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ADVERTISEMENT
BY THE EDITOR. -

THE Recreations, Mathematical and Philosophical, of
M. Ozanam, have always been justly esteemed the most
ratiopal and complete of all that have ever been composed
in any country ; having gone through numerous editions,
and been translated into various languages, even in their
rudest state and form. ‘ o

Many things, however, in the original work required

"much alteration and improvement, in corrections, altera-

tions, and additions, to adapt it to the actual improved
state.of the liberal sciences. Accordingly, this task has
.been very ably performed by M. Montucla, the very
"learned author of the celebrated History of the Mathe-
matics, who has just published a new edition of those Re-
creations, in four large volumes, embellished with a great
number of elegant copper plates. Under his hand the
work assumes a quite different form and appearance, hav-
ing been wholly new cast and composed, the puerilities
and improprieties. expunged, the materials properly ar-
ranged, and the whole greatly enlarged, with the new
sciences and the numerous improvements that have been
made for nearly the last 200 years, since Ozanam first
compiled his original work. So that the whole appears
now rather as a new work, of the present times, than a
new edition of the old one. . The circumstances of which
are particularly described in M. Montucla’s own preface.

The excellence of Montucla’s work, then, has induced
me to render it still more useful to the English reader, by
the present translation ; which is also further augmented
by the addition of many notes, remarks, and dissertations,
relating to several particulars which have been omitted

YOL. 1. , a
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even by Montucla himself ; which the reader will find dis-
persed through all the volumes and all the parts of this
work ; a work in which will be found an easy and familiar
account of every thing the most amusing and curious in
all the branches of the mathematical and philosophical
sciences : Thus, in Arithmetic ; we have the different sys-
tems and kinds of arithmetic ; short and eurious ways of
computing ; arithmetical machines and Napier’s rods;
palpable arithmetic ; curious properties of numbers, per-
fect, amicable, prime, squares, cubes, &c, figurate, trian-
gular,. &c, pyramidal, progressions, musical; combina-
tions, probabilities, chances, sports and pastimes, divina-
tions or guesses, cards, dice, magic squares and eircles ;
Political arithmetic, proportion of the males to the females,
the numbers of persons of all ages, proportion of births to
the number of persons and families, &c, &c, &c.—In
Geometry, the various properties, constructions, transform-
ations, and measures of geometrical figures; as triangles,
squares, parallelograms, trapeziums, polygons, circles,
lunes, ellipses, spheres, &c; quadrature and rectification
of the circle ; geometrical problems, both on paper and
on the ground; select and new geometrical theorems,
more extensive and general than formerly; the most ad-
vantageous form and position of the cells in honey comb,
&c.—In Mechanics, curious and interesting prob]ems,
properties and machines ; history of the attempts at the
perpetual motion, and of celebrated machines, both an-
cient and modern ; water-wheels, steam-engines, &c.~In
’ Optlcs, the new and important discoveries, both micro-
scoplcal and others.—In Acoustics, Pneumatics, and Music,
the formation and propagation of sounds ; echoes, pneu-
matic engines, ancient and modern music, effects of har-
mony, description of musical instruments, &c.—In Astro-
nomy and Geography, finding meridian lines, latitude, lon-
gitude, time, climates, measures of degrees, figure and
magnitude of the earth, maps, the stars, planets, sun,
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moon, comets, eclipses, constellations, system of the uni-
verse, chronology, calendars, epochs, &c.—On Gnomonics
or Dialling, all kinds of curious dials, both on plane and
curved surfaces.—In Navigation, the governing and ma-
neeuvring of ships, finding the latitude and longitude at
sea, history of the longitude, &c.—In Architecture, the
construction of walls, vaults, arches, bridges, domes, &c.
—In Pyrotechny, the mixture of powder and composi-
tions, for muskets, cannon, all kinds of fire-works, stars,
rockets, serpents, marroons, jets, wheels, suns, fire that
burns under watar, &c.—In Chemistry, Philosophy, &c.
of fire, air, water, earth, thunder, winds, hydraulics, hydro-
statics, barometers, thermometers, hygrometers, air-pumps,
water-pumps, syphons, fountains, odours, light, heat,
cold, ice, magnets natural and artificial, electric fire,
lightening, metals, earths, salts, phosphorus, sympathetic
inks, metallic vegetations, perpetual lamps, palingenesy,
&ec, &c. The particulars of all which are stated at length
in the table of contents at the beginning of each volume ;
besides the more ample account of the whole work, in the
preface inserted in the first part, by Montucla, the learned
editor of the new French edition.

Royal Mil. Acad. :
Woolvgxych, Oct. 20, l801.§ CHA. HU'I'I'ON.
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SOME ACCOUNT

OF THE
LIFE AND WRITINGS

oF

MONTUCLA.

JOHN STEPHEN MONTUCLA, member of the Na-
tional Institute, and of the academy of Berlin, censor royal
for mathematical books, and author of this new-.modelled
and enlarged edition of the Mathematical Recreations of -
Ozanam, was born at Lyons, the 5th of September 1725,
His father was a banker, by whom he was intended for
the same profession; but the science of calculations, to
which he was early introduced, soon produced a discovery
of the natural bent of his mind. In the Jesuits college at
Lyons he laid a good foundation in the ancient languages,
as well as in the mathematical sciences, which enabled
him afterwards easily to acquire a competent acquaintance
with the Italian, the German, the Dutch, and the English,
which he not only read, but also spoke very. well.

At 16 years of age Montucla lost his father; and his
grandmother, who had been left guardian of his education,
died 4 years after. Having finished his studies at Lyons,
he went to Toulouse to study the law, a branch of study
deemed necessary in the liberal education of every person
not destined for the profession of arms,

From hence he repaired to Paris, to enjoy in that capital
all the benefits it afforded to the studious, in the lessons
of the best masters, in the rich collections of the produc.
tions of nature and art, in the best libraries of hooks, and
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in the united societies of the literati, such as Diderot,
Dalembert, Degua, Lalande, Blondel, Cochin, Courtou,
le Blond, &c, among whom he found friends for the rest
of his life, and which fixed and determined his choice and
pursuit of the mathematical and philosophical sciences, in
which he afterwards distinguished himself in so eminent a
degree. It was only in relaxing and unbending his mind,
from such severe exercises, that he could sometimes
occupy himself privately on subjects of less magnitude:
such as when he in a manner made an entire new book of
Ozanam’s Mathematical Recreations, by the multitude of
articles added, abridged, or substituted : on which occasion
he had so closely concealed from every person the secret
of his concern in that neat and improved edition, that the:
work was actually sent to him to gxamine and authorize’
in his capacity of public censor for mathematical books,an
honorary office to which he had some time before been
appointed. To the last edition of these Recreations how-
ever, from whence these four volumes have been trans-
lated, he set the initials of his name.

Many other pieces were in the like anonymous manner
composed by Montucla ; among which may be here noticed
an ingenious and learned History of Researches relating to
the 2uadrature of the Circle, published in 1754 ;.a work
very interesting, on account of the number of speculators
who have gone astray after that seducing phantom, and
of the curious properties which the researches have given
rise to.

On occasion of intreducing into France, in 17156, the
practice of inoculation, which had been brought to Eng-
land in 1721, by lady Montague, o her return from Con-
stantinople, Montucla made a translation from the En.
glish of the principal writings on that subject, which he
atided to the Memoire of la Condamine, ’

In the year 1758, came out Montucla’s grand work, the
History of Mathematics, in 2 large volumes in quarto: a
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work of profound reading and learning, and upon which,
young as he was, he had spent a great many years of his
life. This performance, of immense labour and erudition,
published at 33 years of his age, justly procured to the
author a most distinguished place in the learned world.
This history, so truly admirable, whether we consider the
extreme clearness and precision with which the subjects
are treated, or the profound learning it exhibits, having
been long out of print, the author’s employment under
the government, as first commissary of the king’s build-
ings, for many years prevented him from fully yielding to
the solicitations of his learned friends, to continue the
work through the 18th century, in a new and enlarged
edition. But the unfortunate loss of his fortune and em-
ployment, by the late revolution in France, left him but
too much leisure for that purpose. The consequence,
happy in this instance for the sciences, has been a new
edition in 4 large volumes; in which the history is con-
tinued down to the end of the 18th century, and the for-
mer parts also very much enlarged and corrected.

In 1755, Montucla was elected an associated member of
the academy at Berlin. And in 1761 he was placed at
Grenoble as secretary to the office of intendance, where
he united in a happy marriage with Maria Frangoise Ro-
mand, who was still living at his death.

The duke de Choiseul having ordered, in 1764, a colony
to be formed at Cayenne, Montucla went out there as first
secretary to the commission, to which appointment was
joined also that of astronomer royal. The affairs of the
colony net provmg successful, after 15 months Montucla
returned again to Grenoble, brmgmg with him many use-
ful observations and specimens in botany and natural his-
tory, which proved beneficial both to the sciences and to
the public at large. This voyage also furnished him with
those curious observations on the shining of the sea in
many places, and of various luminous insects, which are
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inserted near the end of the 4th volume of these Re-
creations.

Soon after his return, Montucla was appointed at Ver-
sailles to the honourable and profitable office of first com-
missioner of the royal and public buildings ; an employ--
ment which he executed with great ability and usefulness
during more than 25 years, till the overthrow of the mo-
narchy put an end at once to his office, and the little for-
tune his regularity and ceconomy had enabled him to save,
throwing him again on the world, in his old age, naked
and stript of every thing exeept his integrity, and the love
and respect of his friends!

The modesty and integrity of Montucla were not less
remarkable than his erudition. He was offered a place in
the Academy of Sciences of Paris; which through deli-
cacy he refused, as he felt he should not have leisure suf-
ficient properly to attend to the duties of it. The por-
tions of time which others would give to their pleasures,
or amusements in their families, he always devoted to the
details of the duties of his office, or to his studies. The
translation from the English, of Carver’s Travels in North
America, was the sole monument of his pen, during that
long interval. And even this was produced properly in
the faithful discharge of the public duties with which he -
was charged. Being particularly entrusted by the govern-
ment with the correspondence relating to the voyages
which it ordered, he made it his duty and care to collect
all the accounts he could find relating to such enterprizes
by other countries. With this view, at first only amusing
his family with the reading of Carver’s travels, finding it
entertaining and instructive, he completed and published
the whole translation. ,

Montuela was named a member of the National Institute
from the time of its commencement. And the govern-
ment of 1795 employed him in examining and analyzing
the treatises deposited in the national archives. He was
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named professor of mathematics of the central school at
Paris; but the bad state of his health would not permit
him to accept it; and the Department honoured him with
3 place in the jury of central instruction. But a place in
the office for the national lottery was the only resource for
his family during two years; a pension of 2400 francs
(1001), given him by the minister Neufchateau on the
death of Saussure, and which he enjoyed only four months
before his decease, which happened the 18th of December
1799. It was chiefly occasioned, as it often happens to
literary and sedentary men, by a retention of urine: leav-
ing a widow, as also a daughter, married in 1783, and
a son employed in the office of the minister for the in-
terior.

Montucla was one of the many considerable mathe-
maticians of the 18th century ; being well acquainted with
all the branches and improvements in those abstruse sci-
ences. His taste however, always chaste and clear, led
him to prefer the pure and luminous methods of the an-
cient mathematicians, and to blame, in the French and the
Germans, the great neglect of the same principles, which
they showed on all occasions by their preference of the
mere modern analysis.

In the qualities of his heart too Montucla was truly esti-
mable : remarkably modest in his manner and deportment;
benevolent far beyond the means of his small fortune : of
a very respectable personal appearance; he spoke with
€ase and precision, but unassuming and with simplicity;
related anecdotes and stories in a pleasant and playful
manner ; and breathing, in all his conduct and deport-
ment, the sweetness of virtue, and the delicacy of a fine
taste. ' ~ '



oN THE
LIFE AND WRITINGS
or
OZANAM,
7 THE‘FIRST AUTHOR OF THESE

MATHEMATICAL RECREATIONS.

\

JAMES OZANAM, whose fame is established'as an
eminent Mathematician, was born at Boligneux in Bressia,
in the year 1640: he was descended from a family of
Jewish extraction, but which had long been converts to
the Romish faith, and some of whom had held consi-
derable places in the parliaments of Provence. Being a
younger son, though of an opulent family, it was thought
proper to educate him for the church, that he might be
qualified for some small benefices belonging to the family:
he accordingly studied divinity four years, but this was
purely in obedience to the will of his father, on whose
death he relinquished his theological pursuits, and, follow-
ing his natural inclinations, devoted himself to the study
of the mathematics. Having considerable genius, as well
as much industry, he made very great progress, though
unassisted by a master, and at the juvenile age of 15 years
he wrote a mathematical treatise. .

While very young he removed to Lyons, and for a
maintenance, taught the mathematics, with tolerable suc-
cess : but his generosity soon procured him a better re-
sidence. Among his pupils were two foreigners, who,
being disappointed of some bills of exchange for a journey
to Paris, mentioned the circumstance to him: finding that
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50 pistoles were necessary to enable them to accomplish
their purpose, he immediately supplied them with the
money, even without their note for it. On their arrival at
Paris, they mentioned this generous action to M. Dugus-
seau, father of the chancellor; who being struck with
this trait in his character, engaged these young gentle-
men to invite Ozanam to Paris, with a vromise of his
favour. He embraced this opportunity with eagerness,
and, at Paris, the employment of giving instructions in
mathematics soon brought him in a considerable income ;
though his business, however, procured him plenty of
money, he saved none ; for, being addicted both to gaming
and gallantry, these continually drained his purse. After
a few years of dissipation and expense he began to wish .
for domestic enjoyments, and soon entered into the con-
nubial state with a young woman, who, though she brought
him no fortune, was formed to give him happiness, being
discreet, modest, virtuous, and of a sweet disposition. From
the period of his marriage, he long enjoyed much comfort,
and, besides attending to his business as a mathematical
master, he wrote a great number of useful works. Among
these we cannot help mentioning his Treatise on Lines of
the first Order, and on the Construction of Equations,
published in 1687: the Mathematical Dictionary, pub-
lished in 1690: the Course of Mathematics, 5 volumes
octavo, published in 1693: the Mathematical and Philo-
sophical Recreations, first published in 1694, in 2 vols.
8vo: and the Elements of Algebra, in 2 vols. §vo. pub-
lished in 1702. . ,

Our author had 12 children, but had the pain of losing
most of them while young: and, to complete his bereave-
ments, his wife died, in 1701, which last stroke made
him truly unhappy. About this period too the war break-
ing out, on account of the Spanish succession, it de-
prived him of most of his pupils, who, being foreigners,
were obliged to leave Paris. This concurrence of painful
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circumstances reduced him to a very melancholy state;
from which he had merely a temporary relief, in conse-
quence of his being admitted an eleve of the Royal Aca-
demy of Sciences; but he never recovered his wonted
health and spirits ; so that, though he lingered through a
few dull years, with a strong presentiment of his approach-
ing dissolution, he might rather be said to exist than to
live, until the year 1717, when he was seized with an
apoplexy, which terminated his existence on the third of
April, at 77 years of age.

Ozanam possessed a mild and calm disposition, a cheer-
ful and pleasant temper, an inventive genius, and a gene-
- rosity almost unparalleled. After marriage his conduct
was irreproachable: and, at the same time that he was
sincerely pious, he had a great aversion to disputes about
theology. On this subject he used to say, that it was the
business of the Sorbonne doctors to discuss, of the Pope
to decide, and of a Mathematician to go straight to heaven
n a perpendicular line.
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"PHILOSOPHICAL

RECREATIONS.

PART FIRST.

‘Containing the most curious Problems, and most interesting
- Truths, in regard to Arithmetic.

ARITHMETIC and geometry, according to Plato, are
thetwo wings of the mathematician. The objectindeed of all
mathematical questions, is to determine the ratios of num-
bers, or of magnitudes; and it may even be said, to con-
tinue the comparison of the ancient philosopher, that
arithmetic is the mathematician’s right wing; for it is an
incontestable truth, that geometrical determinations would,
for the most part, present nothing satisfactory to the mind,
if the ratios thus determined could not be reduced to
numerical ratios. This justifies the common practice,
which we shall here follow, of beginning with arithmetic.
- This science affords a wide field for speculation and
curious research; but in the collection which we here pres
semt to the reader, we have confined ourselves to what is
best calculated to excite the curiosity of those who have a
taste for mathematical pursnits. :
VOL, I G 7 (/ o
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2 DIFFERENT KINDS

CHAPTER 1.

Of our Numerical System, and the different Kinds of
Arithmetic.

. IT bas been generally remarked, that all, or most of the
nations with which we are acquainted, reckon by periods
of ten; that is to say, after having counted the units from
1 to 10, they begin and add units to the ten; having at-
tained to two tens or 20, they continue to add units as far
as 30, or three tens; and so on in succession, till they
come to ten tens, or a hundred ; of ten times a hundred
they form a thousand, and so on. Did this arise from
necessity; was it occasioned by any physical cause; or
was it merely the effect of chance?
No person, after the least reflection on this unanimous
agreement, will entertain any idea of its being the effect
of chance, It is not only probable, but might almost be
- proved, that this system derives its origin from our physical
conformation. All men have ten fingers; a very few ex-
cepted, who, by some lusus pature, have twelve. The
first men began to reckon on their fingers. When they
had exhausted them by reckoning the units, it was neces.
sary that they sheould form a first total, and again begin to
reckon the same fingers, till they exhausted them a seeond
time ; and so on in succession. Hence the origin of tens,
which being confined, like the units, to the number of the
fingers, could not be carried beyond it, without forming a .
new total, called a hundred; then another called a-thou.
sand,. and so on. . v v

. From these observations, a curious consequence may be
drawn. If nature, instead of ten fingers, had given us
twelve, our system of numeration would have been differ~
ent. After 10, instead of saying ten plus one or eleven,
ten plus two or twelve, we should have ascended by simple
denominations to twelve, and should then have counted
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twelve plus one, twelve plus two, &c, as far as two dozens;
our hundred would have been twelve dozens, &c. A six-
fingered people would certainly have had an arithmetic of
this kind, which indeed would have sufficiently answered
every arithmetical purpose, or rather would have been
attended with various advantages, which our numerical
system does not possess.

- In conseguence of an idea of -this kind, philosophers
have been induced to examine the properties of other
numerical systems, The celebrated Leibnitz proposed
one, in which only two characters, 1 and 0, were to be
employed. In this system of arithmetic, the addition of
an 0 multiplied every thing by two, as it does by ten in
common arithmetic, and the numbers were expressed as
follows:

. One . . . . . . . S |
Two . . . . . . 1Q
Three . - o e 4 . 3!

- Four - . - . . . 100
Five . . . . . . . 101

-Six . . . . . v o 110

.. Seven e e e e 111

Eight : . . . . . . . 1009
- Nine e e e e e 1001
Ten . . . . . . 10109
Eleven . . . . 101}
Twelve . o e e e e e . 1100
Thirteen . . . . o w4 e 1101
Fourteen . . . . . . . 111Q

. Fifteen . . e . « e . 111}

Sixteen . e . . . « e 1000Q
- Thirty-two ., e« « <« o « 100000

. Sixty-four . . . . . 1000009

Two thousand three hundred and seventye-
nine . . . .« . 10010100101;

B2
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As Leibnitz found in the above mode of expressing
numbers some peculiar advantages, he published, in the
Memoirs of the Academy of Sciences at Berlin, rules for
performing, in this kind of arithmetic, the usual opera-
tions of common arithmetic. But it may be readily per-
ceived, that this new system, if introduced into practice,
would be attended with the inconvenience of requiring too
many figures: twenty would be: necessary to express a
number equal to about a million.

One curious circumstance, in regard to this bmary
arithmetic, must not be here omitted. It serves to ex-
plain, as some pretend, a Chinese symbol, which has oc-
casioned great embarrassment to the learned who have
applied to the study of the Chinese antiquities. This
symbol, which is highly revered by the Chinese, who
ascribe it to their ancient emperor Fohi, consists of certain
-characters formed by the different combinations of a small
whole line and a broken one. Father Bouset, a celebrated
Jesuit, who resided some time in China as a missionary,
baving heard of Leibnitz’s ideas, observed, that if the
whole line were supposed to represent our 1, and the
broken line our 0, these characters would be nothing else
than a series of numbers expressed by binary arithmetic.
It is very singular, that a Chinese enigma should find its
(Edipus only in Europe ; but perbaps in this explana.tlon
there is more of ingenuity than truth.

If the binary arithmetic of Leibnitz is entitled to no
farther notice, than te be classed among the curious arith-
metical speculations, the case however is not the same
with duodenary arithmetic, or that kind which, as already
observed, would have been brought into use had men been
born with twelve fingers. - This arithmetic would indeed
bave been as expeditious as the arithmetic now employed,
and even somewhat more so; the pumber of the chara-

. ters, which would have reeeived an increase only of two,
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to express ten and eleven, would have been as little
‘burthensome to the memory as the present characters, and
would have been attended with advantages which ought
to make us regret that this system Was not orginally
adopted

It is not improbable, however, that the duodenary
system would have been preferred had philosopby presided
at the invention; for it would have been readily seen that
twelve, of all the numbers from 1 to 20, is that which pos-
sesses the advantage of being small, and of having the
greatest number of divisors; for there are no less than four
divisors by which it can be divided without a fraction, viz,
2, 8,4 and 6. The number 18 indeed has four divisors
also; but being larger than 12, the latter deserves to be
preferred for measuring the periods of numeration. The
first of these periods, from one to twelve, would have had
the advantage of being divisibleby 2, 3,4, 6 ; and the second,
from one to 144, by 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 36, 48,
72; whereas, in our system the first period, from one to
10, has only two divisors, 2 and 5; and the second, from
one to a hundred, has only 2, 4, 5, 10, 20, 25, 50. It is~
evident therefore, that fractions would less frequently have
occurred in the designation of numbers in that way, namely
by twelves. -

But what would have been most convenient in this mode
of numeration, is that, in the divisions and sub-divisions of
measures, it would have introduced a duodecimal progres-
sion. Thus, as the foot has by chance been divided into
12 inches, the inch into 12 lines, and the line into 12
points ; the pound would have been divided into 12 ounces,
the ounce into 12 drams, and the dram into 12 grains, or
parts of any other denominations; the day would have
been divided into 12 equal portions called hours, the hour
into 12 other parts, each equal to 10 minutes, each of these
parts into 12 ‘others; and so on successively. The case
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would have been the same in regard to measures’ of
capacity.

Should it be asked, what would be the advantages of
such a division? we mxght reply as follows. It is well .
known by daily experience, that when it is necessary to
divide any measure into 3, 4, or 6 parts, an integer num-
ber in the measures of a lower denomination cannot be
found, or at least only by chance. Thus, the third or the
6th of a pound averdupois does not give an exact number
of ounces; and the third of a pound sterling, does not give
an integer number of shillings. The case is the same in
regard to the bushel, and the greater part of the other
measures of capacity. These inconveniences, which ren«
der calculations exceedingly compiex, would not take
place if the duodecimal progression were every-where
followed.

. There is still another advantage whlch would result
from a combination of duodenary arithmetic, with - this
duodecimal progression. Any number of pounds, shil-
lings, and pence; of feet, inches, and lines, or of pounds;
‘ounces; &c, being given, they would be expressed as
whole numbers of the same kind usually are in com-
mon arithmetic. Thus, for example, supposing the fa-
thom to consist of 12 feet, as must necessarily be the case
in this system of numeration, if we had to express 9 fa-
thoms 5 feet, 3 inches and 8 lines, we should have no oc-
casion to write 9° 5f 3' 8', but merely 9538; and whenever
we had a similar number expressing any dimension in fa-
thoms, feet, inches, &c, the first figure on the right
would express lines, the second inches, the third feet, the
fourth fathoms, and the fifth dozens of fathoms, which
might be expressed by a simple denomination, for exam-
ple a perch, &c. In the last place, when it might be ne-
cessary to add, or subtract, or multiply, ot divide similar
quantities, we might operate as with. whole numbers, and
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the result would in like manner express, according to the
order of the figures, lines, inches, feet, &c..

