of the terms of any given geome-
trical progression may be found in the following
manner :

Multiply the first term by itself, and the last by
the second, and take the difference of the two pro-
ducts. Then divide this difference by that of the
two first terms, and the quotient wiil be the sum
of all the terms.

Let us take, for example, the progression 3, 6,
12, 24, &c, the eighth term of which is 384, and
let it be required to find the sum of these eight
terms : the product of the first term by itself is g,
and that of the last by the second is 2304 ; the difs
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ference of these products is 2295 ; if this difference
then be divided by 3, the difference of the first and
second terms, we shall have for quotient the number
765, which will be the sum of these eight terms. -

VI. A geometrical 'progression may decrease in
infinitum, without ever reaching o; forit is evident
that any part of the quantity greater than o can
never become o. A decreasing geometrical pro-

ression therefore may be extended without end ;
For by dividing the last term by the ratio of the
progression, we shall have the following term.

We shall here subjoin two of these decreasing
progressions, by way of examples :

I, 5 3 T Tey I, 36 &c.
I, ¥, 9 27, %1, 737, Tio, &KC.

VI The sum of an increasing geometrical progres-
sion is evidently infinite; but that of a decreasing
geometrical progression, whatever be the number
of terms assumed, is always finite. Thus the sum
of all the terms, in infinitum, of the progression
1, %, 1, %, &c, isonly 2; that of the progression
1, 4 %, o, &c, ininfinitum,is only 1§ ; &c. This
‘necessarily follows from the method already given,
for finding the sum of any number of terms what-
ever of a geometrical progression; for if we sup-
_{)ose it prolonged in infinitum, and decreasing, the

ast term will be infinitely small, or o ; the product

of the sccond term by the last will therefore be o3
and consequently, to find the sum, nothing will be
necessary but to divide the square of the first term

-,

by the difference of the first and the second. In

this manner it will be found that the sum of 1, 1,
i ¥, &c, continued in infinitum, is 2; and that of
L 5 3 &, will be ; or 1§; for the square of 1
Js 1, the difference of 1 and £ is {, and unity di-

<
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vided by 1 gives 2 ; in like manner, 1 being divided
by 2z, which is the difference of 1and 3, gives 4,

REMARK.

When we say that a progression continued in in-

finitum may be equal to a finite quantity, we do not,

like Fontenelle, pretend to assert that infinity can
have a real existence. What is here meant, and
what ought to be understood by all such expres-
sions, is that, whatever be the number of terms of
a progression assumed, their sum never can equal
the determined finite quantity, though it may ap--
proach toitin such a manner, that their difference
will become smaller than any assignable quantity.

PROBLEM I.

If Achilles can walk ten times as fast as a tortoise,
which is a furlong before himy can cracol; wwill the

Jormer cuvertake the laitery and how far must be
walk before be does so ?

This problem has been thought worthy of notice
merely because Zeno, the founder of the sect of
the Stoics, pretended to prove by a sophism that
Achilles could never overtake the tortoise ; for while
Achilles, said he, is walking a furlong, the tortoise
will have advanced the tenth of a furlong; and
while the former is walking that tenth, the tortoise
will have advanced the hundredth part of a furlong,
and so on in infinitum; consequently an infinite
numter of instants must elapse before the hero can
come up with the reptile, and therefore he will never
come up with it.
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Any person however, possessed of common sense,
may readily perceive that Achilles will soon come
up with the tortoise, since he will get beforeit. In
what then consists the sophism ? It may be explain-
ed as follows : )

Achilles indced would never overtake the tortoise
_if the intervals of time during which he is supposed

to be walking the first futlong, and then the tenth,
hundredth, and thousandth parts of a furlong, which
the tortoise has successively advanced before him,
were equal; but if we suppose that he has walked the
first furlong in 10 minutes, he will require only one
minute to walk the tenth of a furlong, and X of a
minute to walk the hundredth, &c. The intervals
of time therefore, which Achilles will require to
pass over the space gained by the tortoise, during
the preceding time, will go on decreasing in the
following manner : 10, 1, %, 5, 755 &c; and
this series forms a sub-decuple geometrical progres-
sion, the sum of which is equal to 114, or the in-
terval of time at the end of which Achilles will
have reached the tortoise.

PROBLEM II.

If the hour and minutc hands of a clock both begin to
move exactly at nocn, at what points of the dial-plate
will they be successively in confunction, during a whle
revolution of the twelve hours ?

This problem, considered in a certain manner,
is in nothing different from the preceding. The
minute hand acts here the part which Achilles did
in the former, and the hour hand, which moves
twelve times slower, that of the tortoise. In the
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Iast place, if we suppose the hour hand to be be.
ginning a second revolution, and the minute hand
to be beginning a first, the distance which the one
has gained over the other will be a whole revolu-
tion of the dial-plate. 'When the minute hand has
made one revolution, the hour hand will have made
but one twelfth of a revolution, and so on pro-
gressively. To resolve the problem therefore, we
need only apply to these data, the method employ-
ed in the former case, and we shall find that, the
interval from noon to the point where the two hands
come again into conjunction, will be {; of a whole
revolution, or, what amounts to the same thing,
one hour and % of an hour. They will afterwards
be in conjunction at 2 hours and 3, 3 hours and 3,
4 hours and %, &c; and, lastly, at 11 hours !,
that is to say at 12 hours.

PROBLEM III.

A courtier bhaving performed’ some wery important ser-
vice to his sovercign, the latter, wishing to confer on
bim a suitable reward, desired bim to ask whatever
be thought proper, promising that it should be granted.
The courtier, who was well acquainted with the
scicnce of numbers, only requested that the monarch
would give him a quantity of wheat equal to that
wwhich would arise from one grain doubled sixty-three
times successively.  What was the value of the re-
ward ?

The origin of this problem is related in so curi-
ous 2 manner by Al-Sephadi, an Arabian author,
that it deserves to be mentioned. A mathematician
named Sessa, says he, the son of Daher, the sub-
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ject of an Indian prince, having invented the game
of chess, his sovereign was highly pleased with the
invention, and wishing to confer on him some re-
ward worthy of his magnificence, desired him to ask
whatever he thought proper, assuring him that it
should be granted. The mathematician however
only asked a grain of wheat for the first square of
the chess-board, two for the second, four for the
third, and so on to the last or sixty-fourth. The
prince at first was almost incensed at this demand,
conceiving that it was ill suited to his liberality,
and ordered his vizier to comply with Sessa’s re-
quest ; but the minister was much astonished when,
having caused the quantity of corn necessary to
fulfil the prince’s order to be calculated, he found
that all the grain in the royal granaries, and that
even of all his subjects, and in all Asia, would not
be sufficient. lle therefore informed the prince,
who sent for the mathematician, and candidly ac-
knowledged that he was not rich enough to be able
to comply with his demand, the ingenuity of which
astonished him still more than the game he had in-
vented. :

Such is taen the origin of the game of chess, at
least according to the Arabian historian Al-Sephadi.
But it is not our business here to discuss the truth
of this story; our business being to calculate the
number of grains demanded by the mathematician
Sessa. :

It will be found by calculation, that the 64th

" term of the double progression, beginning with
unity, is 9223372036854775508. But the sum
of all the terms of a double progression, beginning
with unity, may be obtained by doubling the last
term and subtracting from it unity. The number
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herclore of the prains of wheat equal to Scssa’s
demand, will be 111446744073709551615.  Now,
i a standardpint contans 9216 grains of wheat,
a ollon willcontan 73728, and, as c¢ight gallons
ke one fishel, it we divide the above result by
pipht times 74708y we <hall have 31274997412295
jor the number of the bushels of whcat necessary
pe i harge the promise of the Indian king ; and
I we soppose that one acre of land is capable of
precdicing, i one year, thirty bushcls of wheat, to
preteinc e this quantity would require 1042499913743
nirts, whith make more than cight times the sur-
face of the glohey for the diameter of the earth
b ing supposed equal to 7930 miles, its whole sur-
fac e, comprehending Tand and water, will amount to
yory little more than 126437889177 square acres,

(., Wallis considers the mateer il a manner
s what  dillerent, and ways, in his Arithmetic,
that the quantity of wheat neeessary to discharge
e premsse made 1o Seseay would form a pyramid
e gorles Eagrlisling length, breadth and height 5
whicli e equal 1o w patallclopiped sass having nine
mpare Jeapnes for its base, and of the uniform
beg:ht of one Jeapue, - But as one league contains
e deet, thisselid would be equivalent to another
et Lot in height and baving a base equal to 142560
wpne Jeapues, Henee it follows, that the above
gantity of wheat would cover, to the height of one
Bty 12300 square leagues 3 an extent of surlace
cqual to cleven times that of Britain, which when
every taluction is made will be found to contain
httle more than 12674 square leagues.

It the price of a bushel of wheat be cstimmated at
ten slullings, the value of the above quantity will
WHOUNL L0 150 37498700147 4 1054, 2 sum which,
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in all probakility, far surpasses all the riches on th
earth. ‘

Another problem of the same kind is proposed in
the following manner : ‘ :

A gentleman taking a fancy to a horse, which a horse-
dealer wished to dispose of at as high a price as he
could, the latter, to induce the gentleman to becorme a
purchasery ¢ffored to let him have the horse for the
value of the twenty-fourth nail in bis shoes, reckoning
one farthing for the first nail, two for the second,
Jour for the third, and so on to the twenty-fourth.
The gentleman, thinking he should have a good bar-
gainy accepted the offcr : What was the price of the
borse? ' '

By calculating as before, the 24th term of the
progression 1, 2, 4, 8, &c, will be found to be
8388608, equal to the number of farthings the
purchaser ought to give for the horse. The price
therefore amounted to 87384 2sb 84d, which is
" more than any Arabian horse, even of the noblest
breed, was ever sold for.

Had the price of the horse been the value of all
the nails, at a farthing for the first, two for the
second, four for the third, and ‘so on, the sum
would have been double the above number, minus
the first term, or 16777215 farthings, that is
17476 £ s5sb 33d. _

We shall conclude this chapter with some physico-
mathematical observations on the prodigious fe-
cundity, and the progressive multiplication, of ani-
mals and vegetables, which would take place if the
powers of nature were not continually meeting with
obstacles.

VOL. I G



£2 MULTIPLICATION

I. It is not astonishing that the race of Abraham,
after wojourning 260 ycars in Egypt, should have
formed a nation capable of giving uneasiness to the
sovercigns of that country.  We are told in the sa-
cred writings, that Jacob settled in Egypt with 70
persons ; now if we suppose that among these 70
persons, there were 20 too far advanced in life, or
too voung, to have children ; that, of the remain-
ing 0, 25 were males and as many females, forming
2§ marricd couples, and that each couple, in the
. space of 25 ycars produced, one with another, 8
children, which will not appear incredible in a
country cclebrated for the fecundity of its inhabit-
ants, we shall find that, at the end of 2§ years, the
above 7o persons may have incieased to 270 ;5 from
vihich if we deduct those who died, there will per-
haps be no exagocration in making them amount to
210. Theracc of Jacob therefore, after sojourning
25 ycars in Egypt, may have been tripled.. In like
manncr, these 270 persons, after 25 years more,
may have increased to 6303 and so on in triple
geomctrical progression @ hence it follows that, at
the end of 225 years, the population may have
amounted to 1377810 persons, among whom there
might easily be five or six hundred thousand adults
fit to bcar arms.

II. If we suppose that the race of the first man,
making a proper deduction for those who dicd,
may have been doubled every twenty years, which
certainly is not inconsistent with the powers of na-
ture, the number of men, at the end of five cen-
turics, may have amounted to 1048576. Now, as
Adam lived about goo years, he may have scen there-
fore, wheniin the prime of life, thatis to say about the
five hundredith year of his age, a posterity of
1048570 pcrsons.
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OF ANIMALS, &c. 8S

IIl. How great would be the multiplication of
many animals, did not the difficulty of finding food,
the continual war which they carry on against each
other, or the numbers of them consumed by man,
set bounds to thcir propagation ? It might easily be
proved, that the breed of a sow, which brings
forth six young, two males and four females, if we
suppose that each female produces every year after-

‘wards six young, four of them females and two
-males, would in twelve years amount to 33554230.

Several other other animals, such as rabbits and
cats, which go with young only for a few weeks,
would multiply with still greater rapidity : in half a
century the whole earth would not be sufficient to
supply them with food, nor even to contain them !

If all the ova of a herring were fecundated, a
very few years would be sufficient to make its pos-
terity fill the whole ocean ; for every oviparous fish
contains thousands ' of ova which it deposits in
spawning time. Let us supppse that the number
of ova amounts only to 2000, and that these pro-
duce as many fish, half males and half females ;
in the second year there would be more than

- 200000 ; in the third, more than 200000000 ; and

in the eighth year the number would exceed that
expressed by 2 followed by twenty-four ciphers.
As the earth contains scarcely so many cubic inches,
the ocean, if it occupied the whole globe, would
not be sufficient to contain all these fish, the pro-
duce of one herring in eight years! .
IV. Many vegetable productions, if all their seeds

.were put into the earth, would ina few years cover
-the.whole surface of the globe. The hyosciamus,

which .of all the known plants produces .perhaps
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the greatest number of sceds, would for this pur.
pose require no more than four years. According
to some experiments, it has been found that one
stem of the hyosciamus produces sometimes more *
than soooo seeds: now if we admit the number to
be only 10000, at the fourth crop it would amount
to a 1 followed by-sixteen ciphers. But as the
whole surface of the earth contains no more than
§507634452576256 square feet; if we allow to
each plant only one square foot, it will be seen that
the whole surface of the earth would not be suffi-
" cient for the plants produced from one hyosciamus
at the end of the fourth year!

~

§. IIL

Of some other Progressions, and particularly Harmonical
Progression.

Turee numbers are in harmonical proportion,
~when the first is to the last, as the diflerence between
the first and the second, 1s to that between the se-
cond and the third. Thus, the nunbers 6, 3, 2, are
in harmonical proportion; for 6 is to 2, as 3, the
difference between the two first numbers, is to 1, the
difference between the two last. . This kind of rela-
tion is called harmonical, for a reason which will be
seen hereafter.

I. Two numbers being given, a third which shall
form with them harmonical proportion may be
found, by multiplving these two numbers, and di-

, viding their product by the excess of the doyble of
the first over the second. Thus, if 6 and 3 be -
given, we must multiply 6 by 3, and divide the pro-
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duct 18 by 9, which is the excess of 12 the double
of 6 over 3, the second of the numbers given. In
this case the quotient will be 2. '

It may hence be readily seen that, in one sense, it

is not always possible to find a third number in har- .

monical proportion with two others; for when the
first is less, if its double be equal to or less than the

second, the -result will be an infinite or a negative.

number. Thus, the third harmonic proportional
to 2 and 4 is infinite ; for it will be found that the
number sought is equal to 8 divided by 4—4, or o.
But every person, in the least acquainted with arith-
metic, knows that the more the denominator of a
fraction is inferior to unity, the greater the fraction;
consequently, a fraction which has o for its denomi-
nator is infinite. ’

If the double of the first number be less than the
second, as would be the case were it proposed to
find a third harmonical to 2 and 6, the required di-
visor will be a negative number. Thus, in the pro-
posed example of 2 and 6, it will be —a; and
therefore the third harmonical required will be 12
divided by —2, that is —6*.

But this inconvenience, if it be one, is not to be
apprehended when the greater number is the first
term of the proportion ; for if the first exceeds the
second, much more will its double exceed it. In

this case therefore, the third harmonical will always . '

- be a finite and positive number.

II. When three numbers,_ in decreasing harmo-
nical proportion, are given, for example 6, 3, 2,
it is easy to find a fourth: nothing is necessary but

* See what has been already faid in regard tonegative quantitics, in,
the article on arichincucal progression. -

..
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to find a third harmonical to the two last, and this
will be the fourth. The third and fourth may,
in like manner, be employed to find a fifth, and
so on; and this will form what is called an har-
monical progression, which may be always conti-
nued decrcasing. In the present example, this series
will be found to be, 6, 3, 2, %, %, & 7, ¥, &c.

or 0, 3,2,1%,%,1, 7, 1, &c.

Had the two first numbers been 2 and 1, we should

have had the harmonical progression 2, 1, 1, 3, %, ¥,
%y Ty Ty T, Toy &C. .
It is a remarkable property, therefore, of the
series of fractions, having for their numerators
unity, .and for their denominators the numbers of
the natural progressien, that they arc in harmonical
progression.

Besides the numerical relation already mentioned,
we find: indeed, in the series of these numbers, all
the musical concords possible; for the raiio of 1
to 4 gives the octave; that of { to 5, or of 3 to 2,
the fifth; that of % to i, or of 4 to 3, the fourth;
that of % to 4, or of § to 4, the third major; that
of {to, or of 6 to 5, the third minor; that of ¢
to ¢, or of g to 8, the tone major, and that of 3
to 1o, or of 10 to g, the tone minor. But this
will be explained at more length in that part of
this work which treats of music.

PROBLEM.

.