It may easily be conceived how convenient this would

be in practice. On this account Stevin, a Dytch mathe-
~ imatician, proposed ta adapt the subdivisions of weights
and measures to our present system of numeration, by
making them decrease in decimal progression. According
to this plan, the fathom would have contained 10 feet, the
foot 10 inches, the inch 10 lines, &c. But he did not re-
flect on the inconvenience of depriving himself of the ad-
vantage of being able to divide his measures &c, by 8, 4
and 6, without a fraction, which is indeed of some im-
portance. :

It is evident that in the duodenary arithmetic, the nine
first. numbers might be expressed as usual, by the ning
known characters 1, 2, 3, &c; but as the period ought to
terminate only at.twelve,. it would be necessary to express
ten and eleven by simple characters, In this case we

 might choose ¢ to denote ten, and 3 to denote eleven,
and then it is evident that,, ~ /
10 would express twelve
11 . . . . thirteen

12 . . . . fourteen
18 . . . . fifteen

4 . . . . sixteen
15 . . . . seventeen
16 . . . . eighteen

17 . . . . nineteen

18 . . . . twenty

19 . . . . twenty-one
l¢ . . . . twenty-two
1% . . . . twenty-three
20 . . . . twenty-four
80 . . ., . thirty-six
40 . . ., . forty-eight
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50 . . . . seventy-two .
100 . ..« . ahundred and forty-four
-200 . . . . two hundred and eighty-eight -
300 ‘. . . . four hundred and thirty-two
1000 . . . { one thousand seven hundred and

, twenty-eight

2000 . . . three thousand‘ four hundred and
, fifty-six :

10000 . . ) twenty ‘thousand seyen hnndred

- and thirtyssix

R two hundred and forty-exght thou-

10?&?000 vt { - sand eight hundred a.nd thuty-
two

Thus the number denoted by the figures ¢94-3 would be
elghteen thousand six hundred and twenty-seven;: for
$000 is eighteen thousand two hundred and eighty, 900
is one thousand two hundred and ninety-six, 40 is forty-
eight, and 3 is three, numbers whlch 1f added w1ll form
the above sum. -

It would be easy to form a set of rules for this new
arithmetic, similar to those of common arithmetic ; but as
it does not seem likely that this mode of calcnlation will
‘ever be brohght into general use, we shall confine our~
selves to what hes Ween already said on the subject, and
' on]y add, that we liave seen a book, printed in Germany,
in which the common ruyles of arithmetic were explained
in all the systems, the bihary, térnary, quaternary. and so
on, to the duodenary mchmvely
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CHAPTER IL

Of some Short Methods of performing Arithmetical
Operations.

&L
Method of Subtracting several Numbers from sevéral othey
given Numbers, without making partial Additions.

TO give the reader an idea of this operation, one ex-
ample will be sufficient. Let it be propoesed to subtract
all the sums below the line at B, from all those above it at
A. Add, in the usaal manner, all the lower figures of the
first column on the right, which will make 14, geo4q
and subtract their sum from the next highest 84564
number of tens, or 20.. Add the remainder 3252
6 to the corresponding column above at A, 26848
and the sum total will be 23.. Write down 2942}B

A

3 at the bottom, and because there were here
two tens, as before, there is nothing to be
reserved or carried. Add, in like manner,

the figures of the second lower column, which will amount
to 9, and this sum taken from 10 will leave 1 ; add 1 there-
fore to the second column of the upper numbers, the sum
of which will be 20; write down 0 at the bottom, and be-
cause there were here two tens, while in the lower column
there was only-one, reserve the difference, and subtract it
from the next column of the numbers marked B before you
begin to add. . Tn the contrary case, that is to say, when
there are more tens in any one of the columns marked B
than in the corresponding column above it, the difference
must be added. In thelast place, when it happens that this
difference cannot be taken from the next column below,
~ for want of more significant figures, as is the case here in
the fifth column, we must add it to the upper one, and
write down the whole sum below the Jine. By proceeding

162003
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in this manner, we shall have, in the present instance,
162003 for the remainder of the subtraction required.

. §IL
Multiplication by the Fingers.

~ To multiply any two numbers, for example, 9 by 83

first take the difference between 9 and 10, which is 1, and
having raised up the ten fingers of both hands, bend down
1 finger of one hand, for example the left. Then take the
difference between 8 and 10 also, which is 2, and bend
down 2 fingers of the right hand.

Count the fingers still raised up, which in this case are
7, and the sum will be the number of tens in the product.
Multiply the number of the fingers bent down of one hand,
by that of the fingers bent down of the other, and the re-
sult will be the number of units in the product. By this
operation it will be found, in the present instance, that9
multiplied by 8 makes 72.

It may hence be seen, that in general, we must take tbe
difference between 10 and each of the given numbers; that
the product of these differences, denoted by the fingers
bent down of each hand, will give the units of the product,
and that the number of the fingers which remain raised ups
- will give that of the tens of the same product

It is evident however, that this operation is rather curi-
ous than useful ; for no numbers but such as are less than
ten can be multiplied in this manner, and every person al-
most can tell these first products from memory alone, other-
wise they could not perform any complex multlphcatxon
atall. .

§ 1L
Some Short Methods of performing Multiplication and

Division. .
1. EvERY one, in the least acquamted with anthmetlc,
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knows, that to multiply any number by 10, nothing is ne-
- cessary but to add to it a cipher; that to multiply by 100,
two ciphers must be added ; and so on.

Hence it follows, that to multiply by 5, we have only to
suppose a cipher added to the number, and then to divide
it by 2. Thus, if it were required to multiply 127 by 5;
suppose & cipher added to the former, which will give
1270, and then divide by 2: the quotient 635 will be the
product required.

- In like manner, to multiply any number by 25, we must
suppose it multiplied by 100, or increased by two ciphers,
and -then divide by 4. Thus, 127 multiplied by 25, will
give 8175. For 127 when increased by two ciphers makes
12700, which being divided by 4, produces 8175.

- According to the same principle, to multiply by 125, it
will be sufficient to add three ciphers to the multiplicand,
or to suppose them added, and then to divide by 8.- The
reason of these operations may be so readily concelved
that it is not necessary to explain it.

II. The multiplication of any number by 11 may be re-
duced to simple addition.  For it is evident that to multi-
ply a number by 11, is nothing else than to add the nume
ber to its decuple that is to say, to itself followed by a -
cipher. ‘

- Let the proposed number, for example be * . 67583
To multiply this pumber by eleven say 3and0 743413
make3; write down3inthe unitsplace;thenadd ~ - .
8 and-8, which make 11 ; write down 1 in the place of tens,
and carry 1; then 5and 8 and 1 carried make 14 ; write
down 4 in the third place, or that of hundreds, and carry
1. Continue in this manner, adding every ﬁgure to its
next following one, till the operation is ﬁmshed and the
product will be 74384183, as above.

The same number may be multiplied in like manner, by
111, if we first write down the 3, then the sum of 8 and 3,
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then that of 5, 8;.and 3, then that of 7, 5, and 8, and so on,
adding always three contiguous figures together. .

III. We shall only just further observe, that to multlply
any number by 9, simple subtraction maybe employed. Let
us take, for example, the same number as before, = 67583

608247
To multlply this number by 9, nothing is necessary but. to
suppose a cipher added to the end of it, and then to sub-
tract each figure from that which precedesit, beginning at
the right. Thus 3 from O or 10, leaves 7 ; 8 from 2 or 12,
leaves 4; and if we continue in this manner, taking care
to berrow 10 when the right-hand figure is too small to
admit of the preceding one being subtracted from it, we
shall find the product to be 608247. ,

The reason of these operations may be readily percelved
For it is evident, that in the first, we only add the number
itself to its decuple; and in the latter, we subtract it from
its decuple; but in order to form a clearer idea of the
matter, it may perhaps be worth while to perform the
operation at full length. :

Concise operations of a similar kind may be employed
in certain cases of division; as in dividing, for example, a
given number by any power whatever of 5. Thus, if it
were required to divide 128 by 5; we must double it,
which will give 256; if we then cut off the last figure,
which will be a.decimal, the quotient will be 25°6 or
25.5. To divide the same number by 25, we must qua-
druple it, which will give 512; and if we then cut off the
last two ﬁgures as decimals, we shall have for the quotient
5and £Z. To divide by 125, we must multiply the di-
vidend by 8, and cut off three ﬁgures. In like manner we
may divide a given number by any other power of 5; but
it must be confessed that such short methods of calculation
are attended with no great advantage.
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§ IV.

* Short Method of performing Multiplication and Division by
N Napier’s Rods or Bones.

WHEN large numbers are to be multiplied, it is evident
that the operation might be performed much readier, by
having a table previously formed of each number of the
multiplicand, when doubled, tripled, quadrupled, and so
on. Such a table indeed might be procured by simple
addition, since nothing would be necessary but to add any
number to 1tself and we should have the deuble; then to
add it to the double, and we should have the triple, &c
But unless the same figure should frequently recur in tho

multiplicand, this method would be more tedlous than that
which we wished to avoid.

The celebrated Napier, the sole ob_]ect of whose re-
searches seems to have been to shorten the operations of
arithmetic and trigonometry, and to whom we are in-
debted for the ingenious and ever-memorable invention of
logarithms, devised a method of forming a table of this
kind in a moment, by means of certain rods, which he has
described in his work entitled Rabdologia, printed at Edin-
burgh in 1617. The construction of them is as follows :

- Provide several slips of card or.ivory or metal rods,
about nine times as long as they are broad, and divide
each of them into 9 equal squares. (Plate 1. fig.1.) In-
scribe at the top, that is to say in the first square of each
slip or rod, one of the numbers of the natural series 1, ¢,
3, 4, &c, as far as 9 inclusively. - Then divide each of the
lower squares into two parts by a diagonal, drawn from
the upper angle on the right band to the lower one on the
left, and inscribe in each of these triangular divisionms,
proceeding downwards, the double, triple, quadruple, &c,
of the number inscribed at the top; taking care, when
the maltiple consists of only one figure, to place it in the
lower triangle, and when it consists of two, to place the
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units in the lower triangle, and the tens in the upper one,
as seen in the figure. It will be necessary to have one of
these slips or rods the squares of which are not divided by
a diggonal, but inscribed with the natural numbers from 1
to 9. This one is called the index rod. It will be proper
also to have several of these slips or rods for each figure. -
. The rods being prepared as above, let us suppose that
i is required to multiply the number 6785899. Arrange
the seven rods inscribed at the top with the figures 6785399,
close to each other, and apply to them on the left hand
the index rod, or that inscribed with the single figures
(see Pl. I. fig. 2.); by which means we shall bave a table
of all the multiples of each figure in the multiplicand;
and scarcely any thing more will be necessary, but to
transcribe them. Thus, for example, to multiply the
above number by 63 looking for 6 on the index rod, and
opposite to it in the first square, on the right hand we
find 54 ; writing down the 4 found in the lower triangle,
and addmg the 5 ip the upper one to the 4 in the lower
triangle of the next square on the ]eft, which makes 9;
write down the 9, and then add the 5 in the upper triangle
in the same square to the 8 in the lower triangle of the
next one; and proceed in this manner, taking care to
carry as in common addition, and we shall find the result
to be 40712394, or the product of 6785899 multiplied by 6.

Compound multiplication, or by several figures, may be
performed in the same manner, and with equal facility.
Let us suppose, for example, that the same number is to,
be multiplied by 839988. Write down 6785399

the multiplicand, and the multiplier be- 839938
low it in the usual manner ; and as the 54283192
- 20356197

.ﬁrs.t figure of the multiplier is 8, l?ok for 61068881
it in the indexrod, and by adding the  ¢,063501 -
different figures in the triangles of the 20356197 -
horizontal column opposite to it, the 54283192
‘sum will be found to be 54283192, or the 5699814465262
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product of the above number by 8, which must be written
down, Then find the sum of the figures in the horizontal
column opposite to 8, and write the sum down as before;
but carrying it one place farther to the left. Continue in
this manner till you have gone through all the figures of
the multiplier, and if the several partial products be then
added as usual, you will have the total product, as above
expressed.

A similar artifice may be employed to shorten dmsnon,
especially when large sums are to be often divided by the
same divisor. Thus, for example, if the number 1492992
is to be divided by 432, .and if the same divisor must fre.
quently occur, construct, in the manner above described, a
table of the multiples of 482, which will scarcely require
any farther trouble than that of transcribing the numbers,
" as may be seen here on the left.

1.. 432 1492992 (3456
2... 864 1296 ,
8 ... 1296 1969
4 ... 1728 © 178
clgsee 2D
7 . 3024 2160

- 8 .. 3456 2592
9'..' 388’ 2592
v 0000

When this is done, it may be readily perceived, that
since 432 is not contained in the first three figures of the
dividend, some multiple of it must be contained in the first
four figures, viz. 1492. To find this multiple, you need
only cast your eye on the table, to observe that the next
less multiple of 432 is 1296, which stands opposite to 3;
write down 3 therefore in the quotient, and 1296 under
1492, then subtract the former from the ‘latter, and there
will remain 196, to which if you bring down the next figure
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of the dividend, the result will be 1969. By casting your
eye again on the table, you will find that 1728, which
stands opposite to 4, is the greatest multiple of 432 con-
tained in 1969 ; write down 4 therefore in the quotient,
and subtract as before. By continuing the operation in
this manner, it will be found that the following figures of
the quotient are 5 and 6; and as the last multiple leaves
no remainder, the dmsxon is perfect and complete.

Remark. .

Mathematicians have not confined themselves to endea-
vouring to simplify the operations of arithmetic by such
means: they have attempted something more, and have
tried to reduce them to mere mechanical operations. The
‘celebrated Pascal was the first who invented a machine
for this purpose, a descriptidh of which may be seen in the
fourth volume of the Recuei! des Machines preséntées @
P Academie. Sir Samuel Morland, without knowing per-
haps what Pascal had done in this respect, published, in
16173, an account of two arithmetical machines, which he
invented, one of them for addition and subtraction, and the
other for multiplication, but without explaining their in-
ternal construction. ~The same object engaged the atten-
tion of the celebrated Leibnitz, about the same time ; and
afterwards that of the marquls ‘Poleni. A description of
their machines may be seen in the Theatrum Arithmeticum
of Leupold, printed in 1727, together with that of a ma-
chine invented’ by Leupold himself, and also in the Miscel,
Berol. for 1709. We have likewise the Adbague rabdolo-
&que of Perrault, in the collection of bis machines published
in 1700. It serves for addition, subtraction, and multipli-
cation. The Recueil des Machines présentées a U Academie
Royale des Sciences contains also an arithmetical machine,
by Lespine, and three by Boistissandeau. Finally, Mr.
Gersten, professor of mathematics at Giessen, transmitted,
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in the year 1735, to the Royal Society of London, a minute
description of a machine of the same kind, invented by-
himself. We shall not enlarge farther on this subject, but -
. proceed to give an account, which we hope will be ac-
ceptable to the curious reader, of an ingenious method of
performing the operations of arithmetic, invented by Mr.
Saunderson, a celebrated mathematician, who was blind
from his infancy.

§ V.

Palpable Arithmetic, or a method of performing arithme-
tical operations, which may be practised by the blind, or in
the dark.

WHAT is here announced may, on the first view, appear
to be a paradox ; but it is certain that this method of per-
forming arithmetical operations was practised by the cele-
brated Dr. Saunderson, who, though he had lost his sight
when a child of a year old, made so great progress in the
mathematics, as to be able to fill a professor’s chair in the
university of Cambridge. The apparatus he employed to
supply the deficiency of sight, was as follows.

Let the square ABcp (Pl. 3 fig. 2.) be divided into four
other squares, by two lines parallel to the sides, and inter-
secting each other in the centre. These two lines form
with the sides of the square four points of intersection, and
these added to the four angles of the primitive square, give
altogether, with the centre, nine points. If a hole be made

.in each of these points, into which a pin or peg can be
fixed, it is'evident that there will be nine distinct places
- for the nine simple and significant figures of our arithme-
tical system, and nothing further will be necessary but to
establish some order in which these points or places, des-
tined to receive a moveable peg, ought to be counted. To
mark 1, it may be placed in the centre; to express 2, it
VOL. I. ' c

-
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may be placed immediately above the centre ; to express
3, at the upper angle on the right ; and so on in succession, -
round the sides of the square, as marked by the numbers
opposite to each point. Pl 8 fig. 1.

But there is still another character to be expressed, viz.
the 0, which in our arithmetic is of very great importance.
This character might be expressed in a manner exceed-
ingly simple, by leavmg the holes empty-; but S8aunderson
preferred placing in the middle one a large-headed pin,
unless when having unity to express, he was obliged to
substitute in its stead a small-headed pin. By these means
he obtained the advantage of being better able to direct
his hands, and to distinguish with more ease, by the rela-
* tive position of the small-headed pins, in regard to the
large one in the centre, what the former expressed. This
method therefore ought to be adopted ; for Saunderson
no doubt made choice of those means which were most
significant to his fingers.

As the reader has here seen with what ease a simple
number may be expressed in this manner, we shall now
show that a compound number may be expressed with
equal facility. If we suppose several squares to be
constructed like the preceding, ranged in.a line, and
separated from each other by small intervals, that they
may be better distinguished by the touch, any person ac-
quainted with common arithmetic may perceive, that the
first square on the right will serve to express units; the
next towards the left, to express tens; the third to ex-
press hundreds, &c. Thus the five squares, with the pegs
arranged as represented PL 3 fig. 4, will express the number
54023.

If you therefore provide a board, or table, divided into
" several horizontal bands, on each of which are placed seven
or eight similar squares, according to circumstances; if
these bands be separated by proper intervals, that they -
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may be better distinguished ; and if all the squares of the
same order, in each of the bands, be so arranged, as to
correspond to each other in a perpendicular direction;
you may perform, by means of this machine, all the differ-
ent operations of arithmetic. The reader will find, Plate 3
fig. 4, a representation of the method of adding four num-
bers, and expressing their sum by a machine of this kind.

Saunderson employed this ingenious machine, not only
for arithmetical operations, but also for representing geo-
metrical figures, by arranging his pins in a certain order,
and extending threads from the one to the other. But
what has been said is sufficient on this subject ; those per-
sons who are desirous of farther information respecting it,
may consult Saunderson’s Algebra, or the French trans-
lation of Wolf’s Elements Abridged, where this palpable
arithmetic is explained at full length, .

PROBLEM.

To multiply 11£. 11s. and 11d. by 11£. 11s. and 11d.

THis problem was once proposed by a sworn account-
ant, tq a young man who had been recommended to him as
perfectly well acquainted with arithmetic. © And indeed,
besides the difficulty which results from the multiplication
of quantities of different kinds, and from their reduction,
it is well calculated to try the ingenuity of an arithme-
tician. But it is not improbable that the proposer would
have been embarrassed by the following simple question:
what is the nature of the product of pounds shillings and
pence multiplied by pounds shillings and pence! We
know that the product of a yard by a yard represents a
square yard, because geometricians have agreed to give
that appellation to a square surface one yard in length and
‘one in breadth; and 6 yards multiplied by 4 yards make
24 square yards; for a rectangular superficies 6 yards in

c2
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length and 4 in breadth, contains 24 square yards, in the
same manner as the product of 4 by 6 contains 24 units.
But who can tell what the product of a penny by a penny
is, or of a penny by a pound?

The question considered in this point of view, is there—
fore absurd, though ordinary arithmeticians sometimes are
‘not sensible of it,

It may however be considered under different points of
view, which will render it susceptible of a solution. - The
first is to observe that a pound contains 20 shillings, or 240
pence ; sothat the problem may be reduced to the follow-
ing, in abstract numbers to multiply 11 plus 13 plus 4%
by 11 plus 1% plus ;2% ; and in this case, the product mll

"be 134 plus % p]us i plus 1 .

The second way of considering this question, is to ob-
serve that every product is the fourth term of a propor-
tion, the first term of which is unity, while the two quanti-
ties to be multiplied are the second and third terms. No-
thing-therefore is necessary but to fix that kind of unity

which ought to be the first term of the proportion.

We may say, for example, if a pound employed in any
way has produced 11.£.11s. and 11d. how much will 11.£.

-11s. and 11d. produce?! The product here will be the
same as above, viz. 134/ 9s. 8d.and A2, of a penny.

Bat this unit might be a shilling, for there is nothing to
prevent us from expressing the question in this manner :

+If a shilling produce 11.£. 11s. and 11d., how much ought
~11£. 115, and 11d. to produce? The product then would
be 26891. 5s. 4d. and % of a penny.

“In the last place, this unit might be a penny; a nd in
that case the product will be 322717, 4s. 1d.
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CHAPTER III.

Of certain Properties of Numbers.

WE do not here mean to examine those properties of
numbers which engaged so much the attention: of the
ancients, and in which they pretended to find so many
mysterious virtues. Every one, whose mind is not tinc-
tured with the spirit of credulity, must laugh to think of
the good canon of Cezene, Peter Bungus, collecting in a
large quarto volume entitled De Mysteriis Numerorum,
all the ridiculous ideas which Nichomachus, Ptolemy, Por-
phyry, and several more of the ancients, childishly propa-
gated respecting numbers. How could it enter the minds
of reasonable beings, to ascribe physical energy to things
entirely metaphysical? For numbers-are mere conceptions
of the mind, and consequently can have no influence in
nature.

‘None therefore but old women and people of weak
minds can believe in the virtues-of numbers. Some ima-
gine, that 1f thirteen persons sit down at the same table,
one of them will die in the course of the year; but there
is a much greater probability that one will die if the num-
ber be twenty-four. : :

Io,

'TaHE number 9 possesses this property, that the figures
" which compose its multiples; if added together, are always
a multiple of 9; so that by adding them, and rejecting 9
as often as the sum excceds that number, the remainder
will always be 0. This may be easily proved by trymg
- different multiples of 9, such as 18, 27, 36, &ec.

-This observation may be of utility to enable us to dls-
cover whether a given number be divisible by 9; for in all
cases, when the figures which express any number, on
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being added together, form 9, or one of its multiples, we
may be assured that the number is divisible by 9; and
consequently by 3 also. )

But this property does not exclusively beloncr to the
number 9; for the number 8 has a similar property. If -
the figures which express any multiple of 3 be added, we
shall find that their sum is-always a multiple of 3, and
when any proposed number is not such a multiple, what-
ever the sum of the figures by which it is expressed ex-
ceed a multiple of 8, will be the quantity to be deducted
from the number, in order that it may be divisible by 3
without a remainder.

We must not omit to take notice here, of a very inge-
nious observation of the author of the History of the Aca-
demy of Sciences, for the year 1726, which is, that if a sys-
tem of numeration different from that new in use bad been
adopted, that for example of duodecimal progression, the
number eleven, or, in general, that preceding the first
period, would have possessed the same property as the
number nine does in our present system of numeration.
By way of example let us take a multiple of eleven, as
nine hundred and fifty-seven, and let us express it accord- ~
ing to that system by the characters 7¢5: it will here be
seen that 7 and ¢ make seventeen, and 5 added makes
twenty-two, which is a multiple of eleven.

We shall not here attempt to demonstrate why this pro-
perty belongs to the last number but one, of the period
adopted for numeration, as it would lead us into analyti-
cal researches of too complex a nature.

In addition to the foregoing observations of the French
author, may be added the following remarks on the.same
subject, lately made by an ingenious English gentleman.
He first expresses all the products of 9 by the other figures,
in the following manner, and then enumerates the curious
properties. ' ‘
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9
1
9.9
2
18..148=9
+6=3
27..047=9
-+ s
36..346=9
, 5
64329 TR T
8 6
5.740= 6-:.—.6+4=g

81..841=9. 63..

The component figures of the product, made by the
multiplication of every digit into the number 9, when
added together, make NINE. .

The order of those component ﬁgures is reversed, after
the said numbey has been multiplied by 5.

The component fignres of the amount of the multipliers, .
(viz. 45), when added together make NINE.

'The amoynt of the several products, or multiples of 9
(viz. 405), when divided by 9, gives for a quotient, 45;
that is 44 5=NINE. .

The amount of the first product (viz. 9), when added
to the other products, whose respective component figures
make 9, is 81; which is the square of NINE.