What is the Sum of the Infinite Series of Numbcrs in |

Harmonical Progression, 1, £y %5 55 45 4 9¢.2

It has been already seen,. that a series of num-
bers in geometrical progression, if continucd iz infi-
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nitum, will always be equal to a finite number, which
may easily be determined.  But is the case the same
in the present problem ? |

We will venture to reply in the negative, though
an author, in the Journal de Trevoux (anneé1y ),
has bestowed great labour in endecavouring to prove
that the sum of these fractions is finite. But his
reasoning consists of mere paralogisins, which he
would not have employed had he been more of a
geometrician ; for it can be demonstrated that the .
series 1, %, 3, %, 3, &c, may be always continued in
such a manner as to exceed ‘any finite number
whatever.

§. IV.

Of warious Progressions Decreasing in infinitum, the
Sums of which arc Known.

I. A varIETY of decreasing progressions, which
* have served to exercise the ingenuity of mathema-
ticians, may be formed according to different laws.
Thus, for example, the numerator being constantly-
unity, the denominators may increase in the ratio
of the triangular numbers 1, 3, 6, 10, 15, 21, &c.
Of this kind is the following progression :

Ty +5 %5 Toy Toy sy NG
Its sum is finite, and exactly equal to 2, or I+.

In like manner, the sum of a progression having
unity constantly for its numerators, and the pyra.
midal numbers for its denominators, as,

_ I, i’, le‘, 'IIC, '1‘?, '!lo, &C,
is equal to 1.

That where the denominators are the pyramidals

of the second order, as
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T, %5 T5y T%y 70y Tivy &C,
is equal to 1. :
That where they are the pyramidals of the third
order, as '
I, §5°TTy 35, 117y 2¥1, &C,
is equal to 1%.

The law therefore which these sums follow, is -
evident ; and if the sum of a similar progression,
that, for example, where the denominators are the
pyramidals of the tenth order, were required, we
might easily reply that it is equal to 1+r.

II. Let us now assume the following progression,

I, %5 %, 1oy 7T, 35, &Cy
in which the denominators are the squares of the
numbers of the natural progression.

If the reader is desirous to know its sum, we shall
observe, with Mr. John Bernoulli, by whom it was
first found, that it is finite, and equal to the square
of the circumference of the circle divided by 6, or
% of 3'14159%

As to that in which the denominators are the
cubes of the natural numbers, Mr. Bernoulli ac-
knowledges that he had not been able to discover it.

Those who are fond of researches of this kind,
may consult a work of James Bernoulli, entitled
Tractatus de Seriebus Infinitis, which is at the end of
another published at Bile in 1713, under the title
of Ars Conjectandi, where they will find ample satis-
faction. They may also consult various other me-
moirs both of John Bernoulli, to be found in the col-
lection of his works, and of Euler, published in the

- Transactions of the Imperial Academy of Sciences
at Petersburgh,
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CHAPTER VIIL

Of Combinations and Permutations.

89

-

BEFORE we enter on the present subject, it will

be necessary to explain the method of constructing

a sort of table, invented by Pascal*, called the Arith-
metical triangle, which is of great utility for shorten-
ing calculations of this kind.
First, form a band AB of ten equal squares, and
below it another CD of the like kind, but shorter

by one square on the left, so that it shall contain

> only nine squares; and continue in this manner,

A AT

\ . -

et 1] 1
Clelels|al s 16759
1)3]6]|of15]21]28] 36
1]4]10] 20| 35|56 82
L1 s [ts]|35]70][126
| 1] 6 |21 6] 126
L1 | 7 28] 84

| 1181 36

\ 1 9
, I
5

B
D

always making each successive band a square shorter, -
We shall thus have a series of squares disposed in
vertical and horizontal bands, and terminating at
each end in a single square so as to form a triangle,
on which account this table has been called the

* * This is a mistake in*Mnntucla, as the triangle was invented some
ages before Pascal: sce Dr. Hutton’s Tracts, 4to, pa. 69.
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arithmetical triangle. The numbers with which it
is to be filled up, must be disposed in the following
manner. : ' : y

In each of the squares of the first band AB, ‘in-
scribe unity, as well as in each of those on the dia-
gonal AE.

Then add the number in the first square of the
band CD, which is unity, to that in the square im-
mediately above it, and write down the sum 2, in
the following square. Add this number, in the like
manner, to that in the square above it, which will
give 3, and write it down in the next square. By
these means we shall have the series of the natural
numbers, 1, 2, 3, 4, 5, &c. The same method
must be followed to fill up the other horizontal
- bands; that is to say, each square ought always to
. contain the sum of the number in the preceding
square of the same row, and that which 1s imme-
‘diately above it. Thus, the number 1§, which
occupies the fifth square of the third band, is equal
to the sum of ten which stands in the preceding
square, and of g which is in the square above it.
The case is the same with 21, which is the sum of

15 and 6; with 35 in the fourth band, which is the
sum of 15 and 20; &c.

The first property of this table is, that it contains, °
in its horizontal bands, the natural, triangular, pyra-
midal, &c, numbers; for in the second, we have the
natural numbers 1, 2, 3, 4, &c; in the third, the
triangular numbers 1, 3, 6, 10, 15, &c; in the
fourth, the pyramidals of the first order 1, 4, 10,

20, 35, &c; in the fifth, the pyramidals of the
_second order 1, 5, 15, 35, 70, &c. This is a ne-
cessary consequence of the manner in which the
table 1s formed; for it may be readily perceived
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that the number in each square is always the sum
of those which fill the preceding squares on the left,
in the band immediately above.

The same numbers will be found in the bands
parallel to the diagonal, or the hypothenuse of the
triangle. ‘

But a property still more remarkable, which can
be comprehended only by such of our readers as are
acquainted with algebra, is, that the perpendicular
bands exhibit the co-efficients belonging to the dif-
ferent members of any power to which a binpmial,
as a+b, can be raised. The third band contains
those of the three members of the square; the
fourth those of the four members of the cube; the °
fifth, those of the five members of the biquadrate.
But, without enlarging farther on this subject, we
‘shall proceed to explain what is meant by com-
binations.

By combinations are understood the various ways
that different things, the number of which is known,
can be chosen or selected, taking them one by one,
two by two, three by thrce, &c, without regard to
their order. Thus, tor example, if it were required
to know in how many different ways the four letters
a, b, ¢, d, could be arranged, taking them two and
two, it may be readily scen that we can form' with
them the following combinations @b, ac, a', be, bd,
ed: four things, therefore, may be combined, two
and two, six dilferent ways. Three of these letters
may be combined four ways, abc, abd, acd, bed ; hence
the combinations of four things, taken three and
three, are only four. .

In combinations, properly so called, no attention
is paid to the order of the things; and for this rea-
son we have made no mention of the following
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~ combinations, s, ca, da, cb, db, dc. If, for exam.

ple, four tickets, marked &, b, ¢, d, were put into a
hat, and any one should bet to draw out the tickets
a and d, either by taking two at one time, or taking
one after another, it would be of no importance
whether a should be drawn first or last: the com-
binations ad or da ought thercfore to be here con-
sidered pnly as one. ' :

But if any one should bet to draw out « the first
time, and 4 the second, the case would be very dif-
ferent; and it would be necessary io atiend to the
order in which these four letters may be taken and
arranged together, two and two: it may be easily
scen that the different ways are ab, ba, ac, ca, ad. da,
be, cb, bd, db, ¢d, dc. In like manner, these four
letters might be combined and arranged, three and
three, 24 ways, as ab, acb, bac, bca, cab, cba, adb, abd,
dba, dab, bad, bda, acd, adc, dac, dca, cad, cda, bed,

“dbe, cbd, bde, cbd, dch.” This is what is called per-
mutation and change of order.

PRCBLEM I.

Any number of things whatever being given; to de-
tirmine in how many ways they may be combined two
and two, three and three, ¢, without regard to
order.

THis problem may be easily solved by making
use of the arithmetical triangle. Thus, for exam-
ple, if there are eight things to be combined, three
and three, we must take the ninth vertical band, or
in all cases that band the order of which is expressed
by a number exceeding by unity the number of
things to be combined; then the fourth horizontal
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band, or that the order of which is greater by unity
than the number of the things to be taken together,
and in the common square of both will be found the
number of the combinations required, which in the
present example will be 56. ' ,

But as an arithmetical triangle may not always
be at hand, or as the number of things to be com-
bined may be too great to be found in such a table,
the following simple method may be employed.