The said number 81, when added to the above-men-
tioned amount of the several products, or multnples of 9
(viz. 405), makes 486; which, if divided by 9, gives for a
guotient 54; that is 5-44=NINER. .

It is also observable that the number of cbanges that
may be rung on nine bells, is 862880; which figures,
added together, make 27; that is, 2+7=NINR.
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And the quotient of 362880, divided by 9, is 403203

thatis 440 4+ 8 4 2 4 0 = NINE.
’ 1.

EVERY square number necessarily ends with one of
these five figures, 1, 4, 5, 6, 9; or with an even number
of ciphers preceded by one of these figures. This may be
easily proved, and is of great utility in enabling us to dis-
cover when a number is not a square ; for though a num-
ber may end as above mentioned, it is not always how- -
ever a perfect square; but, at any rate, when it does not
end in that manner, we are certain that it is not a square,
which may prevent useless labour. In regard-to cubic
numbers, they may end with any figure whatever; but if
they terminate with ciphers, they must be in nnmber either
three, or six, or nine, &c.

- If a square number terminate with a 4, the last figure
but one will be an even number: as in 64, and 144, and
97344, &c.’

If a square number terminate with 5, it will termmate
with 25 : or 625, or 1225, or 2025, &c. ’

If a square number terminate with an odd digit, the last
figure but one will be even; as in the squares 81, 529,
3721, 6889, &c. Butif it t’erminate'with any evén'digit,
except 4, the last figure but one will be odd as in these
squares, 36, 576, 1936, 13456, &c.

No square number can terminate with two equal dlglts, ‘
except two clphers, or two fours, as 100, 144, 40000,
4-4944, &ec.

A square number cannot terminate in three equal digits,
except they be three fours; as 213444. - Nor can it ter-
minate in more than three digits, unless they be ciphers;

as 90000,
III “ oL . . P

EveRry square number is divisible by 3, or becomes 0
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when diminished by unity. This may be easily tried on
any square number at pleasure.—Thus 4 less 1, 16 less 1,
25 less 1, 121 less 1, &c. are all divisible by 3; and the
case is the same with other square numbers.

Every square number is divisible also by 4, or becomes
so when diminished by unity. This may be proved with
the same ease as the former. )

Every square number is divisible likewise by 5, or be-
comes so when increased, or else diminished by unity.
Thus, for example, 86—1, 49+ 1, 6441, 81—1, &c. are
all divisible by 5.

Every odd square number is a multiple of 8 increased
by unity. We bave examples of this property in the
numbers 9, 25, 49, 81, &c; from which if 1 be deducted,
the remamders will be dmsxble by 8.

- If a square number be either multiplied or divided by a
square, the product or quotient will be a square.

If a number be not a complete square, its square root
cannot be expressed, either by an integer, or by a rational
fraction, either proper or 1mproper.

1V.

Every number is either a square, or divisible into two
or three or four squares. Thus 80 is equal to 25444 1;
S1=25+4+1+1; 33=16+16+1; 63_49+9+4+ 1, ox
=86+25+1+1. ‘

We shall here add, by antlcnpatlon, tbough we have not
yet informed the reader what trlangnlar, or pentagonal,
&Xc, numbers are, that

Every number is either tnangular, ar composed of two
or of three tnangular numbers, And that

Every number is either pentagonal, or composed of
two or three or four or ﬁve pentagonals, and so of the
rest. -

We shall add also, that every even square, after the first
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square 1, may be resolved at least into four equal squares;
and that every odd square may be resolved into three, if
not into two. Thus 81=3643649; 121=814-36+4;
169=144+425; 625=4004144+81.

V.

EvERY power of 5, or of 6, necessarily ends with 5 or
with 6. .

- VL

Ir we take any two numbers whatever ; then either one
of them, or their sum, or their difference, is necessarily
divisible by 3. Let the numbers assumed be 20 and 17
though neither of these numbers, nor their sum 37, is di-
visible by 3, yet their difference is, for it is 3.
~ It might easily be demonstrated, that this must necessa-
rily be the case, whatever be the numbers assumed.

' VIL

IF two numbers are of such a nature, that their squares
when added together form a square, the product of these
two numbers is divisible by 6.

- Of this kind, for example, are the numbers 3 and 4, the

squares of which, 9 and 16, when added, make the square
number 25 : their product 12 is divisible by 6.
* From this property a method may be deduced, for find-
ing two humbers, the squares of which, when added to-
gether, shall form a square number. For this purpose,
multiply any two numbers together ; the double of their
preduct will be one of the numbers sought, and the dif-
ference of their squares will be the other. !

Thus if we multiply together 2 and 3, the squares of
which are 4 and 9, their product will be 6; if we then
take 12, the double of this product, and § thediﬁ‘erence
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of their squares, we shall have two numbers, the sum of
whose squares is equal to another square number ; for
these squares are 144 and 25, which when added make
169, the square of 13. :

VIIIL.

- WHEN two numbers are such, that the difference of
their squares is a square number ; the sum and difference
of these numbers are themselves square numbers, or the
double of square numbers.

‘'Thus, for example, the numbers 13 and 12, when
squared, give 169 and 144, the difference of whlch 25, is
also a square number; then 25, the sum of these num-
bers, is a square number, and also their difference 1.
~ In like manner, 6 and 10, when squared produce 36
and 100, the difference of which 64 is also a square num-
ber; then it will be found, that their sum 16 is a square
number, as well as their difference 4.

The numbers 8 and 10 give for the difference of their
squares 36; and it may be readily seen, that 18, the sum
of these numbers, is the double of 9, which is a square
number, and that their difference 2 is the double of 1,
which is also a square number.

IX.

Ir two numbers, the difference of which is 2, be multi-
plied together, their product increased by unity will be
the square of the intermediate number,

Thus, the product of 12 and 14 is 168, which being in-
creased by 1, gives 169, the square of 13, the mean num-
ber between 12 and 14.

Nothing is easier than. to demonstrate, that this must
always be the case; and it will be found in general, that
the product of two numbers increased by the square of
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half their difference, will give the square of the mean
number.

X.

A prime number, is that which has no other divisor but
unity. Numbers of this kind, the number 2 excepted,
can never be even, nor can any of them terminate in 5,
except 5 itself ; hence it follows, that except those con-
tained in the first period of ten, they must necessarily ter-
minate in 1 or 3 or 7 or 9.

- One curious property of prime numbers is, that every
prime number, 2 and 3 excepted, if increased or dimi-
nished by unity, is divisible by €. This may be readily
seen in any numbers taken at pleasure, as 5,7, 11, 18, 17,
19, 23, 29, 81, &c; but I do not know, that any one has
ever yet demonstrated this property a priori. But the
inverse of this is not true, that is, every number which
when increased or diminished by unity is divisible by 6,
is not, on that account, necessarily a prime number.

The product arising from two different prime numbers,
cannot be a square number.

As it is often of utility to be able to know, without
having recourse to calculation, whether a number be prime
or not, we have here subjoined a table of all the prime
numbers from 1 to 10,000.
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193 -

197

211
223
227
229
233
239
241
251
257
263
269
271
277
281
283

307
311
313
317
331
33y
347

353
359

373 .

379
383
389
397
401
409

419

421
431
433

- 439
443

449
457
461
463
467
479
487
491
499
503
509
521
533
541
547
557
563
560
571
577
587
593
599
601
607
613
617
619
631
641
643
647
653
659
661
673
677
683
691
701
709
719
727,

TABLE OF PRIMES.

"TABLE
Qf the prime numbers from 1 to 10,000.

733
739
743
751
757
761
769
773
787
797
811
821
823
827
829
839
853
857
850
863
877
881
883
887
907
911
919
929
937
941
947
053
967
971
977
983
991
997
1009
1013
1019
1021
1031

1033
1039
1049
1051
1061
1063
1069

'1087

1091
1093
1097
1103
1109
117
1123
1129
1151
1153
1163
1171
1181
1187
1193
1201
1213

1217,

1223
1220
1231
1237
1249
1259
1277
1279
1283
1289
1291
1297
1301
1303
1307
1319
1821

1327

1361

1367

1373
1381
1399
1409
1423
1427
1429
1433
1439
1447
1451
1453
1459
1471
1481
1483
1487
1489
1493
1499
1511
1523
1531
1543
1549
1553
1559
1567
1571
1579
1583

1597

1601
1607
1609
1613
1619
1621
1627
1637

1657
1663
1667
1669
1693
1697
1699
1709
1721
1723
1733
1741
1747
1753
1759
1777
1783
1787

1789,

1801
1811
1823
1831
1547
1861
1867
1871
1873
1877
1879
1889
1901
1907
1013
1931
1933
1949
1951
1973
1979
1987
1993
1997

1999
2003
2011
2017
2027
2029
2039
2053
2063
2069
2081
2083
2087
2089
2199
2111
2113
2129
2131
2137
2141
2143
2153
2161
2179
2203
2207
2213

2221

2237
2239
2243

-2251

2267
2269
2273
2281
2287
2293
2297

- 2309
2311

2333

2339
2341

2347

2351 .
2357
2371
2377
2381
2383
2359
2393
2309
2411 .
2417 .
2423
2437

2444fl
2459

2473
2477
2503
2521
2531
2539
2543 .

2551
2557
2579

2591

2609
2617
2621
2633 -
2647
2657
2659

2671
2677



3041
3049
3061
3067
3079
3083
3089
3109
3119
3121
3137
3163
3167
3169
3181
3187
3191
3203
3209
3217
3221
3229
3251
3253
32587
3259
3271
3200
3301
3307
3313
3319
3323
3329
3331

3347
3359
3361
3871
3373
3389
3891

3413
3433

. 3449

3457

3463
3467

3491
3499
3511
3517
3527
3529
3533
3539
3541
3547
3557
3559

3571

3581
3583
3593
3607
3613
3617
3623
3631
3637
3643
3659
3671
3673
3677
3691

3697
3701

3719
3727

3733
3739
3761
3767

3779
3798
3797
36803

TABLE OF -

3821

3823
3833
3847
3851

3853

3863
3877
3881
3889
3907
3911

3917
3019
3923
3029
3031

3043
3047
3967
3989
4001

4003
4007
4013
4019
4021

4027
4049
4051
4057
4073
4079
4091

4093

4009
4111
412y
4129
4133
4189
4153
4157
415¢
4177
4201

431y

4217
4219
4229
4231
4241
4243
4253
4259
4261
4271
4273
4283
4289
4297
4327
4337
4339
4349

. 4357

4363
4373
4391
4397
4409
4421
4423
4441
4447
4451
4457
4463
4481
4483
4493
4507
4513
4517

4519
4523
4547

4561
4567
4583
4591
4597
4603

4621
4637
4639
4643
4649
4651
4657

5000
5011
5021
5023
5039
5051
5050
5077
5081
5087

5101
5107
5113
5119
5147
5153
5167
5171
5179
5189
5197
5209
5227
5231
5233
5237
5261
5273
5279
5281
5297
5303
5309
5323
5333
5347
5351
5381
5387
5303
5399
3407
5413
5417
5419
5431

5437
5441
5443
5449
5471
5477
5479
5483
5501
5503
5507
5519
5521
5527
5531
5557
5563
5569
5573
5581
5591
5623
5639
5641
5647
5651
5653
5657
5659

5683
5689
5603
5701
5711
5717
5737
5741
5743

5749

5799
5783~
5701
5801

5813
5821

5827
5839
5843
5849
5851
5857
5861
5867
5860
5879
5881
5807
5903
5923
5027
5939
5953
5081
5987
6007
6011
6029
6037
6043
6047
6053
6067
6073
6079

669 6089

6091
6101
6113
6121
6131
6133
6143
6151
6163
6173
6197
6199
6203
6211
6217
6221
6229



6247
6257
6263
6269
6271
6277
- 6287
6299
6301
6311
6317
6323
6329
6337
6343
6353
6359
6361
6367
6373
6379
6380
6397
6421
6427

6661

7043
7057

707

7103,

7109
7121
7127
7129
7151
7159
7177
7187
7193
7207
7211
7213
7219
7229
7237
7243
7247
7253
7283
7207
7307
7300
7321
7331
7333
7349
7351

- 7369

7393
7411
7417
7433
7451
7457

- 7459
7477

7481

7487

7489
7499
7507
7517

PRIME NUMBERS.

7017

7523
7529
7537
7541
7547
7549
7559
7561
7573
7577
7583
7589
75901
7603
7607
7621
7639
2643

7883
7901

7927
7933
7937

8363
8369
8377
8387
8389
8419
8423

8429

8431

8443

8447
8461
8467
8501
8513
8521
8527
8537
8539
8543

8563

8573
8581
8597
8599
8609
8623
8627
8629
8641
8647
8663
8669
8677
8681
8689
8603
8699
8707
8713
8719
8731

8737

8741
8747
8753
8761

9221
9227

9019
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XI.

AnoTnreg kind of numbers which possess a singular and
curious property, are those called perfect numbers. This
name is given to every number, the aliquot parts of which,
when added together, form exactly that number itself. Of
this we have an’example in the number 6 ; for its aliquot
parts are 1, 2, 8, which together make 6. The number
28 possesses the same property ; for its aliquot parts are

1,2, 4, 1, 14, the sum of which is 28.

To find all the perfect numbers of the numerical pro-
gression, take the double progression 2, 4, 8, 16, 32, 64,
128, 256, 512, 1024, 2048, 4096, 8192, &c ; and examine
those terms of it, which, when diminished by unity, are
prime numbers. Those to which this property belongs,
-will be found to be 4, 8, 32, 128, 8192 ; for these terms
when diminished by unity, are 3, 7, 31, 127, 8191. Multi-
ply therefore each of these numbers by that number in
the geometrical progression which preceded the one from
which it is deduced, for example 3 by 2, 7 by 4, 81 by 16,
127 by 64, 8191 by 4096, &c; and the result will be 6,
28, 496, 8128, 33550336, which are perfect humbers.

These numbers however are far from being so numerous
as some authors have believed*. The following is a series

- of numbers either perfect, or, for want of proper attention,
supposed- to be se, taken from a memoir of Mr. Krafft,
published in the 7th volume of the Transactions of the
Academy of Petersburg. Those to which this property

really belongs are marked with an asterisk. - ’

# The rule given by Ozanam is false, and produces a multitude of num-
bers, such as 130816, 2096128, &c, which are not perfect numbers. When
Ozanam wrote hisrule, he did not recollect, that one of the multipliers must
be a prime number. But 611 and 2047 are not prime numbers. '
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*6
* 28
* 496
* 8128
130816
2096128
* 38550336 -
536854528
- * 8589869056
* 137438691328
2199022206976 , !
3518436'71804528
562949936644096
9007199187632128
144115187807420416
* 2305843008139952128
36893488143124135936
Thus we find that between 1 and 10 there is only one per-
fect number; that there is one between 10 and 100, one
between 100 and 1000, and one between 1000 and 10000;
but those would be mistaken who should believe that there
is one also between ten thousand and a hundred thousand,
one between a hundred thousand “and a million, &c; for
there is only one between ten thousand and eight hundred
millions. The rarity of perfect numbers, says a certain
-author, is a symbol of that of perfection.:
All the perfect numbers terminate with 6 or €8, but not
alternately or conversely.

XIIL

THERE are some numbers called amsicable numbers, on
account of a certain property which gives them a kind of
affinity or reciprocity, and which consists in their being
mautually equal to the sum of each others aliquot parts.
Of this kind are, the numbers 220 and 284; for the first

VOL. I D
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220 is equal to the aliquot parts of 284, viz. 1, 2, 4, 11,
142; and, reciprocally, 284 is equal to the aliquot parts,

1, 2, 4, 5, 10, 11, 20, 22, 44, 55, 110, of the other num-

ber 220.

Amicable numbers may be found by the fo]lowmg
method. Werite down, as in the subjomed example, the
terms of a double geometrical progression, or having the
ratio 2, and beginning with 2; then triple each of these

terms, and place these triple numbers each under that

from which it has been formed; these numbers diminished
by unity, 5, 11, 23, &e, if placed each over its corre-
sponding number in the geometrmal progression, will form
a third series above the latter. In the last place, to obtain
the numbers of the lowest series 71, 287, &c, multiply
each of the terms of the series, 6,-12, 24, &c, by the one
preceding it, and subtract unity from the product.

5 11 23 47 95 191 388

2 4 8 16 32 64 128

6 12 24 48 96 192 884

71 287 1151 4607 18481 73727 -

Take any number of the lowest series, for example 71, of
which its-corresponding number in the first series, viz. 11,
and the one preceding the latter, viz. 5, as well as 71, are
prime numbers: multiply 5 by 11, and the product 55 by
4, the corresponding term of the geometrical series, and
the last product 220, will be one of the numbers required.
The second will be found by multiplying the number 71
by the same number'4, which will give 284.

In like manner, with 1151, 47 and 23, which are prime,

numbers, we may find two other amicable numbers, 17296
“and 18416; but 4607 will net produce any .amicable
" numbess, because, of the two.other.corresponding numbers,
47 and 95, the latter is not a prime number.: The case is
- the same with the number 18431, because-94 is among its
corresponding numbers ; but’thefollovbing« rumber 73727,

[ 4
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with 883 and 191, will give two more amicable numbers,
9363584 and 9437056.

By these examples it may be seen, that if perfect num-
bers are rare, amicable numbers are much more so, the
reason of which tay be easily conceived.

XIIL

IF we write down a series of the squares of the natural
numbers, viz. 1, 4, 9, 16, 25, 36, 49, &c; and take the
difference between each term and that which follows it,
and then the differences of these differences; the latter
will each be equel to 2, as may be seen .in the following
example. : .

1 4 9 16 25 386 49

1st. Diff. 3 5 1 9 11 13

2d. Diff. 2 2 2 2 2

It hence appears, that the square numbers are formed by
the eontinual addition of the odd numbers 1, 3, 3, &c,
which exceed each other by 2.

In the series of the cubes of the natural numbers, viz. 1,
8, 21, &e, the third, instead of the second differences, are
.equal, and are always 6, as may be seen in the following

example.

Cubes 1 8 21 64 125 216
1st, Diff. 7 19 37 61 91 .
2d. Diff. 12 18 24 80

8d. Diff. 6 6 6

In regard to the sdries of the fourth powers, or bxquadrates,
of the natural numbers, the fourth differences only are -
equal, and are always 24. In the fifth powers, the fifth
differences only are equal, and are invariably 120.

These differences, 2, 6, 24, 120, &c, may be found by
multiplying the series of the numbers 1, 2, 3, 4, 5, 6, &c.
‘For' the second power, multiply the first two; for the
‘third power, the first three,and soon. - o

. D2



36 v PIGURATE

XIV.

'THE 'progression of the cubes 1, 8, 27, 64, 125, &c, of
the natural numbers, 1, 2, 8, 4, 5, 6, &c, possesses this re- -
markable property, that if any number of its terms what-

ever, from the beginning, be added together, their sum
will always be a square. Thus, 1 and 8 make 9; if we
add to this sum 27, we shall have 36, which is still a square
number ; and if we add 64, we shall have 100, and so on.
The root of each square thus constituted, is always
equal to the sum of the roots of all the component cubes.
As, the sum of 1, 8, 27, 64, 125, or of 13, 23, 33, 43, 53, is
225 = 15* the squareof 1 + 2+ 38+ 4 + 5. :

XV.

THe number 120 has the property: of being equal to
balf the sum of its aliquot parts, or divisors, viz. 1, 2, 3, 4,
5, 6, 8, 10, 12, 15, 20, 24, 30, 40, 60, which together
make 240. The number 672 is also equal to half the sum
of its aliquot parts, 1344. Several other numbers of the
like kind may be found, and some even which would form
only a third, or fourth, of the sum of their aliquot parts, or
which would be the double, triple, or quadruple of that
sum; but what has been here said, will be sufficient to
exercise those who are fond of such researches.

*
CHAPTER 1V.

Of Figurate Numbers.

IF there be taken any arithmetical progression, as for
instance, the most simple of all, or that of the natural
numbers, 1, 2, 3, 4, 5, 6,7, &c; and if we take the first
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term, the sum of the first two, that of the first three, and
so on ; the result will be a new series of numbers, 1, 3, @,
10, 15, 21, 28, &c, called triungular numbers, because
they can always be ranged in such a manner as to form an
equilateral triangle, as may be seen Plate 1 fig. 8.

The square numbers, as 1, 4, 9, 16, 25, 36, &c, arise
from a like addition of the first terms of the arithmetical
progression, 1, 8, 5,7, 9, 11, &c, the common difference
of whichis 2. These numbers, as is well known, may be
arranged so as to form square figures. See Pl. 1 fig. 4.

A similar addition of the terms of the arithmetical pro-
gression 1, 4, 7, 10, 13, &c, the common difference of
which is 8, will produce the numbers 1, 5, 12, 22, &c;
which are called pentagonal numbers, because they re-
present the number of points which may be arranged on
the sides and in the interior part of a regular pentagon;
as may be seen Plate'l fig. 5 ; where there are three pen-
tagons, having one common angle, representing the num-
ber of points which increase arithmetically; the first
having two points on each side, the second three, and the
third four ; and which progressnon it is evident, might be
continued ever so far.

It isin this sense, and in this manner, that we must con-
ceive the figurate numbers to be arranged.

It is almost needless to say, that the progression 1, 5, 9,
13, 17, &c, the common difference of which is 4, pro-
duces, by a similar addition, the hexagonal numbers, which
are 1, 6, 15, 28, 45, &c ; and that in like manner may be
found the heptagonals, the octagonals, &c.

There is another kind of polygonal numbers, which re-
sult from the number of points that can be ranged in the
middle, and on the sides, of one or more similar polygons,
having a common centre. These are different from the
preceding ; for the series of the triangulars of this kind is
1, 4, 10, 19, 31, &c, which are formed by the successiye .
addition of the numbers, 1, 3, 6, 9, 12.
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The central square numbers are 1, 5, 13, 25, 41, 61,
&c; formed, in like manner, by the successive addition of
the numbers 1, 4, 8, 12, 16, 20, &c. v

The central pentagonal numbers are 1, 6, 16, 31, 51, 76,
&c ; formed by the addition of the numbers 1, 5, 10, 15,
20, &c.

But we shall not enlarge further on this kind of poly-
gonal numbers, because they are not those to which ma-
thematicians usually give that name. - Let us return there-
fore to the ordinary polygonal numbers.

The radix of a polygonal number, is the number of the
terms of the progression necessary to be added in order to
obtain that number. Thus, the radix of the triangular
number 21, is 6, because that number results from the suc-
cessive addition of the six numbers 1, 2, 3, 4, 5, 6. In
like manner, 4 is the radix of the square number 16, con-
sidered as a figurate number, because that number is pro-
duced by adding the four terms 1, 3, 5, 7, of the progres-
sion of the odd numbers.

Having given this explanation of the nature of poly-
gonal numbers, we shall now present the reader with a
few problems respecting them.

PROBLEM I.

To find whether any proposed Number is Trzangular, or
Square, or Pentangular, Y.

The method of finding whether a number be square, is
well known, and serves as a foundation for discovering
the other figurate numbers. This being supposed ; then
to determine whether any given number is a polygonal
number, the following general rule may be employed.

Multiply by 8 the number of the angles of the polygon
less 2; multiply this first product by the proposed number,
and to the new product add the square of 2 number equal
to that of the angles of the polygon less 4: if the sum be
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a perfect square, the given number is a polygon of the
kind proposed.

It may easily be seen, that as the number of the angles
in the triapgle are 3, in the' square 4, in the pentagon 5,
&c, we shall have, as the maltiplier of the propo_sed num-
ber, in the case of the trlarngular number, 8; in that of

- the quadrangular number, 16 ; in that of the pentagonal,

24; and in that of the hexagonal, 32. '

In like manner, as the number of the anglesless 4, gives
for the triangle — 1; for the square 0; for the pentagen
1; for the hexagon 2; &c; the numbers to be added to_
the product, as before mentloned will be for the triangle
1 (because the square of — 1 is 1); for the square 0; for
the pentagon, 1 ; for the hexagon, 4 ; for the heptagon,
9; &c. From these principles we may deduce the fol-
lowing rules, which we shall illustrate by examples.

Suppose it were required to know whether 21 be a tri-
angular number,

Multiply 21 by 8, to the product add 1, and the sum
will be 169, which is a perfect square : consequently 21 is
a triangular number.

If we are desirous of knowmg whether 35 be a penta-
gonal number, we must multiply 35 by 24, and the pro-
duct will be 840; to this product if 1 be added, we shall
have 841, which is a square number: we may therefore

- rest assured that 85 is a pentagonal number.

PROBLEM II

A Triangular, or any Figurate Number whatever, being
given ; to find its Radix, or the Number of the Terms of
the Arithmetical Progression of which it is the Sum.

First perform the operation'described in the preceding
problem ; and having found the square root, the possibility
of which will indicate whether the number be figurate or
not; add to this root a number equal to that of the angles
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of the proposed polygon less 4, and divide the sum by the
double of the same number of angles less 2: the quotient
will be the radix of the polygon.

The number to be added is, for the trlangle —1,thatis -
to say 1 to be deducted; for the square it is 0 for the
pentagon 1; for the hexagon 2; &c.

As to the divisor, it may be easlly seen that for the tri-
angle it is 2 (because the double of 3 less 2 is 2), for the
square 4, for the pentagon 6, for the hexagon 8, &ec.

Let it be required therefore to find the radix of the tri-
angular number 36.

Having performed the operation explained in the pre-
ceding problem, and found the product 289, the square
root of which is 17, subtract unity from this number, and
divide the remainder by 2; the quotient 8 will be the ra-
dix or side of the triangular number 36.

Let the radix of the pentagonal number 85 be required.

Having found, as before, the radix 29, add toit 1, which
will give 80, and divide by 6; the quotient 5 will be the
radix of this pentagonal number, that is to say, of the
number formed by the addition of the 5 terms of the se-
ries 1, 4, 7, 10, 18.

- PROBLEM 1II.

The Radiz of a Polygonal Number being given; to find
that Number.

The rule for this purpose is exceedingly simple. From
the square. of the given radix, subtract the product of the
same radix by a number equal to that of the angles less
four; the half of the remainder will be the polygonal
number required.

For example, what is the triangular number the radix
of which is 12?

The square of 12 is 144 ; the number equa] to that of
the angles less 4 is—1, which being multiplied by 12
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gives—12: but according to the rule—12 ought to be
subtracted, which is the same thing as adding 12; in that
case you will have 156, which being divided by 2 gives
- 18.

What is the heptagonal number the radix of which is

20?

~ To find the number required, take the square of 20,
which is 400; then multiply 20 by 3, which is the num-
ber of the angles less 4, and subtract 60, the product, from
400; if.you then divide the remainder 340 by 2, the quo-
tient 170 will be the number sought, or the heptagon the
radix of which is 20.

It may not be improper here to remark, that the same
number may be a polygon or figurate number in differ-
ent ways. Every number greater than 3 is a polygon, of
a number of sides or angles equal to that of its units,

Thus 36 is a polygon of 86 sides, the radix of which is
2; for the first two terms of the progression are 1, 85.
The same number 36 is a square; and lastly, it is triangu-
lar, having 8 for its radix.

In the like manner, 21is a polygon of 21 sides; it is
also triangular; and lastly it is octagonal.

. PROBLEM 1v.

To find the Sum of as many Triangular, or of as many
" Square, or of as many Pentagonal Numbers, aswe choose.

As by the successive addition of the terms of different
arithmetical progressions, we obtain new progressions of
numbers, called triangular numbers, square numbers, pen-
tagonals, &c; we can add- also these last progressions,
which will give rise to new figurate numbers, of a higher
order, called pyramidal numbers. Those which arise from
the progression of triangular numbers, are called pyra-
midals of the first order ; those produced by the addition
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of the square numbers, pyramidals of the second order;
and those by the progression of the pentagonal numbers,
pyramidals of the third order. The same operation may
be performed with the pyramidals; which gives rise to the
pyramido-pyramidals. But as these numbers are of little
utility, and can answer no other purpose thanthat of exer-
cising the genius of such as are fond of analytical inves-
tigation, we shall not enlarge farther on the subject. We
shall therefore confine ourselves to giving a general rule
for adding as many figurate numbers as the reader may
choose.

Multiply the cube of the number of terms to be added,
by the number of the angles of the polygon less 2; to the
sum add three times the square of the said mumber of
terms, and subtract from it the product of the same num-
ber multiplied by that of the angles less 5: if you then
divide the remainder by 6, you will have the sum of the
terms of the progression.

For example, suppose it were required to find the sum
of the eight first triangular numbers. :

The cube of 8 is 512; which being multiplied by the .
number of the angles of the polygon less 2, or by 1, gives
still £12; add to this number the triple of the square of 8,
or 192, which will make 704 ; then, as the number of the
angles less 5, is—2, multiply 8 by — 2, and you will have
—16; if you then add 16 to 704, you will have 720;
which being divided by 6, gives 120, for the sum of the
eight first triangular numbers.

The same result may be obtained, with more- ease, by
multiplying the number of the terms 8, by 9, and the pro-
duct by 10, which gives also 720; which divided by 6, the.
quotient is 120, as before, '

In the case of a series of squares, the number of which
we shall here suppose to be 10, we have only to multiply
the number of terms, viz. 10, by the same number plus
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unity, or by 11, and then by the double of the same num-
ber plus unity, that is to say by 21: the product of these
three numbers, 2310, if divided by 6, gives 3835, for the
sum of the first ten square numbers 1, 4, 9, 16, &c.

et R —

CHAPTER V.
Of Rightangled Triangles tn Numbers.

A RIGHTANGLED triangle in numbers, consists of three
numbers of such a nature, that the sum of the squares of
two of them is equal to the square of the third. Of this
kind, for example, are the three numbers 3, 4, 5, which
express the simplest rightangled triangle of all; for, if 9
the square df 8, be added to 16 the square of 4, the sum
will be 25, whlch is the square of 5. The numbers 3, 4,
5, express therefore the three sides of a rlghtangled tri-
angle.

It may here be observed, that these numbers must ne-
cessarily be unequal ; for if two of them were equal, they
would be the two sides of a rightangled isosceles triangle:
but it can be demonstrated that, in such cases, it is impos-~
sible to express the hypothenuse by a rational number,
either whole or fractional, because a triangle of this kind
is the half of a square, the two equal sides of the triangle
being the sides, and the hypothenuse the diagonal ; and it -
is well known that the diagonal of a square is incommen-
surable to the side.

It i§ necessary also that the three numbers which form
the triangle should be rational numbers, either whole or
fractional; otherwise it would require no art to find as
many numbers of this kind as we might choose; for we
would have nothing more to do, than to take any two
numbers whatever, as 2 and 6, the sum of the squares of
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which is 40, and the hypothenuse would bes/40; but+/40
has no precise signification, and only shows that the square
root of 40 must be extracted, which it is impossible in
finite terms to do.
The area of a rightangled triangle, whose sides are ra-
tional, cannot be equal to a rational square.
If a, b, ¢ represent the three sides of a triangle, and c
the angle contained by the two sides @ and J: then,
" ifa*48 = the angle ¢ = 90°,
if a*+ab4b=c*, - - ¢ =120
if *=ab-bPr=c, - - ¢ =60
Having made these previous observations, we shall now
propose a few of the most curious and easy problems re-
specting rightangled triangles in numbers.

PROBLEM 1.

To find as many Rightangled Triangles in Numbers, as we
please.

Take any two numbers at pleasure, for example 1 and
2, which we shall call generating numbers ; multiply them
together; then having doubled the product we obtain one
of the sides of the triangle, which in this case will be 4.
If we then square each of the generating numbers, which
in the present example will give 4 and 1, their difference
3 will be the second side of the triangle, and their sum 5
will be the hypothenuse. The sides of the triangle,
therefore, having 1 and 2 for their generating numbers,
are 3, 4, 5.

If 2.and 8 had been assumed as generating numbers, we
should have found the sides to be 5, 12, and 13; and the
numbers 1 and 3 would have given 6, 8, and 10. .

Another Method. Take a progression of whole and
fractional numbers, as 14, 22, 33, 44, &c, the properties of
which are: 1st. The whole numbers are those of the
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common series, and have unity for their common differ-
ence. - 2d. The numerators of the fractions, annexed to
the whole numbers, are also the natural numbers. 3g,
The denominators of these fractions are the odd numbers,
3, 5,7, &c.

Take any term of this progression, for example 33, and
reduce it to an’ improper fraction, by multiplying the
whole number 3 by 7, and adding to 21, the product, the
numerator 8, which will give 2#. The numbers 7 and 24
will be the sides of a rightangled triangle, the hypothenuse
of which may be found by adding together the squares of
these two nunibers, viz. 49 and 576, and extracting the
square root of the sum. The sum in this case being 625, the
square root of which is 25, this number will be the hypo—
thenuse required. The sides therefore of the tnangle
produced by the above term of the generating progression,
are 7, 24, 25.

In like manner, the first term 1} will give the rightan-
gled triangle 8, 4, 5.

The second term 22 will give 5, 12, 13.

The fourth 4+ will give 9, 40, 41. All these triangles
have the ratio of their sides different ; and they all possess
this property, that the greatest side and the hypothenuse
differ only by umty.

The progression 13, 244, 334, 443, &¢, i is of the same
kind as the preceding. The first term of it gwes the
rightangled triangle 8, 15, 17; the second term gives the
triangle 12, 85, 37; the third the triangle 16, 63, 65; &c.
All these triangles, it is evident, are different in regard to
the proportion of their sides; and they all have this pecu-
Tliar property, that the difference between the greater side
and the hypothenuse, is always the number 2.
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PROBLEM II.

- To find a;zy Number of Rightangled Triangles in Numbers,
the Stides of which shall differ only by Unity.

To resolve this problem, we must find out such num-
bers that the double of their squares plus or minus unity
shall also be square numbers. Of this kind are the num-
bers 1, 2, 5, 12, 29, 70, &c; for twice the square of 1is 2,
which diminished by unity leaves 1, a square number. In

like manner, twice the square of 2 js 8, to which if we add
1, the sum 9 will be a square number. And so on.

Having found these numbers, take any two of them

which immediately follow each other, as 1 and 2, or 2 and
-8, or 12 and 29, for generating numbers. The right-
"angled triangles arising from them will be of such a
nature, that their sides will differ from each other only by
unity. The following is a table of these triangles, with
. their generating numbers. :

Gener. Numb. Sides, Hypoth,

1 2 3 4 5

2 5 20 21 29
5 12 119 120 169
12 29 696 697 985
29 70 4059 4060 5741
70 169 28660 23661 33461

But if the problem were, to find a series of triangles of
such a nature, that the hypothenuse of each should exceed
one of the sides only by unity, the solution would be much
easier. Nothing in this case would be necessary but to
assume, as the generating numbers of the required tri-
angle, any two numbers having unity for their difference.
The following is a table, similar to the preceding, of the
first six rightangled trlangles produced by the first num-
bers of the natural series.
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Gener. Numb, Sides. Hypoth.
1 2 3 4 5
2 3 5 12 13 -
3 4 1 24 25
4 5 9 40 4l
5 6 11 60 - 61
6 1 13 84 85

If we assume, as generating numbers, the respective
sides of the preceding series of triangles, we shall have a
new series of rightangled triangles, the hypothenuses of
which will always be square numbers; as may be seen in
the following table.

Gener, Numb, Sides, Hypoth, Roots.

3 4 7 24 25 5.
5 12 119 120 © 169 ° 18
1 24 336 527 625 25
9 40 120 1519 1681 a1

11 60 1320 34779 3721 61

13 84 2184 6887 7225 85

It may here be observed, that the roots of the hypothe-
‘nuses are always equal to the greater of the generating
aumbers increased by unity. )
But if the second side and the hypothenuse of each tri-
angle in the above table, which differ only by unity, were
assumed as the generating numbers, we should have a
-series of rightangled triangles, the least sides of which
would always be squares. A few of these are as follow:

Gener, Numb, Sides. Hypoth,

4 5 9 40 41
12 18 25 - 312 318
24 ) 25 49 1200 1201
40 41 81 3280 - 3281

* In the last place, if it were required to find a series of
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rightangled triangles, -one of the sides of which shall be
always a cube, we have nothing to do but to take, as ge-
nerating numbers, two following terms in the progression
of triangular numbers, as 1, 3, 6, 10, 15, 21, &c. By way
of example we shall here give the first four of these
triangles:

Gener. Numb. Sides. Hypoth

1 L) 6 8 10

3 6 36 21 45

6 10 120 64 - 136
10 15 - 800 © 125 326

PROBLEM III.

To ﬁnd Three different Rightangled Triangles, the Areas
of which shall be all Equal.

-The following are three rightangled triangles which
possess this property. The sides of the first are, 40, 42,
48; those of the second 24, 70, 74 ; and those of the third,
15,112, 1183, :

The method in which these triangles are found, is as
follows:

Add the product of any two numbers to the sum of their
squares, and that will give the first number ; the difference
of their squares will give a second ; and double the sum
of their product and of the square of the least number,
will give the third.

If you then form a rightangled triangle from the two
first of the numbers thus found, as generating numbers; a
second from the two extremes; and a third from the first
and the sum of the other two; these three rightangled
triangles will be equal to each other

No more than three rightangled triangles, equal to each
other, can be found in whole numbers; but we may find
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as many as we choose in fractions or mixed numbers, by.
means of the following formula :

- With the hypothenuse of one of the above triangles,
and the quadruple of its area, form another rightangled
triangle, and divide it by double the product which arises
from multiplying the hypothenuse of the triangle you
made choice of by the differenge of the squares of the two
other sides : the triangle thence produced will be the one
required.

PROBLEM 1V.

To find a Rightangled Triangle, the Sides of which shall be
in Arithmetical Progression.

Take two generating numbers which have to each
other the ratio of 1 to 2; the sides of the rectangled tri-
anigle thence produced will be in arithmetical progression.

The simplest of these triangles, is that which has for its
sides 3, 4 and 5, arising from the numbers 1 and 2 as-
sumed as generating numbers. But it is to be observed,
that all the other triangles, which possess the same pro-
perty, are similar to this one; and are only multiples of it.
That there can be no other kind, might easily be demon-
strated in a great many dlﬂ'el;ent ways.

REMARK.

If it were required to ﬁnd a nghtang]ed triangle, the .
three sides of which should be in geometrical proportlon,
we must observe that none such can be found in whole.
numbers ; for the two generating nambers ought to bé
in the ratio of 1 to +/(4/5—2), which is an irrational
number.

VOL, 1. B



50 RIGHTANGLED. TRIANGLES IN. NUMBERS.

PROBLEM V.

2o find a Rig[ztangled Triangle, the Area of which, ex-
pressed in Numbers, shall be equal to-the Perimeter, or in
a given ratio fo . b

Of any square number, and the same square increased
by 2, form a rightangled triangle, and divide each of its
sides by that square number : the quotients will give the
sides of a mew rightangled triangle, the area of which,
expressed numerically, will be equal to the perimeter.

Thus, if we take, as’ generating numbers, 1 and 3, we
shall have the triangle 6, 8, 10, the sides of which if divided
by unity give the same 6, 8, 10, forming a triangle having
the property required ; for the area and the perimeter are
each equal to 24. In like manner, if we take 2 and 6 as
generating numbers, we obtain for the required triangle 5,
12, 13, which on trial will be found to possess the same
property.

These tnangles are the only two of the kind which can
be found in whole numbers; but we may find abundance .
of them in fractional numbers, by means. of the squares 9,
16, &c; such as the following: %, 138, 232; or £§, %%,
522, or In their least terms, ‘,l 144 145,

If it were required that the area of the proposed tri-
angle should be only in a given ratio to the perimeter, for
example that of {; take as generating numbers a square
and the same sqnare increased by 3, and from them, as
before directed, form a rightangled mangle this tnangle’
will possess the required property. Of this kind, in whole
numbers, are the two triangles 8, 15, 17, and 7, 24, 25:

and numberless others may be found in fractional num-
bers.
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CHAPTER VI.

Some Curious Problems respecting Square and Cube |
) - Numbers.

PROBLEM 1.

Any Square Number being given, to divide 1t into Two other
) Squares,

- INNUMERABLE solutions may be found to this problem,
in the following manner. Let 16, for example, whose
root is 4, be the square to be divided into two other
squares, which, as may be easily seen, can only be frac-
tions,

Take any two numbers, as 3 and 2; multiply them
together ; and by their produect multiply the double of 4,
the root of the proposed square ; the last product, which
in this case is 48, will be the numerator of a fraction, the
denominator of which will be 13, the sum of the squares
of the above numbers 3 and 2: the fraction £§ therefore
will give the side of the first: square required, Whlch square
consequently will be 232#.

To obtain the second, multiply the given square 16, by
the above denominator 169, and from the product 2704,
subtract the numerator 2304: if we then take 20, the
root of 400 the remainder, (which will be always a square),
for a numerator, and 13 for a denominator, we shall have
the fraction 3¢ for the side of the second square.

The two sides of the required squares therefore, are 4§
and 3, the squares of which, 394 and 433, will be found
equal to the square number 16.

If we had taken for the pnmmve numbers 2 and 1, we!
should have had the roots %¢ and %2, the squares of which'
are 35 and %%#; the sum of wblch is 43° or 16,

EZ
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The numbers 4 and 3 would have given the roots $$
and %%, the squares of which 2%¢ and 284 still make up
.gggf’ or 16.

It.-may here be seen, that by varying the first two sup-
posed numbers at pleasure, the solutions also may be
varied without end.

REMARK.

Should it here be asked whether a given cube’ can, in’
like manner, be divided into two other cubes? We shall
reply, on the authority of an eminent analyst, M. de
Fermat, that it is not possible. It is equally impossible to,
divide any power above the square into two parts, which,
shall be powers of the same kind ; for example, a biqua-
drate into two biquadrates.

PROSLEM IL

To divide a Number, whichis the Sum of Two Sguares, mto
Two other Squares.

Let the proposed number be 18, which is composed of
the two squares 9 and 4 : it is required to divide it into two
other squares.

. Take any two numbers, for example, 4 and 3 ; and
m_ultlply the former, 4, by 6, the double of 3 the root of.
one of the above squares; and the second 3 multiply by.
the double of 2 the root of the other square; which will.
give as products 24 and 12. Subtract the latter of these.
numbers from the former; and their difference 12 will be
the numerator of a fraction, the denominator of which will
be 25, the sum of the squares of the numbers first assumed. .
Multiply this fraction }3, by each of the assumed .num-
bers, viz. 4 and 3, and you will have 44 and 3§. If you
then take the greater of these numbers from the root of
the greater square contained in 18, viz. 3, the remainder
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will be 2Z; and if you add the other to the side of the
smaller square contained in 13, viz. 2, you will have $¢.
These two fractions then, 2% and $$, will be the sides of/
the two squares sought, viz. 224 and %325, which together
are equal to 18, as may be edsily proved.

By supposing other numbers, other squares may be
obtained ; but these are sufficient to show the method of
finding them.

‘. REMARK.

For a number to be divisible, in a variety of ways, into
two squares, it must be either a square, or composed of
two squares. Of this kind, taking them in order, are the
aumbers 1, 2, 4, 5, 8, 9, 10, 13, 16, 11, 25, 26, 29, 32, 84,
36, 37, &c. We do not know, nor do we think it possible
to find, any method of dividing into two squares, any
number which is not a square, or the sum of two squares;
and we are of opinion that it may be established as a rule,
that every whole number,which is not a square or composed .
of two squares, in whole numbers, cannot be divided, in
any manner, into two squares. A demonstration of this
would be curious. :

_ But every number is divisible, in a great variety of
ways, into foar squares ; for there is no number which is
not either a square, or the sum of two, or of three, or of
four squares. Bachet de Meziriac advanced this proposi-
tion *, the truth of which he ascertained as far as possible
by trying all the numbers from 1 to 325. Itisadded, by
M. de Fermat{, that he was able to demonstrate the fol-*
lowing general and curious properties of numbers, viz.

“That every number is either triangular, or composed of

" two or three triangular numbers..

# Diophanti Alexandrini Arithmeticorum lib, vi. cum Comm. C. G Ba-
cheti, Tolosz. 1670, fol, p. 179. 1' 1bid, p. 180,

4
- -
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That every number is either square, or composed of
two, or three, or four square numbers.

And that every number is either pentagonal, or com-
posed of two, or three, or four or five pentagonal num-
bers. And so of the rest. .

A demonstration of these properties of numbers, if they
be real, would be truly curious.

PROBLEM III.

Ta ﬁnd Four Cubes, two of which taken together, s/zall be
equal to the Sum of the other two.

This problem may be solved by the following simple
method. Take any two numbers of such a nature, that
double the cube of the less shall exceed that of the greater;
then from double the greater cube subtract the less; and
multiply the remainder, as well as the sum of the cubes,
by the lesser of the assumed mumbers: the two products
will be the sides of the two first cubes required.

In like manner, take the cube of the greater of the
assumed numbers from double the cube of the less; and.
multiply the remainder, as well as the sum of these two
cubes, by the greater of the assumed numbers: the two
new products will be the sides of the other two cubes.

For example, if we assume the numbers 4 and 5, which
possess the above property, we obtain, by following the
rule, for the sides of the two first cubes, 744, 756 ; and for
those of the other two, 945 and 15, which being divided
by 3, give for the two first 248, 252; and for the two
latter, 315, 5.

If the assumed numbers be 5 and 6, we shall have 1535
and 1705 for the sides of the two first cubes ; ; and 2046
and 204 for those of the other two. :

REMARK.
A number composed of two cubes being given, it is pos»
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sible to find two other cubes, the sum of which shall be’
equal to the former two. Vieta was of a contrary opi~
nion ; but M. de Fermat, in his Observations on the Arith-
metical Questions of Diophantus, with a commentary by
Bachet de Meziriac, has pointed out a method by which
such cubes can be found. The calculation indeed extends
to numbers which are exceedingly complex, and sufficient
to frighten the boldest arithmetician ; as may be seen by
the following example, where it is required to divide the
sum of the two cubes 8 and 1 into two other cubes. By
following the method of M. de Fermat, Father de Billy
found that the sides of the two new cubes were the follow-
ing fractional numbers :

12436177733990097836481

609623883566137297449

and 487267171714852336560

‘ 60962383566137297449 .

We must take these numbers on Father de Billy’s word ;
for we do not know, that any one will ever venture to ex-
amine whether he has been deceived. '

But it is possible to resolve, without much trouble, an-
other question of a similar kind, which is: to find three
cubes which, taken together, shall be equal to a fourth.
By following the method pointed out in the above meén-
tioned work, it will be found that the least whole numbers,
which resolve the question, are 3, 4 and 5 ; for their cubes
added together make 216, which is the cube of 6..

We have confined ourselves to a few questions of this
kind, but they might be varied almost without end. They
are attended with a peculiar kind of difficulty which ren<
ders them interesting, and on that account they have been
an object of attention to various analysts ; such as Dio-
phantus of Alexandria, among the ancients, who wrote
thirteen books on arithmetical questions, of which the first
six only remain, with another on polygonal nunibers.
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Vieta too exercised hisingenuity on questions of this kind ;
as did also Bachet de Meziriac, who wrote a commentary
on the above work of the Greek Arithmetician. But this
species of analysis was carried farther than ever it had

- been before by the celebrated M. de Fermat. Father de
Billy, about the same time, gave proofs of the acuteness
of his talents in this way, by his work entitled Diophantus
Rediwrous, in which he far excelled the ancient analyst. M.
Ozanam likewise showed great ability in this species of"
analysis, by the resolution of several problems, which had
been considered as insoluble. He wrote a work on this
subject, but it was never published ; and the manuscript,
after his death, came into the hands of the late M. Dagues-
seau, as we are informed by the historian of the Academy
of Sciences ¥,

et

CHAPTER VII.

Of Arithmetical and Geometrical Progressions, and of .
certain Problems which depend on them. :

§I.

Explanation of the most remarkable properties of an Arith-
metical progression.