The number of the things to be combined, and
the manner in which they are to be taken, viz, two
and two, or thiree and three, &c, being given:

1st, Form two arithmetical progressions, one in
which the terms go on decreasing by unity, begin-

‘ning with the given number of things to be com-
bined ; and the other consisting of the scries of the
natural numbers 1, 2, 3, 4, &c. :

2d, Then take from each as many terms as there
are things to be arranged together in the proposed
combination. i

3d, Multiply together the terms of the first pro-

‘gression, and do the same with those of the second.

4th, In the last place, divide the first product by
the second, and the quotient will be the number of
the combinations required.

s L ,

In how many ways can 9o things be combined, taking
them two and two?

s

AcCoRDING to the above rule we must multiply go
by 89, and divide the product 8010 by the product
of 1 and 2, that is 2: the quotient 4005 will be the
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number. 'of the combinations resulting from go
things, taken two and two.

Should it be required, in how many ways the
same things can be combined three and three, the
problem may be answered with equal ezse; for we
have only to multiply together go, 89, 88, and to
divide the product 704880 by that of the three num-
bers 1, 2, 3; the quotient 117480 will be the num-

ber required.

- In like manner, it will be found that go things
may be combined by four and four, 2555190 ways;
for if the product of 9o, 89, 88 and 87 be divided
by 24, the product of 1, 2, 3, 4, we shall have the
above result. ' ‘

In the last place, if it be required, what number
of combinations the same go things, taken five and
five, are susceptible of, it will be found, by following
the rule, that the answer is 43949268, '

§. IL

WERE it asked, how many conjunctions the seven
planets could form with -each other, two and two,
we might reply 21; for, according to the general
rule, if we multiply 7 by 6, which will give 42, and’
divide that number by the product of 1 and 2, that
is 2, the quoticnt will be 21.

If we wished to know the number of all the con-
junctions possible of these seven planets, two and
two, three and three, &c; by finding separately the
number of the conjunctions two and two, then those
of three and three, &c, and adding them together, it
will be seen that they amount to 120. -

The same result might be obtaincd by adding the
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seven terms of the double geometrical progression 1,
2, 4, 8, 16, 32, 64, which will give 127.  But from
this number we must deduct7,because when we speak
of the conjunction of a planet, it is evident that two
of them, at least, must be united; gnd the number
127 comprehends all the ways in which seven things
can ke taken one and one, two and two, three and
threc, &c. In the present example therefore, we
must deduct the number of the things taken one and
one, for a single planet cannot form a conjunction.

’

PROBLEM II.

Any number of thinzs being given; to find in how many
- ways they can be arranged. -

Tuis problem may be easily solved by following
the method of induction ; for -

1st, One thing a can be arranged only in one way :
in this case therefore the number of airangements
is =1. .

2d, Two things may be arranged ‘together two
ways; for with the letters 2 and & we can form the
arrangements ab and ba: the number of arrange-
ments therefore is. equal to 2, or the product of 1
and 2. .

3d, The arrangements of three things a4, 5, ¢,
are in number six; for ab can form with ¢, the third,
three different ones, bac, bca, cba, and there can be
no more. Hence it is evident that the required
number is equal to the preceding multiplied by 3,
or to the praduct of 1, 2, 3. '

4th, if we add a fourth thing, for instance 4, it is
evident that, as each of the preceding arrangements -
may be combined with this fourth thing four ways,

/
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the above number 6 must be ‘multiplied by 4 to
obtain that of the arrangements resulting from four
things ; that is to say, the number will be 24,.or the
product of 1, 2, 3, 4.

It is needless to enlarge farther on this subject;
for it may be easily seen that, whatever be the num-
ber of the things given, the number of the arrange-
ments they are susceptiole of may be found, by mul-
tiplying together as many terms of the natural arith-
metical progression as there are things proposed.

REMARK.

1st, It may sometimes happen that, of the things
-proposed, one of them is repcated, as @, @. b, ¢. In
this case, where two of the four things proposed are
the same, it will be found that they are susceptible
only of 12 arrangements, instead of 24; and that
five, where two are the same, can form only 6o,
instead of 120.

But if three, of four things, were the same, there
would be only 4 combinations, instead of 24; and
five things, if three of them wecre the same would
give only zo, instcad of 120, or a sixth part. But
as the arrangements of which two things are sus-
ceptible amount to 2, and as those which can be
formed with three things are 6, we may thence
deduce the following rule: ‘
~In any number of things, of which the different
arrangements are required, if one of them be several
times repeated, divide the number of arrangements,
found according to the general rule, by that of the
arrangemcents which would be given by the things
repeated, if they were different, and the quotient
will be the number required. C .
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2d. In the number of things, the different ar- '
rangements of which are required, if there are seve-
ral of them which occur several times, one twice
for example, and another three times ; .nothing will
be necessary, but to find the number of the arrange-
ments according to the general rule, and then' to
divide it by the product of the numbers expressing
the arrangements which each of the things repeated
would be susceptible of, if instead of being the same,
they were different. Thus, in the present case, as
the things which occur twice, would be susceptible -
of two arrangements, if they were different; and as
those which occur thrice would, under the like cir-
cumstances, give six'; we must multiply 6 by 2, and
the product 12 will be the number, by which that
found according to the general rule, ought to be
divided. Thus, for example, the five letters a, a,
b, b, b; can be arranged only 10 different ways : for,
if they were different, they would give 120 arrange-
ments; but as one of them occurs twice, and an-
other thrice, 120 must be divided by the product of
2 and 6, or 12, which will give 10.

By observing the precepts given for the solution
of this problem, the following questions may be "
resolved. o

5. 1.

A clu) of seven persons agreed to dine together, every day
suecessively, as long as they could sit down to table
differently arranged. How many dinners would be
necessary for that purpose? -

IT may be easily found that the required number
is 5040, which would require 13 years and more
than 9 months. '

VOL. L. H

N



‘98 COMBINATIONS AND

¢ IL

THe different anagrams which can be formed with
any word, may be found in like manner. Thus, for’
example, if it be required, how many different words
can be formed with the four letters of the word
AMOR, which will give all the possible anagrams
of it, we shall find that they amount to 24, or the
continued productof 1, 2, 3, 4. We thall here give
them in their regular order.

. AMOR MORA ORAM RAMO
AMRO MOAR ORMA RAOM
AOMR MROA OARM RMAO
AORM MRAO OAMR RMOA
ARMO MAOR OMRA ROAM
AROM MARO OMAR ROMA

Hence it appears that the Latin anagrams of ‘the
word amor, are in number seven, viz, Roma, mora,
maro, oram, ramo, arme, orma. But in the proposed
word, if one or more letters were tepeated, it would
be necessary to follow the precepts already given.
Thus, the word Leopoldus, where the letter / and -
the letter o both occur twice, is susceptible of only
go720 different arrangements, or anagrams, in-
stead of 362880, which it would form, if none of
the letters were repeated ; for, according to the
before-mentioned rule, we must divide this number
by the product of 2 by 2, or 4, which will give
qo720. v \

The word studiosus, where the x occurs twice and
the ¢ thrice, is susceptible of only 30240 arrange-
ments ; for the arrangements of the g letters it con-
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tains, which are in number 362880, must be di-
vided by the product of 2 and 6, or twelve, and the
" quotient will be 30240. :

" In this manner may be found the number of all
the possible anagrams of any word whatever ; but
it must be observed that however few be the letters
of which a word is composed, the number of the
arrangements thence resulting will be so great as ta
require considerable labour to find them.

§. I

How many ways can the follrwing wverfe be waried,
without deftroying the meafure : ‘ '

Tot tibi funt dotes, Virgo, quot sidera celo?

THis verse, the production of a devout Jesuit of
Louvain, named Father Bauhuys, is celebrated on

account of the great number of arrangements of

which it is susceptible, without the laws of quantity
being violated ; and various mathematicians have
exercised or amused themselves with finding out the
number. Erycius Puteanus took the trouble to give
an enumeration of them in forty-eight pages, mak-
ing them amount to 1022, or the number of the
stars comprehended in the catalogues of the ancient
astronomers ; and he very devoutly observes, that
the arrangements of these words, as much exceed
the above number, as the perfections of the Virgin
exceed that of the stars*.

 Father Prestet, in the first edition of his Elements
of the Mathematics, says that this verse is suscepti-

* See alio Vossius de Sicnt. Math. cap. vii.

-
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"ble of 2196 variations; but in the second edition
he extends the number to 3276. ‘

Dr. Wallis, in the edition of his Algebra printed
at Oxford, in 1693, makes them amount to 3096.

But none of them has exactly hit the truth, as
has been remarked by James Bernoulli, in his Ars
Conjectandi.  This author says, that the different
combinations of the above verse, leaving out the
spondees, ard admitting those which have no czsura,
amount exactly to 3312. The method by which
the enumeration was made may be seen in the
above work.

The same question has been proposed respecting
the following verse of Thomas Lansius :

Mars, mors, sors, lis, visy styx, pus, no%, fes,
mala, crux, fraus.

It may be easily found, retaining the word mala
in the antepenultima place, in order to preserve the

measure, that this verse is susceptible of 399168000

different arrangements.
PROBLEM Il

- Of the combinations which may be formed with squares
divided by a diagonal into two differently coloured
triangles. ‘

WE are told by Father Sebastian Truchet, of the
Royal Academy of Sciences, in a_memoir printed
among, those of the year 1704, that having seen,
during the course of a tour which he made to the

canal of Orleans, some square porcelain tiles, dis '

: wided by a diagonal into two triangles of different

-1. colours, destined for paving a chapel and some

— — -
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apartments, he was .induced to try in how many
different ways they could be joined side by side, in
ordér to form different figures. In the first place,
it may be readily seen that a single square (Plate
-II) according to its position can form four different
figures, which however may be reduced to twa, as
there is no other difference between the first and
the third, or between ‘the second and the fourth,
than what arises from the transposition of the shad-
ed triangle into the place of the white one.

Now, if two of these squares be combined to-
gether, the result will be 64 different ways of ar- -
rangement ; for, in that of two squares, one of them °
may be made to assume four. different situations, in
each of which the other may be changed 16 times.
-The result therefore will be 64 combinations, as
may be seen in the plate.

We must however observe, with Father Sebas-
tian, that one half of these combinations are only
a repetition of the other, in a contrary direction,
which reduces them to 32; and if attention were
not paid to situation, they might be reduced to 10.

In like manner, we might combine three, four,
five, &c, squares together, and in that case it would
be found, that three squares are capable of forming
128 figures ; that four could form 256, &c. '

The immense variety of compartments which
arise, in this manner, from so small a number of
elements, is really astonishing. Father Sebastian
gives thirty different kinds, sclected from a hun-
dred ; and these even are only a very small part of
those which might be formed. Some of the most
remarkable of them are exhibited in the 2d plate.

In consequence of Father Sebastian’s memoir,
Father Douat, one of his associates, was induced to
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- pursue this subject still farther, and to publish, in

. the year 1722, a large work®, in which it is consi-
dered in a different manner. In this work it may
be seen that four squares, each divided into two
triangles of different colours, repeated and changed
in every manner possible, are capable of forming
256 different figures; and that these figures them-
selves, taken two and two, three and three, and so
on, will form a prodigious multitude of compart-
ments, eniravings of which occupy the greater part
"of the book.

It is rather surprising that this idea should have
been so little employed in architecture ; as it might
furnish an inexhaustible source of variety in pave-
ments, and other works of the like kind. However
this may be, it forms the object of a pastime, called
by the French Feu du Parquet. The instrument
employed for this pastime, consists of a small table,
having a border round it, and capable of receiving
64 or a hundred small squares, each divided inte
two triangles of different colours, with which people
amuse themselves in endeavouring to form agreeable
combinations.

* Tt is entitled Methode pour fuire une infinité de deffins différents,
awvec des carreanx mi-fartis de den® coulenrs par une ligne diagonale i oty
Observations du P. D. Douat, religieny Carme de la P. de. T. sur umn
Memoire inseré dans 1" Hist. de I Acad. voyale des Sciences de Paris, annte
1704, par le P. S. Trucbet, religieux Ju mime ovdre, Paris 1722, 1 410«
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CHAPTER. IX.

Application of the Doctrine of Combinations to Games of
" Chance and to Probabilities. -

THOUGH nothing, on the first view, seems
more . foreign to the province of the mathematics
than chance, the powers of analysis have, as we
may say, enchained this Proteus, and subjected it
to calculation. It has found means to measure the
different degrees of probability ; and this has given
birth to a curious branch of the mathematics, the
principles of which we shall here explain.

When an event can take place different ways, it
is evident that the probability of its happening in a
certain determinate manner, will be greater when,
of the whole of the ways in which it can happen,
the greater number determine it to happen in that
manner. In a lottery, for example, every one
knows that the probability or hope of obtaining a
prize, is greater according as the number of prizes
is greater, and as the total number of the tickets is
less. The probability therefore of an- event, is in
the compound ratio of the number of the cases
which can produce it, taken directly, and of the
total number of those according to which it may be
varied, taken inversely ; consequently it may be ex-
pressed by a fraction, having for its numerator the
number of the favourable cascs, and for its deno-
minator the whole of the cases.

- Thus, in a lottery consisting of a thousand tickets,
25 of which only are prizes, the chance of obtain-
ing one of the latter will be represented by 4% or
= ; if the number of the prizes were 50, this pro-
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babllxty w0u]d be double, for in that case it would
be equal to 53 but, on the other hand, if the whole
number of tickets, instcad of a thousand were two
.thousand, the probablhty would be only one half of
the former, that is =. If the whole number of
tickets were infinitely great, the number of prizes
still remaining the same, the probability would be
mﬁmtely small ; and if the whole number of tickets
were prizes, it would become certainty, and in that
case would be expressed by unity.

Another principle of this theory, necessary to be
-here explained, the enunciation of which will be
sufficient to shew the truth of it, is as follows :

We play an equal gane, when the money depo-
sited is in direct proportion to the probability of
gaining the stake ; for, to play an equal game, is .
-nothing else than to deposit a sum so proportioned
to the probability of winning, that, after a great
number of throws or games, ®the player may find
himself nearly at .par; but for this purpose, the
sums deposited must be proportioned to the degree
of probability, which each of the players has in his
favour. Let us suppose, for example, that A" bets
against B on a throw of the dice, and that the
chances are two to one in favour of A ; the game
will be equal if, after a great number of throws,
the parties separate nearly without any loss ; but as
there are two chances in favour of A, and only one
in favour of B, after three hundred throws A will
have gained nearly two hundred, and B one hun.
dred ; A therefore ought to deposit 2 and B only
one, for by these means, as Ain wmmng two hun-
-dred throws will gain 200, B in winning a hundred
throws will gain 200 also. insuch cases therefore, it
is said that two to one may be betted in favour cf A.
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PROBLEM I.
In tossing up, what probability is there of throwing a
bead scveral times successively, or a tail ; or, in play-

ing with several pieces, what probabxltty is there that
they will be all beads, or all tails ?

I~ this game, which is well known, it is evident,
-1st, That as there is no reason why a head should
come up rather than a tail, or a rail rather than a
head, the probability that one of the two will be the

~casc is equal to §, or an equal bet may be taken,
for or against.

But 1? the game were for two throws, and any

-one should bet, that a head will come up twice, it
must be observed that all the combinations of head
or tail, which can "take place in two successive throws
-with the same picce, are bead, head; head, tail ;
tail, head ; tail, tail ; one of which only gives head

, head. There-is therefore only one case in 4 whlch
can make the person win who bets to throw a head
twice in successxon 5 consequently the probability of
-this event is only 4 ; and he who bets in favour of
two heads, ought to deposit a crown, and the person
who bets against him ought to deposit three ; for
the latter has three chances of winning, Whllc the
former has only one.  To play an equal game then,
the sums deposited by each, ought to be in this pro-
portion.

It will be found also, that he who bets to throw

“a head three times in succession, will have in his
favour only one of the eight combinations of head
and tail, which may result from three throws of the
same piece. The probability of this event there-
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fore, is %, while that in favour of his adversary will

be f. Consequently, to play an equal game, he

ought to stake 1 against 7.

. It is needless to go over all the other cases; far
it may be easily seen, that the probability of throw-

ing a head four times successively, is 75 ; five times

succesmvely, + &c.

It is unnecessary also 'to enumerate all the diffcrent
combinations which may result from Acad or tail ;
but in regard to probabilities, the following simple
rule may be employed.

The probabilitics of two or more single events
being known, the protability of their taking place
all together may be found, by multiplying togcther
the probabxhtles of these events, considered singly.

Thus the probability of throwing a head, con-
sidered singly, being expressed at each throw by §,
that of throwing it twice in succcsnon, will be § x%
or ;; that of throwing it three times, in three suc-
cessive throws, will be $x1x{, or §, &c. :

2d. The problem, to determine the probability of
throwing, with two, three, or four pieces, all hcads
or all tails, may be resolved by the same means.
When two p:eces are tossed up, there are four com-
binations of head and tail, one of which only is all
heads. When three pieces are tossed up together,
there are 8, one of which only gives all beads, &c. "
The probabilities of these cases therefore, are the
same as those of the cases similar to thun, which we
have already examined.