IF there be a series of numbers, either increasing or de-
creasing, in such a manner, that the difference between the -
first and the second, shall be equal to that between the
second and third, and between the third and fourth, and
sp on successively ; these numbers will be an arithmetical
progression.

% The Hindus must also be considered as having been great adepts in such
kind of problems ; as we learn from some of their algebraical works that
have lately been found among them; of which an account is given in the
second volume of my Tracts, lately printed. C. H.
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The series of numbers 1, ¢, 3, 4, 5,6, &c; or 1, 5, 9,
18, &c; or 20, 18, 16, 14, 12, &c; or 15,12, 9, 6,3, are
therefore arithmetical progressions ; for in the first, the dif-
ference between each term and the following one, which
exceeds it, is always 1; in the second it is 4: in like man-
ner-this difference is always 2 in the third series, which
" goes on decreasing, and in the fourth it is 3.

" It may be readily seen, that an increasing arithmetical
progression may be continued ad infinitum ; but this can-
not be the case, in one sense, with a decreasing series ; for
we must always arrive at some term, from which if the
common difference be taken, the remainder will be 0, or
else a negative quantity. Thus, the progression 19, 15,
11,7, 3, cannot be carried farther, at least in positive num.
bers ; for it is impossible to take 4 from 3, or if it be taken
we shall bave, according to analytical expression, —1#;
- and by continuing the subtraction we should have —35,
-9, &c. :

- The chief properties of arithmetical progressions may
be easily deduced from the definition which we have here
given. For a little attention will show,

1st. That each term is nothing else than the first, plus or
minus the common difference multiplied by the number of
intervals between that term.and the first. Thus, in the
progression, 2, 5, 8, 11, 14, 17, &c, the difference of which
is 3, there are five intervals between the sixth term and
the first ; and for this reason the sixth term is equal to the
first plus 15, the product of the common difference $ by
5. Butas the number of intervals is always less by unity
than the number of terms, it thence follows, that we may

* As the quantities called negative are real quantities, taken in a sense
contrary to that of the quantities called positive, it is evident that, according
to mathematical and analytical strictness, an arithmetical progression may
be continued ad infinitum, decreasing as well as increasing; but we here
speak agreeably to the vulgar mode of expression only.

\
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find any term, the place of which in the series is known,
if we multiply the common difference hy the number ex-
pressing that place less unity. According to this rule, the
hundredth term of an increasing progression will be equal
to the first plus 99 times the common difference. If it be
decreasing, it will be equal to the first term minus that
product.

. In every arithmetical progressnon therefore, the common
difference being given, to find any term the place of which
is known ; multiply the common difference by the num-
ber which indicates that place less unity, and add the pro-
duct to the first term, if the progression be increasing, but
subtract it if it be decreasing : the sum or remainder will
be the term required.

2d. In every arithmetical progression, the sum of the first
and last terms, is equal to that of the second and the last
but one ; and to that of the third and the last but two ; &c;
in short, to the sum of the middle terms if the number of
the terms be even, or to the double of the middle term if
the number of the terms be odd.

This may easily be demonstrated from what has been
said : for let us call the first term A, and let us suppose
that there are twenty terms in the progression ; if it be in«
creasing, the twentieth term will be equal to A plus nine-
teen times the common difference ; and their sum will be
double the first term plus 19 times that difference. But
the second term is equal to the first plus the common difs
ference, and the 19th term, or last but one, according to
our supposition, is equal to the first plus eighteen times
that difference. The sum therefore of the second and last
but one, is twice the first term plus 19 times the common
difference, the same as before. . And so of the third and last
bnt two.

" 8d. By this last property we are enabled to show, in
what manner the sum of all the terms of an anthmetwal
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progression may be readily found : for, as the first and last
terms make the same sum as the second and last but one,
and as the third and the last but two, &c; in short, as the
two middle terms, if the number of terms be even; it
thence follows, that the whole progression contains as
many times the sum of the first and the last terms, as there
are pairs of such terms. But the mumber of pairs is equal
to half the numbcr of the terms ; consequently the sum of
the whole progression, is equal to the product of the sum
of the first and last terms multiplied by half the number of
terms, or, what amounts to the same, to half the product
of the sum of the first and the last terms by the number of
the terms of the progression.

If the number of the terms be odd, as 9 for example;; it
may be readily seen that the middle term will be equal to
half the sum of the two next toit, and consequently of the
sum of the first and the last, But the sum of all the terms,
the middle term excepted, is equal to the product of the
sum of the first and last terms by the number of terms less
unity, for example 8 in the case here proposed, where
there are 9 terms; consequently, by adding the middle
term, which will complete the sum of the progression, and
which is equal to half the sum of the first and the last
terms, we shall have, for the sum total of the progressisn,
as many times the half sum above mentioned, as there are
terms in the progression ; which is the same thing as the
product of balf the sum of the first and last terms by the
number of the terms, or the product of the whole sum by
half the number of terms.

When these rales are well understood, it will be easy to
resolve the following questions. . .

PROBLEM L

If a hundred stones are placed in a strasght line, at the dis-
tance of a yard frem cach other; how many yards must
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the person walk, who undertakes to pick them up one by
one, and to put them into a basket a ;yard distance from
the first stone?

It is evident that, to pick up the first stone, and 'put it
into the basket, the person must walk ¢ yards, one in going
and another in returning; that for the second he must
walk 4 yards; and so on, ihcreasing by two as far as the
hundredth, which will oblige him to walk two hundred
yards, one hundred in going, and one hundred in return-
ing. It may easily be perceived also, that these numbers
form an arithmetical progression, in which the number of
terms is 100, the first term 2, and the last 200. The sum
total therefore, will be the product of 202 by 50, or 10100
yards, which amount to more than five miles and a half.

PROBLEM II.

A gentleman employed a bricklayer to sink a well, and agreed
to give him at the rate of three shillings for the first yard
in depth, five for the second, seven for the third, and so
on increasing till the twentieth, where he expected to find
water: how much was due to the bricklayer when he had
completed the work ¥ -

This question may be easily answered, by the rules al-
ready given ; for the difference of the terms is 2, and the
number of terms 20 ; consequently, to find the twentieth
term, we must multiply 2 by 19, and add 38, the product,
to the first term 3, which will give 41 for the twentleth
term.’

If we then add the first and last terms, that is 3 and 41,
which will make 44, and multiply this sum by 10, or half
the number of terms, the product 440 will be the sum of
all the terms of the progression, or the number of shillings
due to the bricklayer when he had completed the work
He would therefore have to receive 22/, ,
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PROBLEM III.

A gentleman employed a bricklayer to sink a well to the
_depth of 20 yards, and agreed to give him 20l. for the
whole; but the bricklayer falling sick, when he had finish-
ed the eighth yard, was unable to go on with the work :
how much was then due to him 2

. Those who might imagine that twd fifths of the whole
sum were due to the workman, because 8 yards are two.
fifths of the depth agreed on, would certainly be mistaken ;
for it may be easily seen that, in cases of this kind, the
labour increases in proportion to the depth. We shall
here suppose, for it would be difficult to determine it with
any accuracy, that the labour increases arithmetically as
the depth ; consequently the price ought to increase in the
same manner.

- To determine this problem, therefore, 20/ or 400 shil-

~ lings must be divided into 20 terms in arithmetical pro-
gression, and the sum of the first eight of these will be
what was due to the bricklayer for his labour.

But 400 shillings may be divided into twenty terms, in
arithmetical proportion, a great many different ways, ac-
cording to the value of the first term, which is here unde-
termined : if we suppose it, for example, to be 1 shilling,
the progression will be 1, 3, 5, 7, &c, the last term of
which -will be 39; and consequent]y the sum of the first.
eight terms will be 64 shillings.  On the other band, if we
suppose the first: term to be 10%, the series of terms will
be 10%, 114,.124, 131, 14, ‘which will glve 112 shllhngs
for the sum of the ﬁrst eight terms.

But, toresolve the problem in a proper manner, so as to :
+ give to the bricklayer his just due for the commencement
of the work, we must determine what is the fair, value of a-
yard-of work, similar to the first, and then assume that-
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value as the first term of the progression. We shall here
suppose that this value is 5 shillings; and in that case’the
required progression will be 5, 6%, 8%, 9%, 114, 1233,
&c, the common difference of which is 3, and the last term
85. Now to find the eighth term, which is necessary be-
fore we can find the sum of the first eight terms, multiply
the common difference $3 by 7, which will give 114y, and
add this product to 5 the first term, which will give the
eighth term 16.%;; if we then add 16, to the first term,
and multiply the sum, 2145, by 4, the product, 84,4, will
be the sum of the first eight terms, or what was due to the
bricklayer, for the part of the work he had completed.

The bricklayer therefore bad to receive 84,4 shillings, or
41 4s. 2}3d.

PROBLEM 1V.

A merchant being considerably in debt, one of his creditors,

to whom he owed 1860L. offered to give him an acguittance

_ 3 he would agree to pay the whole sum in 12 monthly in-

stallments ; that is to say, 100. the first month, and to in-

crease the payment by a certain sum each succeeding

mionth, o the twelfth inclusive, when the whole debt would

. be discharged: By what sum was the payment of each
" month tucreased ?

In this problem the payments to be made each month:
aught to increase.in arithmetical progression. We have
given the sum of the terms, whichis equal to the sum total
of the debt, and also the number 'of :these terms, which is-
12; but their common difference is unknown, because it
is that by which the payments ought to increase each
month.

To find this difference, we must take the first payment
multiplied by the number of terms, that is'to say 1200
pounds, from the sum total, and the remainder will be 6605
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we must then multiply the number of terms less. unity, or
11, by half the number of terms, or 6, and we shall have
66 ; by which if the remainder 660 be divided, the quotient
10 will be the difference. required. The first payment
therefore being 100, the second payment must have been
110, the third 120, and the last 210,

C§IL

Of Geometrical Progressions, with an explanation of their
Principal Properties.

Ir there be a series.of terms, each of which is the pro-
duct of the preceding by a common multlpher or, what
amounts to the same thing, each of which is in the same.
ratio to the preceding; such a series forms what is called
a geometrical progression. Thus 1, ¢, 4, 8, 16, &c, form
a geometrical progression ; for the second is the double oft
the first, the third the double of the second, apd so on in
succession. The terms 1, 8, 9, 27, 81, &c, form also a.
geometrical progression, each term being the triple of that
which precedes it. :

I. The principal property of a geometrical progression
is, that if we take any three following terms, as 8, 9, 27,
the product 81, of the extremes, will be-equal to the square
of the middle term 9 ; in like manner, if we take four fol-
lowing terms, as 8, 9, 27, 81, the product of the extremes,
248, will be equal to the. prodnct of the two means or
middle terms, 9 and 27. ‘

In the last place, if we take any successive number of
~ terms, as 2, 4, 8, 16, 32, 64, the product of the extremes,
2and f64,-‘wi-ll be equal to the product of amy two which |
are equally distant from them, viz. 4 and 3¢, or 8 and 16.
If the number of the terms were odd, it is: evident that .
there: would -be enly one term equally distant from the two
extremes ; and'in’that casey the square of this term would
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be equal to the product of the extremes, or to that of any
two equally distant from them, or from the mean term.

Il. Between geometrical and arithmetical progression
there is a certain analogy, which deserves here to be men-
tioned, and which is, that the same results are obtained in
the former by employing multiplication and division, as
are obtained in the latter by addition and subtraction.
When in the latter we take the half or the third, we em-
ploy in the former extraction of the square, cube, &c,
roots.

Thus, to find an arithmetical mean between any two
numbers, for example 3 and 12, we add the two given
extremes; and 7%, the half of their sum 15, will be the
number required ; but to find a geometrical mean between
the two numbers, we must multiply the two extremes, and
extract the square root of their product. Thus, if the
given numbers were 3 and 12, by extracting the square
root of their product 36, we shall bave 6 for the number
required. :

If we take any geometncal progression wbatever, as,
1, 2, 4, 8, 16, 32, 64, &c, and write it down as in the sub-
joined example, with the terms of an arithmetical progres-
sion above it, in regular order, o

01234 5 6 7 8 9 10
124816 32 64 128 256 512 1024
the following properties will be remarked in this combina-
tion: .

1st. If any two terms whatever of the geometncal pro-
gression, for example 4 and 64, be multiplied together,
their product will be 256; if we then take the two terms.
of the.arithmetical progression corresponding to 4 and 64,
which are 2 and 6, and add them together, their sum 8
will be found over the above sum 256.

-2d. If we take four terms of the lower series in geome-f
trical proportion, for example, 2, 16, 64, 512, the num-
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bets of the upper series corresponding to them will be 1,
4, 6, 9, which are in arithmetical proportion; for the
difference between 4 and 1 is the same as that between 9
and 6.

"3d. In the lower series, if we take any square number,
for example 64, and in the upper series the term corre~
sponding to it, viz. 6, the half of the latter will be found

. to correspond to the square root of 64, the former, viz. 8:

By taking, in the lower series, a cube, for example 512,
and in the upper series the corresponding number 9, it will
be found that the third of the latter, which is 3, will cor-
respand to the cube root of the former 512, which-is 8.

Thus, it is evident, that what is multiplication in geo-
metrical progression, is addition in arithmetical ; that what
is division in the former, is subtraction in the latter ; and,
in the last place, that what is extraction ef the square,
cube, &c, roots, in geometrical progression, is simple di-
vision by ¢, 8, &c, in arithmetical.

This remarkable analogy is the foundation of the com-
mon theory of logarithms; and on that account, seemed
worthy of some illustration.

1IL. Itis evident thatall the powers of the same number,
taken in regular order, form a geometrical progression ; as
may be seen in the following example, which is a series of
the powers of the number 2,

2 4 8 16 82 64 128 &ec.

The case is the same with the powers of the number 3,
which form the series,

- 3 9 27 81 243 129 &ec.

The first of these series has this peculiar property, that
if we take the first, second, fourth, eighth, sixteenth, and
thirty-eeeond terms, and to them, add unity, the result

will be prime numbers.

1V. The common ratio of a geometncal progress:on, is
the number that results from the division of any term by

VOL. L. F
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that which precedes it. Thus, in the geometrical progres-
sion 2, 8, 32, 128, 512, the ratio is .4 ; for if we divide 128
by 32, 82 by 8, or 8 by 2, the quotient will be always 4.
The ratio therefore acts an important part in geometrical
progression ; the same that the common difference does in
arithmetical, that is to say, it is always constant. :

To find any term then, for example the 8th, of a geo-
metrical progression, the ratio and first term of which are
known, multiply the ratio by itself 7 times, or as many
times as there are units in the place of the required term
less one; or, what is the same thing, raise the ratio to the
7Ith power ; then multiply the first term by the product,
and the new product will be the 8th term required. For
example, let the first term of the progression be 3, and the
ratio 2; to find the 8th term, raise 2 to the '1th power,
which will be 128, and multiply 128 by the first term 8,
the product 384 will give the 8th term of the progremon
required.

We shall here observe, that had the Sth term of an
arithmetical progression been required, the first term end
the common difference being given, we should have multi-
plied that difference by 7, and added the product to the

-first term ; whichis a proof of the a.nalogy already. men-
tioned in the second paragraph.

V. The sum of the terms of any given geonetncal pr,o.
gression may be found in the following manner.

- Multiply the first term by itself, and the last by the se-
cond, and take the difference of the two-products. Then
divide this difference by that of the first two terms, and
the quotient will be the sum of all the terms.

Let us take, for example, the progression 3, 6, 12, 24,
&ec; the eighth term of which is 384, and let it be required
to find the sum of these eight terms: the product of the
first term by itself is 9, and that of the last by the second
is 2804 ; the difference of these products is 2995 ;- if this

*
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difference then be divided by 3, the difference of the first
and second terms, we shall have for quotient the number
165, which will be the sum of these eight terms, .

- VI A geometrical progression may decrease in infinitum,
without ever reaching 0 ; for it is evident that any part of
the quantity greater than O can never become 0. A de-
creasing geometrical progression therefore may be ex
tended without end ; for by dividing the last term by the
ratio of the progression, we shall have the following term.

We shall here subjoin twe of these decreasing progres-
sions, by way of examp]es

1, % 'n » '!"5’ -31:’ i) &.c.

L % 5 % ¥ o e &6
VH. The sum of an increasing geometrical progressxon

is evidently infinite ; but that of a decreasing geometrical
ptogression, whatever be the number of terms assumed, is
always finite. Thus the sum of .all the terms, #n infinitum,
of the progression 1, £, &, §, &c, is only 2; that of the
progression 1, %, &, %, &c, i infinitum, is only 14 ; &e.
This necessarily follows from the method already given,
fer finding the sum of any number of terms whatever of a
geametrical progression ; for if we suppese it prolonged
tn tnfinstum, and decreasing, the last term will be infinitely
- small, or 0; the product of the second term by the last will
therefore be 0; and consequently, to find the sum, nothing
will be necessary but to divide the square of the first term
by the difference of the first and the second. In this man-
mer it will be found that the sam of 1, §, %, £, &c, cone
tinrued in infimtum, is 2; and that of 1, %, 4, will be £ or
1} ; for the square of 1 is 1, the difference of 1 and § is 3,
and nnity divided by } gives 2; in like manner, 1 being
divided. by $, which is the diﬂ‘erence of 1and £, gives §.

. RIMARK.

VVhen we say that a-progression contiaued n uy’inm
P2
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may be equal to a finite quantity, we do not, like Fonte~
nelle, pretend to assert that infinity can have a real exist.
ence. What is here meant, and what ought to be under-
stood, by all such expressions, is, that whatever be the
number of terms of a progression assumed, their sum never
can equal the determined finite quantity, though it may
approach to it in such a manner, that their difference wilt
become smaller than any assignable quantity.

«"

PROBLEM 1.

If Achilles can walli ten times as fast as a tortoise, which is
a furlong I_:qforz kim, can crawl; will the former over-
take the latter, and how far must he walk before he does
s0?

‘This problem has been thought worthy of notice merely
because Zeno, the founder of the sect of the Stoics, pre-
tended to prove by a sophism, that Achilles could never
overtake the tortoise; for while Achilles, said he, is walk-
ing a furlong, the tortoise will have advanced the tenth of
a furlong ; and while the former is walking that tenth, the
- tortoise will have advanced the hundredth part of a fur-
long, and so on tn tnfinitum ; consequently an infinite num-
ber of instants must elapse before the hero can come up
with the reptile, and therefore he wﬂl never come up-
" with it,

Any person however, possessed of common sense, may
readily perceive that Achilles will soon come up with the
tortoise, since he will get before it. In what then con-
sists the sophism ? It may be explained as follows:

Achilles indeed would never overtake the tortoise if the
intervals of time during which he is supposed to be walk-
ing the first furlong, and then the tenth, hundredth, and
thousandth parts of a furlong, which the tortoise has suc-
cessively advanced before him, were equal ; but if we sup-

4
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pose that he has walked the first furlong in 10 minutes, he
will requu'e only one minute to walk the tenth of a fur-
long, and % of a minute to walk the hundredth, &c. The
intervals of time therefore, which Achilles will require to
pass over the space gained by the tortoise, during the pre-
‘ceding time, will go on'decreasing in the followmg man-
ner: 10, 1, vy, vdvs yolows &c; and this series forms a
sub-decup]e geometrical progressmn, the sum of which is
equal to 11§, or the interval of time at the end of which

Achilles will have reached the tortoise. '

PROBLEM II.

If the hour and minute hands of a clock both begin to move
exactly at noon ; at what points of the dial-plate will they
be successively in conjunction, during a whole revolutum
of the twelve hours ? .

This problem, considered in a certain ménner, is in
nothing different from the preceding. The. minute hand
acts here the part which Achilles did in the former, and
the hour hand, which moves twelve times slower, that of
the tortoise. In the last place, if we suppose-the hour
‘hand to be beginning a second revolution, and the minute
hand to be beginning a first, the distance which the ope
has gained over the other will be a whole revolution of the
dial-plate. When the minute hand bhas made one revolu-
tion, the hour hand will have made but one twelfth of a

‘revolution, and so on progressively. To resolve the pro-
blem therefore, we need only apply to these data, the
- .method employed in the former case, and we shall find,
that the interval from noon, to the point where the two
-bands come again into conjunction, will be y% of a whole
revolution, or, what amounts to the same thing, one hour
and r of an hour.. They will afterwards be in conjunc-
tion at 2 hours and 2, 3 hours and 4, 4 hours and &,
&c ; and, lastly, at 11 hours 1}, that is to say at 12 hours.
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PROBLEM IIL

A wumer hamng pcrformed some very zmportant service to
his sovereign, the latter, wishing to confer on him a suit-
able reward, desired him to ask whatever he thought

. proper, promising that it should be granted. The courtier,

. who was well acquainted with the sczenceqf numbers, only
reguested that the monarch would gwe him a quantity Qf
wheat equal to that which would arise Sfrom one grain -
doubled sixty-three times successively. What was the
value of the reward # .

The origin of this problem is related in so curious a
manner by Al-Sephadi, an Arabian author, that it deserves
to be mentioned. A mathematician named Sessa, says he,
the son of Daher, the subject of an Indian prince, having
invented the game of chess, his sovereign was highly
pleased with the invention, and wishing to confer on him
some reward worthy of his magnificence, desired him to
ask whatever he thought proper, assuring him that it
should be granted The mathematician, however, only
asked a grain of wheat for the first square of the chess-
board, two for the second, four for the third, and so on to

the last or sixty-fourth. The prince at ﬁrst was almost

incensed at this demand, conceiving that it was 11l suited
to his:liberality, and ordered his vizier to comply with -
Sessa’s request; but the minister was much astonished
when, baving caused the quantity of corn necessary to

fulfil the prince’s order to be calculated, he found that all
the grain in the royal granaries, and that even of all his

subjects, and in all Asia, would .not be sufficient. He.

therefore informed the prince, who sent for the mathema-
‘tician, and candidly acknowledged that he was not rich

enough to be able to comply with his demand, the inge-
nuity of which astonished hun still more tha.n the game

~
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- Such is then the origin of the game of chess, at least
according to the Arabian historian Al-Sephadi. But it is
a0t our business here to discuss the truth of this story;
our business being to calculate the number of grains de-
manded by the mathematician Sessa..

. It will be found by calenlation, that the 64th term
of the double progression, beginning with unity, is
$223372036854775808. But the sum of all the terms of a
* double progression, beginning with unity, may be obtained
by doubling the last term and subtracting from it unity,
The number therefore of the grains of wheat equal to Sessa’s
demand, will be 18446744073709551615. Now, if a
standard pint contains 9216 grains of wheat, a gallon will
contain 73728, and, as eight gallons make one bushel, if
we divide the above result by eight times 73728, we shall
have 81274997412295 for the number of the bushels of
wheat necessary to discharge the promise of the Indian
king; and if we suppose that one acre of land is capable
of producing in one year, thirty bushels of wheat, to pro-
duce this quantity would. require 1042499913743 acres,
which make more than eight times the surface of the
whole globe; for. the diameter of the earth being sup-
posed equal to 7930 miles, its whole surface, comprehend-
ing Jand and water, will amount to very little more than
126437889177 square acres.

Dr, Wallis considers the matter in a manner somewhat
different, and says, in his Arithmetic, that the quantity of
wheat necessary-to discharge the promise made to Sessa,
would form a pyramid nine miles English in length,
breadth and height ; which is equal to a parallelopiped
mass having njine square leagues for its base, and of the
uniform height of one league. But as one league con-
tains 15840 feet, this solid would be equivalent to another
ene foot in height and having a base equal to 142560
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square leagues, Hence it follows, that the above quantity
of wheat would cover, to the height of one foot, 142560
square leagues; an extent of surface equal to eleven times
that of Britain, which when every reduction is made will
be found to contain little more than 12674 square leagues.

If the price of a bushel of wheat be estimated at ten
shillings, the value of the above quantity will amount to
156374987061477.. 10s. a sum which, in all probability, far
surpasses all the riches on the earth.

Another problem of the same kind is proposed in the -
following manner :

A gentleman taking a fancy to a /wrse, which a Iwrse-dealer
 wished to dispose of at as high a price as he could, the lat;
~ ter, toinduce the gentleman to become a purclzaser, offered
to let him have the horse for the value of the twenty-fourth
nail in his shoes, reckoning one farthing for the first nail,
two for the second, four for the third, and so on to the
twenty-fourth. The gentleman, thinking he should have
a good bargain, accepted the offer: what was the price qf
the horse?

By calculating as before, the 24th term of the p progress
sion 1, 2, 4, 8, &c, will be found to be 8388608, equal to
the number of farthings the purchaser ought to give for the
horse. The price therefore amounted to 8738l 2s. 84,
which is more than any Arabian horse, even of the noblest
breed, was ever sold for.

Had the price of the horse been the va]ue. of all the
nails, at a farthing for the first, two for the second, four
for the third, and so on, the sum would have been double
the above number, minus the first term, or 16777216
farthings, that is 174761 5s. 24d.

We shall conclude this chapter with. some physicos
mathematical observations on the prodigious. fecundity,
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and the progressive multiplication, of animals and vege-
ables, which would take place, if the powers of nature
were not continually meeting with obstacles.

- L It is not astomslnng that the race of Abraham, after
sojourning 260 years in Egypt, should have formed a na-
tion capable of giving uneasiness to the sovereiguns of that
country. We are told in the sacred writings, that Jacob
settled in Egypt with 70 persons; now if we suppose that
among these’70 persons, there were twenty toofar advanced
in life, or too young, to have children; that, of the re-
maining 50, 25 were males and as many females, forming
25 married couples, and that each couple, in the space of
€5 years produced, one with another, 8 children, which
will not appear incredible in a country celebrated for the
fecundity of its inhabitants, we shall find that, at the end
of 25 years, the above 70 persons may have increased to
270; from which if we deduct those who died, there will
perhaps be no exaggeration in making them amount to
210. The race of Jacob therefore, after sojourning 25
years in Egypt, may have been tripled. In like manner,
these 210 persons, after 25 years more, may have increased
o 680 ; and so on in triple geomettical progression : hence
it follows that, at the end of 225 years, the population may
have amounted to 1377810 persons, among whom there
might easily be five or six hundred thousand adults fit to
bear arms.

II. If we suppose that the race of the first man, making
a proper deduction for those who died, may have been
doubled every twenty years, which certainly is not incon-
sistent with the powers of nature, the number of men, at
the end of five centuries, may have amounted to 1048576.
Now, as Adam lived about 900 years, he may have seen
therefore, when'in the prime of life, that is to say about
the five hundredth year of his age, a postemy of 1048576
persons.
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III. How great would be the multiplication of many
animals, did not the difficulty of finding food, the continual
war which they carry on against each other, or the num~
bers of them consumed by man, set bounds to their propa~
gation! It might easnly be proved, that the breed of a sow,
‘which brings forth six young, two males and four females,
if we suppose that each female produces every year after-
wards six young, four of them females and two males,
would in twelve years amount to 33554230.

Several other animals, such as rabbits and cats, which
go with young only for a few weeks, would multiply with
still greater rapidity : in half a century the whole earth
would not be sufficient to supply them with food, nor even
tg contain them !

. If all the ova of a herring were fecundated a very few
years would be sufficient to make its posterity ﬁll the whole
ocean ; for every oviparous fish contains thousands of ova,
which it deposits in spawning time. Let us suppose that
the number of ova amounts only to 2000, and that these
produce as many fish, half males and half females ; in the
second year there would be more than 200000; in the
third, more than 200000000 ; and in the eighth year the
number would exceed that expressed by 2 followed by
twenty-four ciphers. As the earth contains scarcely so
many gubic inches, the ocean, if it occupied the whole
globe, would not be sufficient to contain all these fish, the
produce of one herring in eight years!

. IV. Many vegetable productlons, if all their seeds were
_put into the earth, would in a few years cover the whole
surface of the globe. The hyosciamus, which of all the
known plants produces perhaps the greatest number of
seeds, would for this purpose require no more than four
years. According tasame experiments, it has been found
shat ope stem of the hyosciamus produces sometimes more
than 50000 seeds : now if we admit the number to be only
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10000, at the fourth crop it would amount to a 1 followed
by sixteen ciphers. But as the whole surface of the earth
‘contains no more than 5507634452576256 square feet; if
we allow to each plant only one square foot, it will be
seen that the whole surface of the earth would not be suf-
ficient for the plants produced from one hyosclamus at the
end of the fourth year!

§ I1I
Of some other Progressions, and particularly I{am&m’cal
Progression.

- THREE numbers are in harmonical proportion, when
tbe first is to the last, as the difference between the first
and the second, is to that between the second and the
third. Thus, the numbers 6, 3, 2, are in harmonical pro-
portion ; for 6 is to 2, as 3, the difference between the two
first numbers, is to 1, the difference between the two last.
This kind of relation is called harmonical, for a reason
which will be seen hereafter.

I. Two numbers being given, a third which shall form
with them harmonical proportion may be found, by multi-
plying these two numbers, and dividing their product by
the excess of the double of the first over the second
Thus, if 6 and 3 be given, we must multiply 6 by 3, and
divide the product 18 by 9, which is the excess of 12 the
double of 6 over 8, the second of the numbers given. In
this case the quotient will be 2.

It may hence be readily seen that, in one sense, it is net
always possible to find a third number in harmenical pro-
‘portion with two others; for when the first is less, if its
double be equal to or less than the second, the result will
be an infinite or a negative number. Thus, the third har-
monic proportional to 2 and 4 is infinite ; for it will be
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found that the number sought is equal to 8 divided by

4 — 4,0r 0. But every person, in the least acquainted
with arithmetic, knows that the more the denominator of

a fraction is inferior to unity, the greater the fraction;

consequently, a fraction which has 0 for its denominator is

infinite. )

If the double of the first number be less than the second,
as would: be the case were it proposed to find a third bar-
manical to 2 and 6, the required divisor will be a negative
- number. Thus, in the proposed example of 2 and 6, it
will be — 2; and therefore the third harmonical required
will be 12 divided by — 2, that is — 6 *,

But this inconvenience, if it be one, is not to be appre-
 hended when the greater number is the first term of the
proportion ; for if the first exceeds the second, much more
will its double exceed it. In this case therefore, the third
harmonical will always be a finite and positive number.

II. When three numbers, in decreasing harmonical pro-
portion, are given,.for example 6, 3, 2, it is easy to find a
fourth : nothing is necessary but to find a third harmonical
to the two last, and this will be the fourth. The third
and fourth may, in like manner, be employed to find a
fifth, and so on ; and this will form what is called an har-
monical progression, which may be always continued de-
creasing. In the present example, this series will be
found tobe 6, 3, 2, §, $, £, 4, §, &c.

' 0"6’3’2’4‘:?"97’%’&0"“'

Had the two first numbers been 22nd 1, we should have

bad thie harmionical progression

. -2, l”:,?,z"x’mwvwﬂ;&fc-
Itisa remarkable property, therefore, of the series of

® See what has been already said in regard to negative qmnhtnes, in the
article on arithmetical progression,. ) R
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fractions, having for their numerators unity, and for their
denominators the numbers of the natural progression, that
they are in barmonical progression.

Besides the numerical relation already mentioned, we
find indeed, in the series of these numbers, all the musical
concords possible ; for the ratio of 1 to § gives the octave;
that of £ to 3, or of 3 to 2, the'fifth; that of § to §, or of
4 to 3, the fourth; that of £ to i, or of 5 to 4, the third
major ; that of } to £, or of 6 to 5, the third minor; that
of £ to §, or of 9 to 8, the tone major, and that of § to #;,
or of 10 to 9, the tone minor. But this will be explained
at more length in that part of this work which treats
of music.

Itis a curious property, that l:he three mean proportionals,
viz, the arithmetical mean, the geometrical mean, and the
harmonical mean, between any two numbers, are always
in continued geometrical progression. So, between the
two numbers 8 and 2, the arithmetical mean is 5, the geo-
metrical mean is 4, and the harmonical mean is 34 ; and it
is obvious that 5:4 :: 4 : 3{.

PROBLEM.

What is the Sum of the Infinite Sertes of Numbers in Her-
_ .monical Progression, 1, &, %, £, §» & &c.2

It has been already seen, that a series of numbers in
‘geometrical progression, if continued in infinttum, will al-
ways be equal to a finite number, which may easily be
determined. - But is the case t:he same ifi the present
problem ?

We will venture to reply in tbe negatlve, though an
author, in the Journal de Trevouxr, has bestowéd great
{abour. in endeavouring to prove that the sum of these
fractions is finite. But his reasoning consists of mere para-
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logisms, which he would not have employed had he been
more of a mathematician ; for it can be demonstrated that
the series 1, §, £, 4, %, &c, may be always continued in such
a manner as to exceed any finite number whatever.

$IV.

or various Progressions Decreasing in ngﬁmtum » the Sums
of which are known.

* 1. A VARIETY of decreasing progressions, which have
served to exercise the ingenuity of mathematicians, may
be formed according to different laws. Thus, for example,
the numerator being constantly unity, the denominators
may increase in the ratio of the triangular numbers 1, 3,
6, 10, 15, 21, &c.  Of this kind is the following pro-
gression: i, % v % 71y &c. Its sum is finite, and
exactly equal to 2, or 14. ‘

_. In like manner the sum of a progression having unity
constantly for its numerators, and the pyramidal numbers
for its denominators, as, 1, %, ¥, 2 v ¥ &C, is equal
to 14.

That where the denominators are the pyramidals of the
second order, asl, §, &, v, 7% 135 &€, is equal to 14

That where they are pyramidals of the third order, as
1; %5 #n ¥% vk xts, &c, is equal to 13.

The law therefore which these sums follew, is endent :
and if the sum of a similar progression, that, for example,
where the denominators, are the pyramidals of the tenth
order, were required, we might easily reply thatit is equal
10 14

II. Let us now assume the followmg progresslon,

1, 4, 3» % ¥5» v &, in which the denominasors are the
squares of the numbers of the natural progression,
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. If the reader is desirous to know its sum, we shall ob-
serve, with Mr. John Bernoulli, by whom it was first
found, that it is finite, and equal to the square of the cir-
cumference of the cirele divided by 6, or } of 3:14159%

As to that in which the denominators are the cubes of
the natural numbers, Mr. Bernoulli acknowledges that he
had not been able to discover it.

Those who are fond of researches of this kind, may.con-
sult a work of James Bernoulli, entitled Traotatu.s de
Sericbus Infinitis, which is at the end of another published
at Béle in 1713, under the title of Ars Conjectandr, where
they «-ill find ample satisfaction. They may also consult -
various other memoirs both of John Bernoulli, to be found
in the collection of his works, and of Euler, published in
the Transactions of  the Imperial Academy of Sciences at
Petersburg.

et

CHAPTER VIIL ‘
Of Combinations and Permutations.

BEFORE we enter on the present subject, it will be
necessary to explain the method of constructing a sort of
table, invented by Pascal®, called the Arithmetical tri~
angle, which is of great utility for ohortenmg calculations
of this kind.
~ First, form a band AB of ten equal squares, and ‘be-
low it another CD of the like kind, but shorter by one
square on the left, so that it shall contain only nine
squares ; and continue in this manner always making each

* This is a mistake in Montucla, as the triangle was invented some ages
before Pascal; see Dr. Hutton’s Tracts, vol, 1, pa. 331.
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successive band a square shorter. We shall thus have a
series of squares disposed in vertical and horizontal bands,
and terminating at each end in a single square, so as to
form a triangle, on which account this table has been
called the arithmetical triangle. The numbers with which
it is to be filled up, must be disposed in the following .
manner.

Al ] x| [ 1] 1|B
Cl1 3|4 71 8] 9|D
1[3]6 15]21|28| 36|
1{4]10[20]35][56| 84
1| 5]15]|85]170] 126 |
1] 6]21]|56]126
1] 7]28] 84

1| 8| 36
1

1
“E

In each of the squares of the first band AB, inscribe
" unity, as well as in each of those on the diagonal AE.
Then add the number in the first square of the band
CD, which is unity, to that in the square immediately
above it, and write down the sum 2, in the following
square. Add this number, in the like manner, to that in
the square above it, which will give 3, and write it down
in the next square. By these means we shall have the
series of the natural numbers, 1, 2,8, 4, 5, &c. The same
method must be followed to fill up the other horizontal
bands; that is to say, each square ought always to con-
tain the sum of the number in the preceding square of the
same row, and that which is inmediately above it. Thus,
the number 15, which occupies the fifth square of the third
band, is equal to the sum of 10 which stands in the pre-
ceding square, and of 5 which is in the square above it.
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The case is the same with 21, which is the sum of 15 and
6 ; with 35 in the fourth band, which is the sum of 15 and
20; &c.

.. The first property of this table is, that it contains, in its
horizontal bands, the natural, triangular, pyramidal, &c,
numbers; for in the second, we have the natural numbers
1,2, 3, 4, &c; in the third, the triangular numbers, 1, 8,
6, 10, 15, &c; in the fourth, the pyramidals of the first
order, 1, 4, 10, 20, 35, &c; in the fifth, the pyramidals of
the second order 1, 5, 15, 35, 70, &c. This is a necessary
consequence of the manner in which the table is formed ;
for it may be readily perceived, that the number in each
square is always the sum of those which fill the preceding
squares on the left, in the band immediately above.

The same numbers will be found in the bands parallel
to the diagonal, or the hypothenuse of the triangle. '
- But a property still more remarkable, which' can be
comprehended only by such of our readers as sre ac.
quainted with algebra, is, that the perpendicular bands
exhibit the co-efficients belonging to the different mem-
bers of any power to which a binomial, as a+ b, can be
raised. The third band contains those of the three mem-
bers of the square; the fourth, those of the four members
of the cube; the fifth, those of the five members of the
bxquadrate . But, without enlarging farther on this sub-
ject, we shall ‘proceed -to explain what is meant by cpm.
binations. ,

By combinations are understood the various ways that
different things, the number of which is known, can be
¢hosen or selécted, -taking them one by one, two by twe,
three by three, &c, without regard to their order. Thus,
for example, if it were requiced to know in how many dif-
ferent ways the four letters a, b, ¢, d, could be arranged,
taking them two and two, it may be readily seen that we

VOL. I. G
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can form with them the following combinations, ab, ac; ad,
be, bd, cd: four things, therefore, may be cémbined, two
and two, six different ways. Three of these letters may be
combined four ways, abc, abd, acd, bcd; hence the com-
binations. of four thmgs, taken three and three, are only
four.

. In combinations, properly so called, no attention is paid
to the order of the things; and for this reasonwe have
made no mention of the following combinations, ba, ca,
da, cb, db, dc. 1If, for example, four tickets, marked a, b,
¢, d, were put into a hat, and any one should bet to draw
out the tickets a and d, either by taking two at one time,
or taking one after another, it would be of no importance
whether a should be drawn first or last: the combinations
ad or da ought therefore to be here considered only as
one.

‘But if any one should bel: to draw out a the first time,

‘and dthe second, the case would be very different ; apd-it
would be necessary to attend to the order in whi'ch these
four letters may be taken and arranged together, two and
two: it may be easily seen that the different ways are, ad,
ba, ac, ca, ad, da, bc, cb, bd, db, cd, dc. In like manner,
these four letters might be combined and arranged, three
and three, 24 ways, as abc, ach, bac, bea, cab, cba, adb, abd,

. dba, dab, bad, bda, acd, adc, dac, dca, cad, cda, bed, dbc,

cbd, bde, cbd, dcb. This is what is called permntatlon and
~ change of order.

. PROBLEM 1.

Any number of things whatever being given; to determine
i how many ways they may be combined two. and two,
three and three, &c, without regard to order.

- "This problem may be easily solved by making use of

. the arithmetical triangle. Thus, for example, if there are
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eight things to be combined, three and three, we must
take the ninth vettical band, or, in all cases, that band the
order of which is expressed by a number exceeding by
unity the number of things to be combined ; then the
fourth - horizontal band, or that the order of which is
. greater by unity than the number of the things to be
taken together; then in:-the common square of both will
be found the number of the combinations required, which
in the present example will be 56.

But as an arithmetical triangle may not always be at
hand, or as the number of things to be combined may be
too great to be found i in such a table, the following simple
method may be employed.

The number of the things to be combined, and the
manner in which they are to be taken, viz. two and two,
or three and three, &c, being given:

1st, Form two arithmetical progressions, one in which
the terms go on decreasing by unity, beginning with the
given number of thmgs to be combined ; and the other
consisting of the series of the natural’ numbers 1, 2,
3, 4, &ec.

2d, Then take from. each as many terms as there are
things to be arranged together .in the proposed com-
bination.

8d, Muliply together the terms of the first progres-
sion, and do the same with those of the second.
~ #th, In the last place, divide the first product by the
'second, and the ‘quotient will be the number of the com-
binations required..

§I

In how many ways can 90 things be combined, taking them, o
- two and two?

AcCoRDING to the above rule we must multiply 90 by
89, and divide the product 8010 by the product of 1 and
¢2
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2, that is 2: the quotient 4005 will be the number of the
combinations resulting from 90 things, taken two and two.

Should it be required, in how many ways the same
things can be combined three ‘and three, the: problem may
be answered with equal ease; for we have only to mul-
tiply together 90, 89, 88, and tordivide the product 704880
by that of the three numbers 1, 2, 3'; the quotlent 117480
will be the nuiber required. '

In like manner, it will be found that 90 things may be
combined by four and four, 2555190 ways; for if the
product of 90, 89, 88 and 87 be divided by 24, the pro-
duct of 1, 2, 3, 4, we shall have the above result.

In the last place, if it be required, what number of
combinations ‘the same 90 things, taken five and five, are
susceptible of, it will be found, by following the rule,
that the answer is 48949268.

§ 11,

WERE it asked, how many conjanctions the seven
‘planets could form with each other, two and two, we
might reply 21; for, according to the general .rule, if we
‘multiply 7 by 6, which will give 42, and divide that num-
ber by the product of 1 and g, that is 2, the qnotxent wnll
be 21.

If we wished to know the number of all the conjunc-
tions possible of these seven planets, two and two, three
and three, &c; by finding separately the number of the
conjunctions two and two, then those of three and three,
&c, and adding them together, it will be seen that they
- amount to 120.

The same result might be obtained by adding the seven
terms of the double geometrical progression 1, 2, 4, 8, 16,
32, 64, which will give 127. But from this number we
must deduct 7, because when we speak of the conjunction
of a planet, it is evident that two of them, at least, must
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be united ; and the number 127 comprehends all the ways
in which seven things can be taken one and one, two and
two, three and three, &c. In.the present example there-
fore, we must deduct the number of the thmgs taken one
and one, for a single. planet cannot form a conjunction.

PROBLEM I3,

.Any number of things being given ; to find in how Man_yv
ways they can be arranged. :

Thls problem may be easﬂy solved by followmg the
method of induction ; for
. 1st, One thing a can be arranged only in one way: in
this case therefore the number of arrangements.is = 1.
- 2d, Two things may be arranged together two ways;
for with the letters @ and & we can form the arrangements:
ab and ba: the number of arrangements therefore is equa.!
to 2, or the product of 1 and 2. :
" 8d, The arrangements of three things &, b, ¢, are in
number six ; for ab can form with ¢, the third, three dif-
ferent ones, bac, bca, cba, and there can be no more.
Hence it is evident that the required number is equal
to the preceding muluphed by 8, or to the product of
1,2, 8.
*4th, If weadd a fourth thing, for instance d itis evndent
that, as each of the preceding arrangements may be com-
bined with this fourth thing four ways, the above num-
bér 6 must be multiplied by 4 to obtain that of the
arrangements resulting from four things; that is to say,
the number will be 24, or the product of 1, 2, 3, 4.
i ‘It is needless to enlarge farther on this subject; for it
may be easily seen that, whatever be the number of the
things given, the number of the arrangements they are
suséeptible of may be found, by multiplying together as
wmany terms of the natural amhmetlcal progressmn as
there are things pmpmed o :
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S, REMARK.
sty It may sometimes happen that, of the thmgs pro-
posed, one of them is repeated, as z, ¢, b, c. In this case,
where ‘two of ‘the four things proposed are the same, it
will be found that they are susceptible only of 12 ar-
rangements, instead of 24 ; and that ﬁve, where two are-
the same, can form only 60, instead of 120. :

But if three, of four things, were the same, there would
be only 4 combinations instead of 24 ; and five things, if
three of them were the same, would give only 20, instead
of 120, or a sixth part. But as the arrangements of which
two things are susceptible amount to 2, and as those which
can be formed with three things are 6, we may thence de—
duce the following rule : -

In any number of things, of which the dtﬂ'erent arrange-
ments are required, if one of them be several times repeat-
ed, divide the number of arrangements, found according
to the general rule, by that of the arrangements which
would be. given by the things repeated, if they were dif-
fenent, and the quotient will be the number required.

- 2d, Inthe number of things, the different arrangements
of which are required, if there are several of them, which
~ qeeur several times, one twice for example, and another
three times; nothing will be necessary, but to find the
number of the arrangements according to the general rule,
and then to,divide it by the product .of the numbers ex-
pressing the arrangements which each-of the things re-
peated would be susceptible of, if instead of being thes
same, they were different. Thus, in the present case; as
the things which occur twice, would be susceptible of two
arrangements, if they were different; and as those which
occur thrice would, under the like circunistances, give
six; we must multiply 6 by 2, and the product.12 will be
the number, by which that found according to the.general



- PERMUTATIONS. . 87

‘rule, ought to be divided.- Thus, for example, the five
Jetters-a, a, b, b, b, can be arranged only 10 different ways:
far, if they were different, they would give 120 arrange-
ments; but as one of them occurs twice, and anotber
thrice, 120 must be divided by the product of 2 and 6, or
12, which will give 10. .

By observing the precepts given for the solution of this
ftoblem, the following questions may be resolved.

-~ §L
A club of seven persons agreed to dine together, every day
successtvely, as long as they could sit down to table differ-
ently arranged. How many dinners would be necessary
Jor that purpose? o
It may be easily found that the required number is
5040, which would require 13 years and more than 9
months,

§IIL

Tae different anagrams which can be formed with any
 word, may be found in like manner. Thus, for example,

if it be required, how many different words can be formed
with the four letters of the word AmMoRr, which will give
all the possible .anagrams of it, we shall find that they
amount to 24, or the continued product of 1, 2, 3, 4,
We shall here give them in their regular order. N

AMOR MORA ORAM . RAMO
AMRO MOAR ORMA RAOM
AOMR MROA OAEKM RMAO
AORM MRAO OAMR RMOA
ARMO MAOR OMRA ROAM
AROM MARO OMAR ROMA

Hence it appears that the Latin anagrams of the word
;amor, are in nawber seven, viz, Romu, nwre; maro, oram,
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tour which he made to the canal of Orleans, some square
poreelain tiles, divided by a diagonal into two triangles of
different colours, destined for paving a chapel and some
apartments, he was induced to try in how many differént
ways they could be joined side by side, in-onder to form
different figures. In the first place, it may be readily seen
that a single square (Plate IL.) according to its positich
can form four different figures, which however:may be
reduced to two, as there is no other difference betweet'the
first and the third, or between. the second and the fourth,

than what arises from the transposition of the shaded ‘tri-
angle into the place of the white one. '

. Now, if two of these squares be combined together, the
result will be 64 different ways of arrangement; for, in
that of two squares, one of them may be made to assume
four, different situations, in each of which the other may
be changed 16 times. The result therefore will be 64
<ambinations, as may be seen in the plate.

We must however observe, with Father Sebastian, thdt

one half of these combinations are only a repetition of the
other, in a contrary direction, which reduces them to 32;
and if attention were not pald to s1tuat|on, they might be
~reduced to 10,
* 1Inlike manner, we'might combine three, four, five, &,c,
squares together, and in that case it would be found, that
three squares are capable of forming 128 figures; that four
could form 256, &c. = :

The immense variety of corqpartments which arise, in
this manner, from so small a number of elements is really
astonishing, ' Father Sebastian gives thirty different kinds,
selected from:a. bundred; andthese even are only:a very

- small part of those which might be formed. Sotfie of the
_most remarkable of them are exhibited in the 2d pldte.