It may be easily seen indeed, without the help of
analysis, that these two questions are absolutely the
same ; and the following mode of reasoning may be
employed to prove it. To toss up the two pieces A
and B together, or to toss them up in succession,
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_giving time to A, the first, to settle before the other
1s tossed up, is certainly the same thing. Let us
suppose then, that when A, the first, has settled,
instead of tossing up B, the second, A the first, is
taken from the ground, in order to be tossed upa
" second time ; this will be the same thing as if the
piece B had been employed for a second toss; for
by the supposition they are both equal and similar,
at least in regard to the chance whether head or tail
will come up. Consequently, to toss up the two
pieces A and B, or to toss up twice in succession the
piece A, is the same thing. Therefore, &c.
3d. We shall now propose the following ques-
tion : What may a person bet, that, in two throws,
a head will come up’ at least once? By the above
method it will be found, that the chances are 3
to 1. In two throws, indeed, there are four com-
binations, three of which give at least a head once
in the two throws, and one only which gives all
. tails; hence it follows, that thére are three combi-
nations in favour of ghe person who bets to bring a
head once in two throws, and only one against him,

'

PROBLEM 1I.

Any number of dice being given ; to determine what
probability there is of throwing an assigned number

\ of points.

WeE shall first suppose that the dice are. of the
ordinary kind, that is to say, having six faces,
marked with the numbers 1, 2, 3, 4, 5, 6; and we
shall analyse some of the first cases of the problem,
/in order that we may proceed gradually to those
that are more complex.
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1st. It is proposed to throw a determinate pointy € for
example, with one die. :

Here it is evident, that, as the die has six faces, one
of which only is marked 6, and as any one of them
may as readily come up as another, there are 5
chances against the person who proposes to throw a
six at one throw, and only one in his favour.

~2d. Let it be proposed to throw the same point 6 wwith
. qum dice. :

To analyse this case, we must first observe that
two dice gite 36 different combinations ; for each
of the faces of the die A, for example, may be com-
bined with each of thosé of the die B, which will
produce 36 combinations. But 6 may be thrown,
1st. by 3 and 3; 2d. by 2 with the die A and 4
with the die B, which, as may be readily seen, forms
two distinct cases: 3d. by 1 with the die A and 5
with the die B, or 1 with B and 5 with A, which
also gives two cases ; and these are all that are pos-
sible. Hence there are s.favourable chances in 36 ;
consequently the probalility of throwing 6 with two
dies, is 5%, and that of not throwing it is &. "This
therefore ought to be the ratio of the stakes or
money deposited by the players.

By analysing the other cases, it will be found
that, of throwing two with two dice, there is one
chance in 36 ; of throwing three, there are 2; of
throwing four, 3 ; of throwing five, 4; of throw-
ing six, 53 of throwing scven, 6; of throwing
eikght, 53 of throwing ninc, 4 ; of throwing ten, 3;
of throwing eleven, 2; und of throwing sixes, 1.

If three dice were proposed, with which it is
evident the lowest point would be three, and the
highest eighteen, it will be found, by means of a
similar analysis, that in 216, the whole aumber of
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the throws possible with three dice, theré is 1 chance
of throwing three; 3 of throwing four ; 6 of throw-
ing five, &c: as may be seen in the annexed table,
the use of which is as follows.

If it .be required, for example, to find in how
many ways 13 can be thrown with three dice, we
must look in the first vertical column, on the left,
for the number 13, and at the top of the table for 3,
the number of the dice, and in the square below,
opposite to" 13,- will be found 21, the number of
ways in which 13 may be thrown with three dice.
In like manner, it will be found, that with 4 dice, it
may be thrown 140 ways ; with five dice, 420; &c.
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Table of the difierent ways in which any point can
be thrown with oney twa, three, vy more dice.

Number of the dice.
I on m v v VI
1] 1 | | | '
2| 1 | 1 | |
3] 1 | 2 I |
4] 1 3 30 1| I
St rfal 6] 4] 1]
6| 1 5 10| 10l 5| 1
71 6 15| 20] 15] 6
. 8 | s | 21| 35| 351 21
E | 9l T4 | 250 s6] 0] 56
c | 1o} | 3 27 ] 80| 126 | 126
w | 11 2 27 | 104 | 205 | 252
w | 12 I 25 | 125 | 305 | 456
2 |13 | | 21| 140 [ 420 | 756
g 14 . 15| 146 | 540 | 1161
Z 15 | | 10| 140 | 651 | 1666
16 6| 12517351 2247
17 I 31104 | 780 | 2856
18| |__ 1| 8o}780[3431
19 56 1735 1 3996 |
T 20] | 35 [ 651 | 4221
ai| | | 201 540 | 4332
22 | | | 10] 420 | 4221
23 | l | | 4130513996 |
24| 1 | | 1]205]3431
25 | | o | | 126 | 285_6__
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When it is once known, how many ways a point
can be thrown with a certain number of dice, the pro-
bability of throwing it may be easily found : nothing
is necessary but to form a fraction having for its
numerator the number of ways in which the point
can be thrown, and for denominator the number 6,
raised to that power indicated by the number of
dice ; as the cube of 6, or 216, for three dice ; the
biquadrate, or 1296, for four dice; &c.

Thus, the probability of throwing 13 with three
dice, is 2 5 of throwing it with four, 2% ; &c.

Various other questions may be proposed concern-
ing the throwing of dice, a few of which we shall
here examine. »

1st. When two players are engaged ; to determine the
advantage or disadvantage of the person who undertakes
to throw a certain face, that for example marked 6, in
a certain number of throws.

Let us suppose that he undertakes it at one throw :
to find the probability of his succeeding, it must be
considered, that he who holds the die, has only one

" chance of winning, and five of losing ; consequently
to undertake it at one throw, he ought to stake no
more than 1 to five. There is therefore a great dis-
advantage in undertaking, on ap even bet, to throw
six at a single throw of one die.

To deterinine the probability of throwing the face
marked 6 in two throws with a single die, we must
observe, as has been already said, in regard to toss-
ing up, that this is the same thing as to undertake, in
throwing two dice togcther, that one of them shall
have the side marked 6 uppermost. He then who
holds the dice has only 11 chances, or combina-
tions, by which he can win; for he may throw 6
with the first die and 1, 2, 3, 4 or 5 with the sccond 5
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or 6 with the second dic and 1, 2} 3, 4 or 5 with the
Airst, or 6 with each die. But there are 25 combi-
nations or chances unfavourable to his winning, as
may be scen in the following table :

L rl2, 13, 14 15,1
2|2 203 2[4 2], 2
1,312 313314353
I, 412,413, 4|4 4|54
I, 512513514 5{5 5§

Hence it may be concluded, that he who under-
takes to throw a six with two dice, ought to stake no
more tian 11 to 25; and consequently, that it
would be disadvantagcous to do it on equal terms.

It must here be observed that 36, the number
of all the chances or combinations possible in two
throws of the dice, is the square of 6, which is the
number of the faces of one die; and that 23, the
number of the chances unfavourable to the person
who undertakes to throw a determinate face, is the
square of g, or of 1 less than the same number 6.
'The number of the favourable chances therefore, in
this case, is equal to the difference of the squares 36
and 25, or of the square of the number of the faces
of one die, and of that of the faces of the same die
less one.

In the case of undertaking to bring a 6 in three
throws with one die, we must consider, in like man-
ner, that this is the same thing as to undertake that,
in throwing three dice at once, one of them shall
bring a 6 ; but of the 216 combinations, ! which re-
* sult from three dice, there are 125 withouta 6, and
91 among which there is at lcast one 6; conse-
quently, he who engages to throw a 6, either in three
throws with one dic, or one throw with three dice,



PROBABILITIES.: 113

ought to bet no more than g1 to 125 ; and it would
be disadvantageous to undertake it on equal terms.

It is hcre to be observed, that the number g1 is
the difference of the cube of the number of the
faces of one die, viz 216, and of 12§, the cube of the -
same number less unity, or of 5. Hence it appears
that, in general, to find the probability of throwing
@ determinate face, in a certain number of throws,
or at one throw with a certain number of dice, we
must raise 6, the number of the faces of one die, to
that power which is indicated by the number of
throws agreed on, or by the number of dice to be
thrown at one tire; we must then raise 6 less
unity, or 5, to thc same power, and subtract it
from the former; the remainder with this power of
5 will be the respective number of chances for
winning or losing. )

‘Lhus, if a person should bet to throw at least
one 3 with-four dice, we must raise 6 to the 4th
power, which is 1296, and subtract from it the 4th
power of 5, or 625; the remainder 671 will be the
number of chances for winning, and 625 that o
the chances of losing; consequently there will be
an advantage in laying an even bet.