In consequence of Father Sebastian’s memoir, Father

Douat, one of hjs associates, was induced to pursue this

>
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subject still farther, and to publish, in the year 1722, a
large work*, in which it is considered in a different manner.
In this work it may be seen that four squares, each divided
into twotriangles of different colours, repeated and changed
in every manner possible, are capable of forming 256
different figures ; and that these figures themselves, taken
two and two, three and three, and so on, will form a pro-
digious multitude of compartments, engravings of which
occupy the greater part of the book.

It is rather surprising that this idea should bave been so
little employed in architecture; as it might furnish an in~
exhaustible source of variety in pavements, and other works
of the like kind. However this may be, it forms the object
of a pastime, called by the French Jeu du Parquet. The
instrument employed for this pastime, consists of a small
table, having a border round it, and capable of receiving
64 or a hundred small squares, each divided into two tri
angles of different colours, with which people amuse them-
selves in endeavouring to form agreeable combinations.

' e
CHAPTER IX

ﬂpphcanon of the Doctrine ‘'of Combinations to Games of
Chance and to Probabilities.

" THOUGH nothmg, on the first vnew, seems more
foreign to the province of the mathematics than chance,
the powers of analysis have, as we may say, enchained this
Proteus, and subjected it to calculation. It has found
meaps to measure the different degrees of probability ;
- ® It is entitled Methode povr fuire unie infinité de dessins différents, avec des
carreaux mi-partis de deux couleurs par une ligne” dingonale ; ou, Obseroations dus
P. D Douat, religieuzr Carme de la P. de T. sur un Memoire m:erldam I'Hwt.

de D Acad. royale des Sciénces de Paris, année 1704, par le P 8. deut, rdaguuz
o mévie vrire, Puris 1792, iu 4to. : .
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and this has given birth to a curicts branch of the mathe-;
matics, the principles.of which we shall here explain.

" When an event can take place different -ways, ‘it: is.
evident that the probability of its ligppening in & certain
determinate manner, will be greater when, of the whole of:
" the ways.in which it can happen, the greater number detéy-

“mine it to happen in that manner. In a lottery, for ex~

ample, every one knows that the probability -or hope’ of
obtammg a prize, is greater according as the number of
prizes is greater, and as the total number of the tickets is

less. The probability, therefore, of an event, is in the

compound ratio of the number of the cases which can pro-
duce it, taken directly, and of the total number of those

according -to which it may be varied, taken inversely;

consequently it may be expressed by a fraction, having
for its numerator the number of the favourable cases, and
for its denominator the whole of the cases, '

. Thus, ina lottery consisting of a thousand tickets, 25 of
wh,toh only are prizes, the chance of obtaining one of the
latter will be represented by 123+, or %3 if the number
of the prizes were 50, this probability would be double,
for in that case it would be equal to ;% ; but, on the other
hand, if the whole number of tickets, instead of a thousand,
were two thousand, the probability would be only one
half of the former, that is . -If the whole number of
tickets were infinitely great, the number of prizes still
remaining the same, the probability would be inﬁnitely
small; and if the whole number of tickets were prizes, it
would become certainty, and in that case would be ex-
pressed by unity.

Another principle of this theory, necessary to be here
explained, the enunciation of which will be suﬁictent to
show the truth of it, is as follows:

. We play an equal game, when the money depomed is in
direct proportion to the probability of -gaining the stakes
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“for, to play an equal game, is nothing else than to'deposit a
sum so- proportioned to the probability of winning, that,
‘after a great number of throwsor games; the player may find
“himself nearly at par; but for this purpese, the sums de-
' posited must be proportioned to the degree of probability,
-which each of the:players hasin his favour. Letussuppose,
for example, that A bets against B on a throw of the dice,
and that: the chances are two to one in favour: of A; the
game will be equal if, after a great number of throws, the
- parties separate nearly without any loss; butastherearetweo
chances in favour of A, and.only one in favour of B, after
three hundred throws a will-have gained nearly two hun»
_dred, and B:one hundred; a therefore ought to deposit 2
and B only one, forby these means, as Ain winning two hun-
dred throws will gain 200, B in"winning a hundred throws
-will gain 200also. - In such cases therefore, it is'said. that
_two to one may. be betted in favour of a.

PROBLEM I.

-In tossing up, what probability.is there of throwing a head
- several - times successivelyy or a tail; or, in playing with
several pieces, what probability is there that the_y will. be
all heads, or all tails? .

In this game,. which is. well known, it is evndent, lst,
That as there is no- reason why a head sheuld come.up
" _rather than a tail, or a tail rather than a head, the-proba-

bility that one of the two will be the case is equal to ,1-, or
an equal bet may be taken, for or against. -

But- if the game: were for-two throws, and any one
'shoald bet,.that a head will come up twice, it :must be ob-
served, that all the combinations of head-or.tail; which
-cani‘take- place in two:successive throws with the same
- piece, are head, -head ;- head, tail; tail, head;.tail; tail;
-one of which only gives-head, head. There is-therefore
* enly-one ‘case in ‘4~whi¢h: can- make the person:win whp
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bets to throw a-head twice in succession; consequently
.the probability of this.event is only }; and he whobets in
favour of two. heads, ought to deposit a crown, and the
_ persen who- bets against him ought to deposit three; for
the latter has three chances of winaing, while the former
has-only one. To play an equal game then, the sums de-
posited by each, ought to be in this.proportion.

. It will be found also, that he who bets to throwa Aasd
* three times in succession, will have in his favour only one
of the eight combinations of - head and tail, which may. re-
sult from three throws of the same piece. The probability
of this event therefore, is }, while that in favonr of  his
adversary will be §. Consequently, to play an equal game,
-he ought to stake 1-against 7.

It is needless to go over all the other cases; for it may
‘e -easily seen, that the probability of throwing a Aead
four times successively, is y%; five times successively,
25 &Kec.

It is unnecessary also to enumerate all the different
‘combinations. which may result from %ead or Zail; but in
regard to probabilities, the followxng simple rule ma.y be
employed.

The probabilities of two or more single: events bemg
Jutown, the probability of their taking place all together
may be found, by multiplying together the probabilities of
thase events, considered singly.

Thus the probability of throwing a head, considered
nngly, bemg expressed at each throw by 3 b that of throw-
mg it twice in suqcesnon, will be £x £ or §; that of throw-
ing it three times, in three successxve throws, will be § x
£x %, or §, &e.

2d. The problem, to determine the probability of
throwing, with two, three, or four pieces, all eads or all
tuils, may. be resolved by the same means. When two
Ppieces ara tassed up, there are four combinations of Acad
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and 7ail, one of which only is all beads. When threé
~ pieces are tossed up together, there are 8, one of which

only gives all Aeads, 8&c. The probabilities of these cases
therefore, are the same as those of the cases sxmxlar to
them, which we have already examined.

It may be easily seen indeed, without the help of ana.
- lysis, that these two questions.are absolutely the- same;
and the following mode of reasoning may be employed to
prove it. To toss up the two pieces A and B together, or
to toss them up in succession, giving time to «, the first,
to settle before the other is tossed up, is certainly the
same thing. Let us suppose then, that when A, the first,
has settled, instead of tossing up B, the second, a, the
first, is taken from the ground, in order to be tossed up a
second time; this will be the same thing as if the piece B
had been employed for a second toss; for-by the suppo~
sition they are both equal and similar, at least in regard te
the chance whether head or tail will come up. Conse~
quently, to toss up the two pieces A'and B, or to toss up °
twice in succession the. piece A, is the same thing. There-
fore, &c.

3d. We shall now propose the following. question?
What may a person bet, that, in two throws, a Aead will
‘come up at least once? By the above method it will be
found, that the chancesare 8 to 1. Intwo throws, indeed,
there are four combinations, three of which give at least
a head once in the two throws, and one only which gives
all tails; hence it follows, that there are three combina-
tions in favour of the person who bets to bring a head
onee in two throws, and only one against him.

: PROBLEM II.

AnJ m/,mber cf dice-bering given; to determine what proda«
bility there s of throwing an assigned number of points.
We shall first suppose that the dice are of -the ordinary
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ot REMARK.

“ sty It ) ma,y sometimes happen that, of the thmgs pro-
posed, one of them is repeated, as a, a, b, c. Inthis case,
where ‘two of ‘the four things proposed are the same, it-
will be found that they are susceptible only of 12 ar-
rangements, instead of 24 ; and that five, where two are
the same, can form only 60, instead of 120. '

But if three, of four things, were the same, there would
be only 4 combinations instead of 24 ; and five things, if
three of them were the same, would give only 20, instead
of 120, or a sixth part. But as the arrangements of which
two things are susceptible amount to 2, and as those which.
canbe formed with three things are 6, we may thepce de-
duce the following rule : '

. In any number of things, of whlch the different arrange-
ments are required, if one of them be several times repeat-
ed, divide the number of arrangements, found according
to the general rule, by that of the arrangements which
would be given by the things repeated, if they were dif-
ferent, and the quotient will be the number required.

* 2d, In the number of things, the different arrangements
of which are required, if there are several of them, which
qccur several times, one twice for example, and another
three times; nothing will be necessary, but to find the
number of the arrangements according to the geperal rule,
and then to divide it by the product .of the numbers ex:
pressing the arrangements which each of the things re-
peated would be susceptible .of, if instead of being the
same, they were different. Thus, in the present case, as
the things which occur twice, would be susceptible of twe
arrangements, if they were different; and as those which
occur thrice would, under the like circumistances, give
six; we must multiply 6 by 2, and the product.12 will be
the number, by which that found according o the generak
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‘rule, ought to be divided.- Thus, for example, the five
letters a,a, b, b, b, can be arranged only 10 different ways:
for, if they were different, they would give 120 arrange-
ments; but as one of them octurs twice, and anotber
thrice, 120 must be divided by-the product of 2 and 6, or
12, which will give 10.

By observing the precepts given for the solution of this
dprqblem, the followmg questions may be.resolved.

- 8L
d club of seven persons agreed to dine together, ever;y da_y
.. successtvely, as long as they could sit down to table differ-
enily arranged. How many dinners would be necessary
Jor that purpose?

It may be easily found that the required number is
5040, which would require 13 years and more than 9
months.

§IL

THE different anagrams which can be formed with any
word, may be found in like manner. Thus, for example,
if it be required, how many different words can be formed
with the four letters of the werd AmoRr, which will give
all the possible .anagrams of it, we shall find that they
amount to 24, or the continued product of 1, 2,3, 4,
We shall here gwe ‘them in their regular order, N

AMOR MORA  ORAM . B.AMO
. AMRO MOAR ORMA  RAOM
AOMR MROA OAEM RMAO
AORM "MRAO OAMR RMOA
ARMO MAOR OMRA ROAM
AROM MARO OMAR  ROMA

Hence it apipears that the Latin anagrams of the ivord
iamor, are in nuwber seven, viz, Romu, nwra; maro, oram,
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ramo, armo, orma. But in the proposed word, if one or
‘more letters were repeated, it would be. necessary to
follow the precepts already given: Thus, the word Leo-
poldus, where the letter 7 and the letter o both occur twice,
is susceptible of only 90720 different arrangements, or
anagrams, instead of 362880, which it would form, if none
of the letters were repeated ; for, according to the before-
mentioned rule, we must divide this number by the pro-
duct of 2 by 2, or 4, which will give 90720.

- The word studiosus, where the % occurs twice and the s
thrice, is susceptible of only 80240 arrangements; for the
arrangements of the 9 letters it contains, which are in
number 362880, must be divided by the product of 2 and
6, or 12, and the quotient will be 80240.

- In this manner may be found the number of all the
possnble anagrams of any word whatever; but it must be
observed that however few be the letters of which a word
is composed, the number of the arrangements thence re-
sulting will be so great as to require conslderable labour
‘to find them.

§ IIL

" How many ways can the following verse be varied, without
destroying the measure :

"ot tibi sunt dotes, Virgo, quot sidera calo?

A

THis verse, the production of a devout Jesuit of
Louvain, named Father Bauhuys, is celebrated on account
of the great number of arrangements of which it is sus-
ceptlble, without the laws of quantity being violated ; and
various mathematicians have exercised or amused them-
selves with finding out the number. Eryclus Puteanus
took the trouble to give an enumération of them in forty-

- eight pages, making them amount to 1022, or the nuhber
of the stars comprehended in the catalogues of the ancient
\
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-astronomers ; and he very devoutly- observes, that the
arrangements of these werds, as much exceed the above
number, as the perfections of the Virgin exceed that
-of the stars™®,

Father Prestet, in the first edition of his Elements of
the. Mathematics, says that this verse is susceptible of
‘2196 variations; but in the second edition he extends the
number to 8276.

Dr. Wallis in the edition of his Algebra printed at Ox-
ford, in 1693, makes them amount to 3096.

-.. But none of them has exactly hit the truth, as has been
remarked by James Bernoulli, in his Ars Conjectands.
~“This author says, that, the different combinations of the
above verse, leaving out the spondees, and admitting those
-which have no ceesura, amount exactly to 3312. The .
‘method by which the enumeration was made may be seen
/in the above work.

The same question has been proposed respectmg the
-following verse of Thomas Lansius:

Mars, mors, sors, lis, vis, styx, pus, noz, fex,
mala, crux, fraus.
It may be easily found, retaining the word mala in the
antepenultima place, in order to preserve the measure,

"that this verse is susceptible of 399168000 different
. arrangements.

v PROBLEM I11. »
Of the combinations which may be formed with squares di-
vided by a diagonal into two differently coloured triangles.

We are told by Father Sebastian Truchet, of the Royal

.Academy of Sciences, in a memoir printed among those of
the year 1704, that having seen, during the course of a

# See also Vessius de Scient, Math. cap. vii.
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tour which he made to the canal of Orleans, some square
porcelain tiles, divided by a diagonal into two trianglesof
different colours, destined for paving a chapel and some
apartments, he was induced to try in how many differént
ways they could be joined side by side, in-onder to form
different figures. In the first place, it may be readily seeh
that a single square (Plate IL.) according to its positich
can form four different figures, which however may.be
reduced to two, as there is no other difference betweetr'the
first and the third, or between. the second and the fourth,

than what arises from the transposition of the shaded tri-
angle into the place of the white one. «

. Now, if two of these squares be combined together, tbe
result will be 64 different ways of arrangement; for, in
that of two squares, one of them may be made to assume
four, different situations, in each of which the other may
be changed 16 times. The result therefore. will be 64
<ambinations, as may be seen in the plate.

We must however observe, with Father Sebastian, that

one half of these combinations are only a repetition of the
other, in a contrary direction, which reduces them to 82;
and if attention were not pald to sltuatlon » they might be
~reduced to 10.
* 1Inlike manner, we- might combme three, four, five, &c,
squares together, and in that case it would be found, that
three squares are capable of forming 128 figures; that four
could form 256, &c. - :

The immense variety of conqpartments which arise, in
this mannet, from so small a number of elements is really
astoriishing. - Father Sebastian gives thirty different kinds,
selected frem:a bundred; and these -even are only a very

- small part of those which might be formed. Soifie of the
_miost remarkable of them are exhibited in the 2d plate.

In consequence of Father Sebastian’s memoir, Father

Douat, one of hjs associates, was induced to pursue this
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subject still farther, and to publish, in the year 1722, a
large work *, in which it is considered in a different manner.
In this work it may be seen that four squares, each divided
into twotriangles of different colours, repeated and changed
in every manner possible, are capable of forming 256
different figures ; and that these figures themselves, taken
two and two, three and three, and so on, will form a pro-
digious multitude of compartments, engravings of which
occupy the greater part of the book.

It is rather surprising that this idea should have been so
little employed in architecture; as it might furnish an in~
exhaustible source of variety in pavements, and other works
of the like kind. However this may be, it forms the object
of a pastime, called by the French Jeu du Parquet. The
ipstrument employed for this pastime, consists of a small
table, having a border round it, and capable.of receiving
64 or a hundred small squares, each divided into two tri
angles of different colours, with which people amuse them-
selves in endeavouring to form agreeable combinations.

CHAPTER IX

zlpplwanm of the Doctrine ‘of Combinations to Games of
Chance and to Probabilities.

" THOUGH nothmg, on the first vnew, seems more
foreign to the province of the mathematics than chance,
the powers of analysis have, as we may say, enchained this
Proteus, and subjected it to calculation, It has found
meaps to measure the different degrees of probability ;
- ® Ttis entitled Methode powr fuire-une infinité de dessing différents, avic des
carreaus mi-partis de deux couleurs par une ligne dingonale ; ou, Observations dus
P. D Douat, religieuzx Carme de Ja P. de T. sur un Memoire merldam I'Hut

de’? Acud. royale des Sciences de Paris, année 1704, par le P S. Tmhd, rdxgma
du mérie vrdre, Puris 1792, in 4to. .
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and this has given birth to a curicts branch of the mathe-;
matics, the principles.of which we shall here explain.
When an event can take place -different -ways, :it: is.
ev:dent that the probability of its ligppening in"a certain:
determinate manner, will be greater when, of the whole of:
" the ways.in which it can happen, the greater number deter-
“mine it to happen in that manner.” In a lottery, for ex~
ample, every one knows that the probability -or hope of
obtammg a prize, is greater according as the number -of
prizes is greater, and as the total number of the tickets is
less. The probability, therefore, of an event, is in the
compound ratio of the number of the cases which can pro-.
duce it, taken directly, and of the total number of those
according ‘to which it may be varied, taken inversely;
consequently it may be expressed by a fraction, having
for its numerator the number of the favourable cases, and
for its denominator the whole of the cases,

. Thys, ina lottery consisting of a thousand tickets, 25 of
whwh only are prizes, the chance of obtaining one of the
latter will be represented by +24+, or J%; if the number
of the prizes were 50, this probability would be double,
for in that case it would be equal to ;% ; but, on the other
hand, if the whole number of tickets, instead of a thousand,
were two thousand, the probability would be only one
half of the former, that is . -If the whole number of
tickets were infinitely great, the number of prizes still
remaining the same, the probability would be inﬁnite]y
small; and if the whole number of tickets were prizes, it
would become certainty, and in that case would be ex-
pressed by unity.

" Another principle of this theory, necessary to be here
explained, the enunciation of which will be suﬁicwnt to
show the truth of it, is as follows:

We play an equal game, when the money deposned isin
dlrect proportion to the probability of -gaining the. stakes
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“for, ta play an equal game, is nothing else than to deposita
sum so- proportioneqd to the probability of winning, that,
‘after a great number of throwsor games, the player may find
“bimself nearly at par; but for this purpese, the sums de-
- posited must be proportioned to the degree of probability,
-which each of the players has in his favour. Letus suppose,
for example, that A bets against B on a throw of the dice, -
and that the chances are two to one in favour: of A; the
game will be equal if, after a great number of throivs, the
- partiesseparate nearly without any loss; butas therearetweo
chances in favour of A,andonly one in favour of B, after
three hundred throws A will-have gained nearly two hun-
_dred, and B:one:hundred; A therefore ought to deposit 2
and B only one, forby these nieans, as ain winning two hun-
dred throws will gain 200, B in"winning a hundred throws
will gain 200-also. . In such cases therefore, it is'said that
two to one may. be betted in favour of a.

PROBLEM I.

Ini tossing up, what probability.is there of throwing a head
several.times successivelyy or a tail; or, in playing with
several pieces, what probability is there that they will. be
- all heads, or all tails? ~ . ..

In this game,. which is. well. lmown, it is evndent, lst,
That as there is no reason why a head sheuld come.up
" _rather than a tail, or a tail rather than a head, the.proba-

bility that ene of the two will be the case is equal to 4, or
an equa) bet may be taken, for or against. -

But- if the game: were for two throws, and any one
'shiotld bet,.that a head will come up twice, it must be ob-
served, that all the combinations of head-or.tail; which
-cafi take: place- in twosuccessive throws’ with the same
- piece, are head, -head ;- head, tail; taily head;. tail; tail;
<one of which only gives-head, head. There istherefore
* ehly-one ‘case in ‘4-which can- make: the person:win whp
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bets to throw a head twice in succdssion; consequwently
.the probability of this.event is only 4; and he whobets in
favour of two. heads, onght to deposit a crown, and the
_ person who bets against him ought to deposit three; for
the lattér has three chances of winning, while the former
has-only one. To play ah equal game then, the sums de-
posited by each, ought to be in this. proportion.

: It will be found also; that he who bets to throw a Aead
three times in succession, will have in his favour only one
of the eight combinations of -head and tail, which may: re-
sult from three throws of the same piece. The probability
-of this event therefore, is , while that in favonr of- his
adversary willbe §. Consequently, to play an equal game,
-be ought to stake 1-against 7.

It is needless to go over all the other cases; for it may
‘e -easily seen, that the probability of throwing a Aead
four times successively, is y5; five times successively,
45 &e.

It is unnecessary also to enumerate all the different
‘combinations which may result from %ead or fail; but in
regard to-probabilities, the fo]lowmg simple rule ma.y be
employed.

The probabilities of two or more single- events bemg
Jkxiown, the probability of their taking place all together
may be found, by multiplying together the probabilities of
these events,. considered singly.

Thus the probability of throwing a head, considered
singly, being expressed at each throw by {., that of throw-
ing it twice in succession, will be £ 4 or §; that of throw-
ing it three times, in three successxve throws, will be § x
£x %, or §, &e.

2d. The problem, to determine the probability of
throwing, with two, three, or four pieces, all seads or all
tuils, may, be resolved by the same means. When two
Ppieces arg tassed up, there are four combinations. of Acad
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and ?ail, one of which only is all heads. When threé
~ pieces are tossed up together, there are 8, one of which
only gives all heads, &c. The probabilities of these cases
therefore, are the same as those of the cases snmxlar to
them, which we have already examined.

It may be easily seen indeed, without the help of ana.
- lysis, that these two questions.are absolutely the- same;
and the following mode of reasoning may be employed to
prove it. To toss up the two pieces A and B together, or
to toss them up in sucoession, giving time to A, the first,
to settle before the other is tossed up, is certainly the
same thing. Let us suppoese then, that when A, the first,
has settled, instead of tossing up B, the second, a, the
first, is taken from the ground, in order to be tossed up a
second time; this will be the same thing as if the piece B
had been employed for a second toss; for by the suppo~
sition they are both equal and similar, at least in regard te
the chance whether head or tail will come up. C€onse-
quently, to toss up the two pieces A'and B, or to toss up *
twice in succession the piece A, is the same thing, There-
fore, &c. :

3d. We shall now propose the followmg question’?
What may a person bet, that, in two throws, a kead will
‘come up at least once? By the above method it will be
found, that the chancesare 8 to 1. Intwo throws, indeed,
there are four combinations, three of which give at least
a head once in the two throws, and one only which gives
all tails; hence it follows, that there are three combina-
tions in favour of the person who bets to bring a head
once in .two throws, andonly one against him.

PROBLEM Ii.

An ] number «y’ dice.bring given; to determine what proba.
bility there is of throwing an assigned number of points.
We shall first suppose that the dice are of ‘the ordinary
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kind, that is to say, having six faces, marked with the
numbers 1, 2, 3, 4, 5, 6; and we shall analyse some of the
first cases of the problem, in order that we may proceed~
gradually to those that are more complex.

1st. It is proposed to throw a determinate pomt 6 for
example, with one die.

Here it is evident, that, as the die has six faces, one of
which only is marked 6,-and as any one of them may as
readily come up as- another, there are 5 chances against
the' person who proposes to throw a six at one throw, and
only one in his favour.

. 2d. Let it be proposed to thraw the same point 6 with two
dice. ¢

To analyse tblb case, we must first observe that two dice
give 36 different combinations; for each of the faces of the
die a, for example, may be combmed with each of those

gf the die B, which will produce 86 combinations. But 6
may be thrown, 1st. by 3 and 3; 2d. by 2 with the die o
and 4-with the die B, or by 4 with the die A and 2 with
the die B, which, as may be readily seen, forms two di-
stinct cases : 3d. by 1 with the die A and 5 with the die B,
vr 1 with B and 5 with A, which also gives two cases; and
these are all that are possible. Hence there are 5 favour-
able charces in 36; consequently the probability of throw-
ing 6 with two dies, is #5, and that of not throwing it is
‘4%, This therefore ought to be the ratio of the stakes or
money deposited by the players.