It is advantageous 2lsn to undertake, on an even
bet, to throw aiy determinate point, for example 3,
in five throws, or with five dice; for if {rom the
sth power of 6, which is 7776, we deduct the sth
power of 5, or 3125, the remainder 4651 will be
the number of favourable chances, and 3125 that
of the unfavourable. Conscquently, to play an
equal gamc, he who bets on throwing the above
point, ought to deposit 4651 to 3125, or nearly 3
to 2. . :

VoL, L~ - 1
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3d. In bhow many throws may one bet, on equal
terms, to throw a determinate doublct, for example sixes,
-awith two dice ?

It has been already shewn, that the probability of
not throwing sixes with two dice, is %; ; con-
sequently the probability of their not coming up in
two throws, will be the square of that fraction; in
three throws, the cube; &c. But as the powers,
of every number, greater than unity, however small
the excess, go on always incrcasing, those of a
number less than unity, however small the defect,
go on always decreasing : the consecutive powers
therefore of £ will go on always decreasing. Now
let us conccive & to be raised to such a power as to be
equal to §; it will be found that the 24th power of %
is somewhat greater than £; and that the 25th
power is somewhat less*; hence it follows, that one’
may lay an even bet with some advantage, that
"anotlier will not bring sixes in 24 throws with two
dice, but that there is some disadvanrage in taking
an even bet that they will not come up in 235 throws.
Consequentlyv, he who bets on throwing sixes in 24
throws, docs so with disadvantage ; but if he lays
an even bet that they will come upin 235 throws,
.the advantage is in his favour.

* Let n be the exponent of that power of 1j which is equal to ¢
. 3¢” . .
* that is to say, let =~ be equal to £. Asthe unknown quantity = is
‘ " .
36

. B . . .

in the exp. neir, it mut be disengaged from it, which may be done
~aT

by means of lozarithms. For if 33-' a= 1, by taking the logaritbme
36"

we shall have z log. 35 — nlog. 36 = bz 4, or = —log. 2; for

i

log.i= —iog. 2. lencenlog 35 —nlog. ;6 = —bg. 2, or Iog,

Ig. 2 . .
= g 30— O . 3 f iy = ——‘_Avl 21y
2= nloyg. 36 —nlog. 35. Thercfore,n 15 =T 35 tich yives

B = 24°605, or 245 ncarly.
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- gth. What probability is there of throwing any
dcterminate doublet, for example two threes, in one
throw with twe er more dice?

To determine this question, we must first observe,
that he who undertakes to throw two thrces with
two dice, has only one favourable chance, in the 36
chances or combinations given by two dice; and it
thence follows that he ought to bet no more than 1
to 35.
13n the case of three dice, it will be found that
he ought to bet no more than 16 to 200 for the
number of chances or combinations possible with
three dice is 216. But when it is proposed to throw
two threes with three dice, they may come up 16
different ways ; for in the 36 combinations of the
two dice A and B, all those in which one 3 only is
found, as 1, 3; 3, 1; &c, being 10 in number,
" by combmmg with the side marked 3 of the die C,
give two threes. Besides, the combination
of the dice A and B, by combining with one o? the
six faces of the third C, will give two threes. Here
then we have 16 ways of throwing two threes with
three dice, which give 16 favourable chances in
216. Consequently, the probability of throwing
two threes with three dice, is 2% ; and no more
~ ought to be betted on the success of that event than

16 to 200, or 2 to 2§. '

If the probability of throwing two threes with
four dice be required ; we shall find that it is ex-
pressed by {£%; for, of the 1296 combinations of
the faces of four dice, there are 150 which give 2
threes; 20 that give 3. and one that gives 4,
making all together 171 throws, which give 2 or 3
or 4 threes. Consequently, no more than 19 to
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144,0r about 1 to 7!, ought tg be betted on throw-
ing, at least, once threes with four dice.

In the last place, if the protability of throwing
any doublet, at one throw, with tvo or more dice,
be required ; it may le easily detarmined by the
preceding mcthed of caleulation s for if an i:deter-
minate doublcet be preposed, it s evident tLat the
probability is six times as great as when an assigned
doublet is proposcd s and therefore we have only to
multiply the protalilities already found by 6. The
probalility therefore with two dice, will ke = or &3
with three dice, % or ¢; with four dice, 73 ; &c.
So that there is an advantagze in taking an even bet
to throw at least one doublet with tour dice.

PRCLLEM 11l

wo porsens sit cowen to play for a cortain sum of
morcy 3 and arree that be solo first gets three ganmes
skall be the <cinacr. Que of them has gt two
gamcsy and the other one; but being wnwiling te
continue tivir plavy they resoive to divide the stake:
bowe much of i cught each porson ta receive ?

Tirts problem is ore of the first that engaged the
attention of Pascal, when he began to study the caleu-
lation of probalilides. It was resolved by Fermat,
a ceicbrated geonetrician, to whom he proposed it,
Ly a d:ferent method, viz that of combinations: we
sl:all here give both.

It is evident that cach of the plavers, in depositing
his minney resigns al. rizht to it but, in return,
each Las a right to what chance may give him;
consequenily whea they give over playing, the stake
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- ought to be divided in propomon to the probabxhty
each had of winning the whole sum had they con.
tinued.

Case 1st. This proportion may be determined by
the following reasoning. Since the first player
wants one game to be out, and the sccond two, it

" may be readily perceived, that if they continue
their play, and if the second should win' one game,
he would want, in the same imanner as the first,
one game to be out; and in that case. the two
Players being cqually advanced, their hopes or
chances of winning would be eq-nl This being
supposed, they would have an equal right to the
stake, and consequently each ought to have an
equal share of it.

It is evident therefore, that if thc first should win
the game about to be played, the whole money
deposxted would belong to him; and that if he lost
it, he would have a nght only to the half..  But thé
one case being as probable as the other, the first has
a right to the half of both these sums taken tozether.
But together they make 1, the half of which is 2 ; ;

and this is the share of the stake belonging to the

first player; consequently that belonging to the

second is only i. .

Case 2d. The solution of the first case will enable
us to solve the second, in which we suppose that the
first player wants one game to be out, and the
second three ; for if the first should win one game, -
he would be entitled to the whole stake, and if he
lost one game, by which means the second would
want only two games to be out, i of the money
would belong to the former, as the partics would
then be in the situation alluded to in the preceding |
case. But as both these events are equally pro-
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bable, the first ought to have the half of the two
sums taken together, or the half of I, that is ¢
the remainder 3 will therefore be what belongs to
the second. '

Case 3d. It will be found, by the like reasoning,
if we suppose two games wanting to the first player,
and three to the second, that on ceasing to play,
they ought to divide the stake in such a manner,
that the former may have +}, and the latter .

Case g4th. If four games were to be played ; and
if the first wanted only two games, and the second

four, the money ought to be divided in such a man.

ner, that the former should have i, and the latter

e
" But we may dispense with the above reasoning,
and employ the following general rule, deduced
from it, which is to be applied by means of the
arithmetical triangle. Enter that diagonal of the
arithmetical triangle the order of which is equal ta
the number of the games wanting to both players.
As this number in the first case is 3, we must enter
the third diagonal of the triangle; then because
the first player wants only one game, we must
take the first number of that diagonal; but, because
two are wanting to the second, we must take the
sum of the two first numbers, which will give 3.

These two numbers therefore, 1 and 3, will in- °

dicate, that the stake ought to be divided in the
same proportion : consequently the first player
ought to have #, and the second %,

As this rule may be easily applied to every other.
rase whatever, we shall enlarge no further on the
subject, -
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" The second method of resolving problems of
this kind, which is that of combinations, is as
follows : : ’

To resolve, for example, the fourth case, where,
according to the supposition, the first player wants
two games to be out, and the second four, so that
together they want six games; take unity from that ~
- sum, and because § remain, we shall suppose the
five similar letters, @ a2 a a a, favourable’ to the -
_ first player, and the five following, & & 4 b b, favour-

able to the second. These letters must be com-
bined, as in the following table, where, of the 32
combinations which they form, the first 26, towards
the left, where a4 occurs at least twice, will indicate
the number of chances which the first has of win-
ning ; and the last 6, towards the right, in which
a never occurs oftener than once, will indicate those
favourable to the second.

aaaaa aaabb aabbblabbbb
caaaab aabba abbbalbbbba
aaaba abbaa bbbaalbabbb

\ aabaa bbaaa ababblbbabd
- abaaa aabab abbab|bbbab
baaaa abaab bbaab|bbbibb

baaab baabd
baaba babba
babaa bbaba
ababa bababd

The expectation therefore of the first player, will
be to that of the second, as 26 to 6, or as 13 to 3.
In like manner, to resolve the case where the
first player is supposed to have won three games,
and the other none, as he must win who first gets
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four games, the number of the games wanting to
both will be 5, which being dirinished by unity,
will give 4. We must then examine in how many
different ways the letters @ and 4 can be combiney
four and four, which will be found to be 16 viz :

aaaa aabb abdbb
aaab abab bhabbd
aaba baab bbald
abaa abba bbba
baaa baba

bbaa

But, of these 16 combinations, it it evident there
are 1; where a is found at lcast once; which in-
dicates that there are 15 combinations or chances
favourable to the first player, and one favourable to ~
the second. Conscquently they ought to divide the
stake in the ratio of 15 to 1, or the former ought
to have ;3 of it, and the latter *,.

bbbod

PROELEM 1IV. -
Of the Geuoese Loziery.

ALn persons are acquainted with the nature of
lotteries, a kind of insdtusion which originated in
Italy, and which was afterwards introduced into
other countries of Europe. It took its rise at Genoa,
where it had long been customary to choose annually
by ballot five members of the senate, which was
composcd of go persons, in order to form a par-
ticular council. Some idle persons took this oppora
tunity of laying bets, that the lot would tall on such
or such senators. The government then seeing

with what eagerness people interested themselves in
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these bets, conceived the idea of establishing a
lottery on' the same principle ; which was attended
- with "so great success, that all the cities of Italy
wished to participate in it, and sent large sums of
money to Genna for that purpose. ,The same
motive, and that no doubt of increasing the revenues |
~ of the church; induced the pope to establish one of
the same kind at Rome, the inhabitants of which
became so fond of this species of gambling, that
they often deprived themselves and their families of
the necessaries of life, that they might have money
to lay out in the lottery Many of them also
indulged in every kind of foolery that credulity or
superstition could inspire, in order to obtain for-
tunate numbers, , '
The analysis of this kind of lottery is reduced to
the solution of the following problem. ‘
Nincty numbers being given, five of which are to be
drawn by chance ; it is required to determine what pro«
bability there is that among these five, there will be one,
two, three, four, or five numbers, which any one has
chosen from among the 9o ? .
It may be readily. seen, that if one determinate
number only were proposed, and that if ne more
than one number were to be drawn from the wheel,
the adventurer would have only  one favourable
chance in the go; but as five numbers are drawn_
from the wheel, this quintuples the chance favour-
-able to the adventurer, so that he has five favour-
able chances in the ninety. His probability there.
fore of winning, is ;'-; and, to play an equal game,
the stakes ought to be in the same ratio, or, what
amounts to the same thing, the proprietor of the
lottery ought to reimburse the price of the ticket
38 times, : :
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To determine what probability there is, that two
numbers selected will both come up, we must first
find how many combinations may be produced by
90 numbers, taken two and two. In treating on
combinations we have already shewn, that in this
case they amount to 4co5; but as five numbers are .
drawn from the wheel, and as these five numbers,
combined together two and two, give 10 twos, it
thence results that, in these 4005 chances, there
are only 1o favouralle to the adventurer. The
probability therefore, that the two numbers selected
may be among those drawn from the wheel, will be
expressed by 5% or —-.. Tor this reason the pro-

prietor of the lotttery ouzght to give the adventurer,
in case he should win, 400} times the price of the
ticket.

To determine what probability there is, that three
~numbers sclected will come up among the five
drawn from the wheel, we must find how many
ways 9o numbecrs can be combined three and three,
or how many threes they make. These combina-’
tions amount to 117480 ; but as the five numbers
drawn from the wheel form 1o threes, the adven-
turer has 10 favourable chances in 117.480, and the
probatility in his favour is 355 or 5. To
risk his mon~y therefore on equal termns, the prize
ought to be 11748 times the price of the ticket.

In the last pluce, it will be found that in g11038
chances, there is only one favourable to the person
who should bet that 4 determinate numbers will
come up; and 1 in 43949268 favourable to the
person who should bet that five determinate num-
bers will be the five drawn ; consequently, in the
last case, to risk his money on equal terms, accord,
ing to mathematical strictness the adventurer, shoujd
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he be successful, ought to receive nearly 44 millions
of times the money which he lays out.

PROBLEM V.,

A certain person, whom we shall call A, playing at the
game of thirteen, bets, that in turning up the cards
successively, according to their order, ace, deuce, 1ré,

%, to the king, which is the last, be will turn up
one card, at least, which be has named : what pre-
bability has A in bis_favour ?

To enable the reader to comprehend this problem,
it will be necessary to explain the nature of the game
to which the author alludes. The players having
cut for the cards, we shall suppose that A has them,
and that the players are any number at pleasure. A
then takes the pack, consisting of 52 cards, and,
when they have been shuffled, turns them up one
after the other,’ calling one when he turns up the
first, two when he turns up the second, and so on.
to the thirteenth, which is represented by a king.
If, in all this series of cards, he turns up none in
the order in which he named them, he pays to each
of the players what they deposited, and resigns the .
cards to the next person on his right.

But if it should happen that he turns up, in the
series of 13 cards, any one card which he has
named, that is to say, if he turns up an ace at the
time when he calls out one, or a two when he calls
out two, and so on, he gets the whole stake, and
begins as. before, calling out one, then two, &c.

It may sometimes happen that A, after winning
several times, and beginning again at one, has not
# sufficient number of cards in his hand to go dn to
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33 ; in that case, when the cards arg out, they must

be shuflled and cut, and he must then take frem

the pack the number of cards sufficient for him to

continue the game, beginning where he left off:
. that is to say, if in turning up the last card he
named seven, in turning up the first of the new
cards he must call out cight, then nine, and so on
to 13, unless he wins before 5 in which case he
must begin once more, caliing out one, then two,
and so on as alrcady explained.

As it would be too tedious to enter into a com-
plete analvsis of this game, we shall only observe,
that according to Moutmort, if A holds only two
cards, the prebebility of his winning is 1; it he has
three, it is 2 ; if four, it is & ; and m the last place,

if he has 13, it is 2- === 13 so that, to play an
equal game, A oughi to Let somewhat less than 11

to 0. . o
- PROBLEM VI.

A and B playing at piquet ; A is first in hand, and
- bas no ace : what provability is there that he will get
one, or two, or thrce, or four?

Itis well known that at this game 12 cards-are
dealt to each of the players, and that 8 remain in
the pack, of which the first takes 5, and the last
3. This being premised, it will be found that A’s
chance to have any oncace is . . . . . =5
tohavetwo . . . . . . .+ . . .. 3
tohavethree . . . . . . . + .« .« « 5%

+ tohavefour . . . . . . . o0 o 5
the sum of all these is 75°, which is equal to 2.

Hence it follows, that the probability of his hav-

ing an ace among the five cards he has to take in,

' el
Scleo

A3
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282

is 223, the difference between which numbersis 71,
so that one may bet 252 to 71 that A will take in-
some of the aces. But let us suppose that A is last
in hand ; in that case it is required how much he
may bet that he will have at least one ace among his
three cards ? '

The probability of A havmg an ace among his
three cardsis . . . . . .

20

. A —1—9 or 283

of having twoitis ... . . . . . . &
. 1

of having three . . PUEEEACIEIE b

the sum of all which is 1! or 3

Consequently, the probdblhty that hc will have
either one, or two, or three indeterminately, is 3
A may therefore take an equal bet with advantage,
that he will have one of the aces, for the.ratio of

the stakes wox.ld be 29 to 28.
PROBLEM VII. .

At the game of whist, what prabab:liiy is there, that
the four bonours will not be in the hands of any two
partners? .

Dt MoivrE, in his Doctrine of Chances, shews
that the chance is nearly 27 to 2 that the partners,
one of whom deals, will not have the four honours.

That it is about 23 to 1 that the other two part-
ners will not have them.

That it is nearly 8 to 1 that they will not be
found on any one side.

That one may bet about 13 to 7, without disad-
vantage, that the partners who are firstin hand will
not count honours.

That about 20 to 7 may be bétted, that the other
two will not-count them.
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- And, in the last place, that it is 25 to 16, that
one of the two sides will count honours, or that
they will not be equally divided.

PROBLEM VIIIL

Of the game of the American Sav wages.

WE are told by Baron de la Hontan, in his Isy-
ages en Canada, that the Incians play at the follow-
ing game : they have 8 nuts, black on the one side
and white on the other ; these they throw into the
air, and if it happens, when they fall to the ground,
that the black are odd, the player wins the stake ;
if they ‘are all black, or all white, he wins the
double ; but if there are an equal number of each,
he loses.
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