By analysing the other cases, it will be found that, of
throwing two with two dice, there is one chance in 36 ; of
throwing three, there are 2; of throwing four, 8; of
throwing five, 4; of throwing six, 5; of throwing seven,
6; of throwing eight, 5; of throwing nine, 4;_of throw-
ing ten, 3; of throwing eleven, 2; and of throwing
sixes, 1.

- If three dice were proposed, with which it is evident
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“the lowest point would be three, and the highest eighteen,
it will be found, by means of a similar analysis, that in
216, the whole number of the throws possible with three
(dice, there is 1 chance of throwing three; 8 of throwing
four ; 6 of throwing five, &c: as may be seen in the an-
nexed table, the use of which is as follows,

Table of the different ways in which any point can be thrown
with one, two, three, or more dice. .

. Number of the dice.
I 11 III Iv V VI
1| 1 .
2.1 1|
S| 1 | e 1
4| 1 | 3 3| 1
51 1 | 4 6] af 1
. 6] 1 | 5 | 10| 10 1
7 6 | 15| 2| 15 6
8 5 | 21| 85] 85| 21|
f 21 9 4 | 25| 56] 70 . 56 ;
& [10 3 | 27 80| 126 | 126 ;
Nole 2 | 27]104[205] 252
15 (12]. 1 | 25|125]|305| 456
51|18 Q1] 140 | 420] 756
g | 14 15 | 146 | 540 | 1161
g 15 10] 140 | 651 | 1666
10 6| 125 | 735 | 2247
17 3] 104 | 780 | 2856
18 1| 80) 780 | 3431
19 56 | 735 | 3906
20 35 | 651 | 4221
21 20 | 540 [ 4332
22 10 [ 420 | 4221
23 4 | 305 | 3906
24 1] 205 | 3431
25 126 | 2856

ORI , H
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If it be required, for example, to find in how many
ways 18 can be thrown with three dice, we must look in
the first vertical column, on the left, for the number 18,
and at the top of the table for 3, the number of the dice,
and in the square below, opposite to 13, will be found 21,
the number of ways in which 18 may be thrown with
three dice. In like manner, it will be found, that with 4

~ dice, it may be thrown 140 ways; with five dice, 420; &c.

When it is once known, how many ways a point ¢an be
thrown with a certain number of dice, the probability of
throwing it may be easily found: nothing is necessary but
to form a fraction having for its numerator the number of
ways in which the point can be thrown, and for denomi-
nator the number 6, raised to that power indicated by the
number of dice ; as the cube of 6, or 216, for three dice;.
the biquadrate, or 1296, for four dice ; &c.

Thus, the probability of throwing 13 with three dice,
is 53%; of throwing it with four, y44%; &e

Various other questions may be proposed concerning
the throwing of dice, a few of which we shall here exa-
mine.

1st. When two players are engaged; to determine the
advantage or disadvantage of the person who undertakes to
throw a certain face, that for example marked 6, in a cer-
tasn number of throws.

Let us suppose that he undertakes it at one throw: to
find the probability of his succeeding, it must be consi-
dered, that he who holds the die, has only one chance of
winning, and five of losing; consequently to undertake it
at ome throw, he ought to stake no more than 1 to 5.
There is therefore a great dlsadva.ntage in undertaking,
on an even bet, to throw six at a single throw of one die.

- < To determine the probability of throwing the face
marked 6 in two throws with a smgle die, we must ob-
serve, as has been already said, in regard to tossing up,

that this is the same thing as to undertake, in throwing
[SIE .
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two dice together, that one of them shall bave the side
marked 6 uppermost. He then who holds the dice has
only 11 chances, or combinations, by which he can win;
for he may throw 6 with the first die and 1, 2, 3,4 or 5
with the second; or 6 with the second die and 1, 2, 3, 4
or 5 with the first, or 6 with each die. But there are 25
combinations or chanees unfavourable to his wmnmg,
may be seen in the following table:

: 1,1]21]3,1][4,1]|5

L2lz2]|3 2 5,
1,32, 8][3,3 5,

4]2 4|3, 4 5,

1,5]2 5|3 5|45]|5 5
. Hence it may be concluded, tha.t he who undertakes to
throw a six with two dice, ought to stake no more than 11
to 25 ; and consequently, that it would be disadvantageous
to do it on equal terms.

* It must here be observed that 36, the number of all the
chances or cembinations possible in two throws of the dice,
is the square of 6, which is the number of the faces of one
die; and that 25, the number of the chances unfavourable
to the person who undertakes to throw a determinate face,
is the square of 5, or of 1 less than the same number 6.
The number of the favourable chances therefore, in this
case, is equal to the difference of the squares 36 and 25,
or of the square of the number of the faces of one die, and
of that of the faces of the same die less one.

In the case of undertaking to bring a 6 in three throws
with one die, we must consider in like manner, that this
is the same thing as to undertake that, in throwing three
dice at once, one of them shall bring a 6; but of the 216
combinations, which result from three dice, there are 125
without a 6, and 91 among which there is at least one 6;
- consequently, he who engages to throw a 6, either in three
throws with one die, or one throw with three dice, ought
to bet no more than 91 to 125; and it would be dlsadvana
tageous to undertake it on equal terms.

H 2

-
R .
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Tt is here to be observed, that the number 91 is the dif-
ference of the cube of the number of the faces of one die,.
viz, 216, and of 125, the cube of the same number less
unity, or of 5. Hence it appears that, in general, to find
the probability of throwing a determinate face, in a cer-
tain number of throws, or at one throw with a certain
number of dice, we must raise 6, the number of the faces:
of one die, to that power which is indicated by the num-:
ber of throws agreed on, or by the number of dice to be
thrown at one time; we must then raise 6 less unity, or 5,
to the same power, and subtract it from the former; the
remainder with this power of 5 will be the respective
number of chances for winning or losing.

- Thus, if a person should bet to throw at least one 3
with four dice, we must raise 6 to the 4th power, which is
1296, and subtract from it the 4th power of 5, or 625; the
remainder 671 will be the number of chances for winning,
and 625 that of the chances for losing ; consequently there
will be an advantage in laying an even bet. o

It is advantageous also to undertake, on an even bet,
to throw any determinate point, for example 3, in five
throws, or with five dice; for if from the 5th power of 6,
which is 7776, we deduct the 5th power of 5, or 3125, the
remainder 4651 will be the number of favourable chances,
and 3125 that of the unfavourable. Consequently, to
play an equal game, he who bets on throwing the above
point, ought to deposit 4651 to 3125, or nearly 3 to 2.

3d. In how many throws may one bet, on equal terms, to
throw a determinate doublet, for example, sires, with two
dice? '

It has been already shown, that the probability of not
throwmg sixes with two dxce, is -}3, consequently the
probability of their not commg up in two throws, will be
the square of that fraction; in three throws the cube, &c,
But as the powers of every number greater than unity,
however small the excess, go on always i increasing, those
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of a number less than unity, however small the defect, go
on always decreasing; the consecutive powers therefore
of 33 will go on always decreasing. Now let us conceive
3% to-be raised to such a power as to be equal to }; it will’
be found that the 24th power of 3§ is somewhat greater
than %; and that the 25th power is somewhat less *; hence
it follows, that one may lay an even bet with some ad-
vantage, that another will not bring sixes in 24 throws
with two dice, but that there is some disadvantage in tak-
ing an even bet that they will not come up in 25 throws.
Consequently he who bets on throwing sixes in 24 throws,
does so with disadvantage; but if he lays an even bet that
they will come up in 25 throws, the advantage is in‘his
favour.

4th. What probability is there of tlzrowmg any determi-
nate doublet, for example, two threes, in one throw mth two
or more dice? '

To determine this question, we must first observe, that
he who undertakes to throw two threes with two dice, has
only one favourable chance, in the 36 chances or combi-
nations given by two dice; and it thence follows that he
ought to bet no more than 1 to 35.

In the case of three dice, it will be found that he ought
to bet no more than 16 to 200; for the number of chances
or combinations possible with three dice is 216. But
when it is proposed to throw two threes with three dice,
they may come up 16 different ways; for in the 36 com-

® Let n be the exponent of that poyer of § which is equal to }; that is to

say, letg-;-: be equal to . As the unknown quantity n is in the exponent,

it must be disengaged from it, which may be done by means of logarithms.
. 35° . .
Por if T =}, by taking the logarithms we shall have » log. 35 — n log. 36

=log. }, or =-—1log. 2; for log. }==-—log. 2. Hence n log. 35 —n log.
. . log. 2
36=— log. 2, orlog. 2=nlog. 36—nlog. 35. ' Therefore, "SW‘?-M%"

Wheh gives »=24'605, or 243, nearly.



102 CHANCES AND

binations of the two dice A and B, all those in which one
3 only is found, as 1, 8; 3, 1; &c, being 10 in number, by
combining with the side marked 8 of the die c, give two
threes. Besides, the combination 8, 3 of the dice A and
B, by combining with one of the six faces of the third ¢,
will give two threes. Here then we have 16 ways of
throwing two threes with three dice, which give 16 fa-
vourable chances in 216. ~ Consequently, the probability
of throwing two threes with three dice, is 4%; and no
more ought to be betted on the success of that event tha.n
16 to 200, or 2 to 25.

1If the probability of throwing two threes with four dice
be required; we shall find that it is expressed by %k
For, of the 1296 combinations of the faces of four dice,
there are 150 which give 2 threes; 20 that give 3, and
one that gives 4, making altogether 171 throws, which
give 2 or 3 or 4 threes. Consequently, no more than 171
to 1125, or about 1to 6§, ought to be betted on throw'mg,
at least, once threes with four dice.

In the last place, if the probability of throwmg any
doublet, at one throw, with two or more dice, be required ;
it may be easily determined by the preceding method of
calculation: for if an indeterminate doublet be proposed,
it is evident that the probability is six times as great as
when an assigned doublet is proposed ; and therefore we
have only to multiply the probabilities already found by 6.
The probability therefore with two dice, will be % or §3
with three dice, ;2% or $; with four dice, $3¢ or £3; &c.
8o ‘that there is an advantage in taking an even bet to
throw at least one doublet with four dice.

‘PROBLEM 111.

Two persons sit down to play for a certatn sum of money ;
- and agree that he who first gets three games shall be the
winner. Qne of them has got two games, and the other
one ; but being unwilling to continue thesr. play, they re-
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» Solye to dwide the stake: kow much of it ought each persom

. to receivef .

This problem is one of the first that engaged t;he atten-,
tion of Pascal, when he began to study the calculation of
probabilities. It was reselved by Fermat, a celebrated
geometrician, to whom he propesed it, by a different me-
thed, viz that of combinations: we shall here give both,

It is evident that each of the players, in depositing his
money, resigns all right to it; but, irl return, each has a
right to what chance may give him;. eonsequently when
they give over playing, the stake ought to be divided in
proportion to the probability each had of winning the
whole sum, had they continued. .

Case 1st. This proposition may be determined by the
following reasoning. Since the first player wants one
game to be out, and the second two, it may be readily
perceived, that if they continue their play, and if the
sccond should win one game, he would want, in the same
manner as the first, one game. to be out; and in that case,
the two . players bemg equally advanced, their hopes or
chances of winning, would be equal. This being-sup-
posed, they would have an equal right to the stake, and
consequently each ought to have an equal share of it..
It is evident therefore, that if the first should win the
game about to be played, the whole money deposited
would belong to him; and that if he lost it, he would have
a right only to the balf. But the one case being as pro-
bable as the other, the first has a right to the half of beth
these sums taken together. But together they make §;
the half of whichis §; and this is the share of the stake
belonging to the first player ; consequently that belonging
to the second is only £. -

Case 2d, The solution of the first case will enable us to
solve the secend, in which we suppose that the first player
wants one game .to he out, and the second three; for if
the first should win one game, he would be entitled to:the

/
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whole stake, and if he lost one game, by'whiéh means the
second would want only two games to be out, 1 of the
money would belong to the former, as the parties would
then be in the situation alluded tq in the preceding case.
But as both these events are equally probable, the first'
ought to bave the half of the two sums taken together, or
the half of %, that is Z: the remainder  will therefore be
what belongs to the second. R

- Case 3d. It will be found, by the like reasoning, if we!
suppose two games wanting to the first player, and three
to the second, that on ceasing to play, they ought tof
divide the stake in such a manner, that the former may
have }%, and the latter ;5.

Case 4th. If four games were to be played ; and 1f the
first wanted only two games, and the second four, the
money ought to be divided in such a manner, that the
former should have {4, and the latter 3.

But we may dispense with the above reasoning, and
employ the following general rule, deduced from it, which
is to be applied by means of the arithmetical triangle.
Enter that diagonal of the arithmetical triangle the order
of which is equal to the number of the games wanting to
both players. As this number in the first case is 3, we
must enter the third diagonal of the triangle; then be-
cause the first player wants only one gaine, we must take
the first number of that diagonal; but because two are
wanting to the second, we must take the sum of the two
* first numbers, which will give 3. These two numbers
therefore, 1-and 3, will indicate, that the stake ought to be
divided in the same proportion: consequently the ﬁrst
player ought to have #, and the second %

As this rule may be easily applied to every other case
whatever, we shall enlarge no further on the subject.

The second method of resolvmg problems of this kmd
which is that of combinations, is as follows:

- To resolve, for example, the faurth case, where, accord-
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ing to the supposition, the first player wants two games
to be out, and the second four, so that together they want
six games; take unity from that sum, and because &
remain, we shall suppose the five similar letters, aza a a,
favourable to the first player, and the five following,
b b bbb, favourable to the second. .These letters must be
combined, as in the following table, where, of the 32 com-
binations whicn they form, the first 26, towards the left,
where a occurs at least twice, will indicate the number of
chances which the first-has of winning; and the last 6,
towards the right, in which a never occurs oftener than
once, will indicate those favourable to the second.- .

aaaaa aaabd bbblabdd

|
|
&
13}
o
Q
13
o
o
|

b
b
b
b
a
b

Q
SR R 8
AR RO v
>R 8 N R o
QRO RKR[] S
QA QSO R
SONTTR { ™A K
>~ R NS RNR
& o8 & 8 oo
o O~R R ™& o
A RNSO™NOA R
O O OV o O
N>R O
S-S O o
VNS R O

, ’ ababa bababd
. 'The expectation therefore of the first player, will be ta
that of the second, as 26 to 6, or as 13 to 8.

1In like manner, to resolve the case where the first playet
is supposed to have won three games, and the other none,
as he must win who first gets four games, the number of
the games wanting to both will be 5, which being diminish-
ed by unity, will give 4. We must then examine in how
many different ways the letters @ and & can be combined
four and four, which will be found to be 16, viz:

aaaa aabb abbdd

aaab ababdb babdd

aaba baad bbdbabd bbo5sb.
abaa abba bbba

baaa baba

- But, of these 16. combinations, it is evndenl: there are 18
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where a is'found at least once ; which indicates that there:
are 15 combinations or chances favourable to the first:
player, and one favourable to the second. Consequently
they ought to divide the stake in the ratio of 15 to 1, on:
the former ought to have §i of it, and the latter 4.

" PROBLEM 1IV.
Of the Genoese Lottery.

All persons are acquainted with the nature of lottenu,;
a kind of institution which originated in Italy, and which
was afterwards introduced into other countries of Europes
It took its rise at Genoa, where it had long been customary
to chaose annually by ballot five members of the senate,
which.  was .composed of 90: persons, in order to.form a
particular council. Some idle persons took this oppor-
tunity of laying bets, that the lot would fall on such or
such senators. The government then seeing with what
eagerness people interested themselves in these bets, con-
. ceived the idea of establishing a lottery on the same
principle ; which was attended with so great success, that
all the cities of Italy wished to participate in it, and sent
large sums of money to Genoa for that purpose. ‘The
same motive, and that no doubt of increasing the revenues
of the church, induced the pope to establish one of the
same kind at Rome, the inhabitants of which became so
fond of this species of gambling, that they often deprived
themselves and their families of the necessaries of life,
that they might have money to lay out in the lottery.
Many of them also indulged in every kind of foolery that
credulity or superstition could inspire, in order to obtain
fortunate numbers, .

The analysis of this kmd of lottery is reduced to the so-
lution of the following problem -

Ninety numbers being given, five of which. are to be drawn
by chance ; 1t is required to determine what probability there
#5-that, among these five, there will be one, two, three, four,
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or five numbers, which any one has chosen Sfrom mg
the 90 ¢

It may be readily seen, that if one determinate. number
only were proposed, and that if no more than one nume
ber were to be drawn from the wheel, the adventurer
would have only one favourable chance in the 90; but as
five numbers are drawn from the wheel, this qumtuples
the chance favourable to the adventurer, so that he has
five favourable chances in the ninety. His probability
therefore of winning, is ¥;; and, to play an equal game,
the stakes ought to be in the same ratio; or, what amounts
to the same thing, the proprietor of the lottery ought te
reimburse the price of the ticket 18 times.

To determine what probability there is, that two num.
bers selected will both come up, we must first find how
many combinations may be produced by 90 numbers, taken
two and two. In treating on combinations we have al-
ready showh, that in this case they amount to 4005; but
as five numbers are drawn from the wheel, and as tbesev
five numbers, combined together two and two, give 10
twos, it thence results that, in these 4005 chances, there
are only 10 favourable to the adventurer. The probability
therefore, that the two numbers selected may be among
those drawn from the wheel, will be expressed by %3 or
by For this reason the proprietor of the lottery ought
to gwe the adventurer, in case he should win, 400} times
the price of the ticket.

To determine what probability there is, that three num-
bers selected will come up among the five drawn from the
wheel, we must find how many ways 90 numbers can be
cembined three and three, or how many threes they make.
These combinations amount to 117480; but as the five
nambers drawn from the wheel form 10 threes, the advens
turer has 10 favourable chances in 117480, and -the pro-’
bability in his favour is yr§3ys OF txiqy To risk his
money therefore on equal terms, the prize ought to be
31748 times the price of the ticket.
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" In the last place, it will be found that in 511038 chances,
there is only one favourable to the person who should bet
that four determinate numbers will come up; and 1 in
43949268 favourable to the person who should bet that
five determinate numbers will be the five drawn; conse-
quently, ir the last case, to risk his money on equal terms,
according to mathematical strictness, the adventurer,
should he be successful, ought to receive nearly 44 mil-
lions of times the money v whlch he lays out.

: PROBLEM V. :
A certain person, whom we shall call o, playing at the game
of thirteen, bets, that in turning up the cards successively,
according to their order, ace, deuce, tré, &c, to the king,
~ which is the last, he will turn up one card, at least, whick
- he has named : what probability has A in his favour®
To enable the reader to comprehend this problem, it
will be necessary to explain the nature of the game to
which the author alludes. The players having cut for-
the cards, we shall suppose that a has them, and that the
playersare any number at pleasure. A then takes the pack,
consisting of 52 cards, and, when they have been shuffled,
turns them up one after the other, calling one-when he
tufns up the first, two when he turns up the second, and
so on to the thirteenth, which is represented by aking. If,
in all this series of cards, he turns up none in the order in.
which he named them, he pays to each of the players what
they deposited, and resigns the cards to the next person on
his right. )
But if it should happen that he turns up, in the series
of 18 cards, any one card which he has named, that is to
say, if he turns up an ace at the time when he calls out
one, or a two when he calls out two, and so on, he gets:
the whole sta.ke, and begins as before, callmg out one, then:
two, &e. .
It may sometlmes ha.ppen that A, after winning several.
times, and beginning again at one, has not a sufficient

’

.
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number of cards in his hand to go on to 13; in that case,
when the cards are out, they must be shuffled and cut,and
he myst then take from the pack the number of cards suf-
ficient, for him to continue the game, beginning where he
left off: that is to say, if in turning up the last card he
named seven, in turning up the first of the new cards he
must call out eight, then nine, and so on to 13, unless he
wins before ; in which case he must begin once mare, call-
ing out one, then two, and so on as already explained,

As it would be too tedious to enter into a complete ana,
lysis of this game, we shall only observe, that according to
Montmort, if A holds only two cards, the probability of
his winning is 1; if he has tbree, it is 3; if four, it is §;
and in the last place, if he has 13, it is 132339883 ; so that,
to play an equal game, A ought to bet somewhat less than
11 to 6. '

: PROBLEM VI.

A and B playing at pzquet A %3 first in Iumd and Izaa ne
ace: what probability is there that he will get one, or two,
--or three, or four? '

It is well known that at this game 12 cards are dealt to
each of the players, and that 8 remain in the pack, of
which the first takes 5, and the last 3. This being pre-
mised, it will be found that A’s chance to have any one

ace is . . . . s e e - 3
to have two B T . -
to have three - ." - . . . . . . 238
t0 have four . ., . c e . -,-g-t

the sum of all these is 738, whlch is equal to 253,

Hence it follows, that the probability of his baving an
ace among the five cards he has to take in, is 232, the
difference between which numbers is 71, so that one may
bet 252 to 71 that A will take in some of the aces. But
Jet us suppose that a is last in hand ; in that case it is re-
quired how much he may bet that be’ w1ll have at least
one ace among his three cards? .
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The probability of a having an ace among his three
ecardsis . . . . . .. . . . . .. %y or 33t
of having twoitis « « . . . . . . . . . A&
of having three . . B
the sum of all which is -;-ﬁ or -;-;

Consequently, the probability that he will bave either
one, or two, or three indeterminately, is 42. A may
therefore take an'equal bet with advantage, that he will
have one of the aces, for the ratio of the stakes would be
29 to 28.

PROBLEM VII.-

At the game of whist, what probability is there, that the
_ Jour honowurs will not be in the hands of any two pariners?
De Moivre, in his Doctrine of Chances, shows that
the chance is nearly 27 to 2 that the partners, one of
whom deals, will not have the four honours.
That it is about 23 to 1 that the other two partners will

not have them.

That it is nearly 8 to 1 that they will not be found on
any one side.

That one may bet about 13 to 77, without disadvantage;
that the partners who are first in hand will not count

honours.
" 'That -about .20 to 7 may be betted that the other two

mﬂ not count them.

‘And, in the last place, that it is 25 to 16, that one of
the two sides will eount honours, or that they wxll not be,
equally divided. :

PROBLEM VIII.

" Of the game of the American Savages.
We are told by Baron de la Hontan, in his Poyages en

Canada, that the Indians play at the following game : they
have 8 nuts, black on the one side and white on the other ;

these they throw into the air, and ‘if it bappens, when

®
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they fall to the ground, that the black are odd, the player
wins the stake ; if they are all black, or all white, he wine
the double ; but 1f there are an equal number of each, he
loses.

M. de Montmort, who analysed this game, finds, that
he who 'tosses up the nuts, has an advantage, which may
be estimated at 'zt"s ; and that to render the game equal;
he ought to deposlt 22 when his adversary stakes gl

i

PROBLEM IX. , ,
Of the game of Baclcgamman. ' .

The game of backgammon is one of those where the
spirit of combination is displayed in a very strikipg man.
ner, and where it is of' great utility to know, at every
throw, what may be hoped or feared fromi the succeeding
throws, whether your own, or those of your adversary.
The chances in this game, like those in others, may be
appreciated mathematically ; but we shall here confine
ourselves to a small number of examples, selected from
those easiest to be comprehended.

1. 4, being at play at backgammnon, s obhged to make a
blot; nmow his throw is such, that he can make it either where
kis adversary B may take it up with a szngle ace, or where

he can take it up by throwing seven in any manner : the
gquestion s, where should he make the blot 2

As the number of chances for throwing one ace or more,
is 11, and the number of chances for throwing seven in
any manner, are but 6, it will be safest to make the b‘lot
where it may be taken up by throwing 7. :

II. Whether it is sufer to make a blot, at bac/cgammon,
where it may be taken up by an ace, or where it may be
taken up by a tré ?

The number of chances for throwing one ace or more,
and those for throwing one tré or more, are each 11 ; but
there are 2 chances for throwing deux ace, or 8; it will
therefore be safer to make the blot where it can be taken
up only by an ace:
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. The following table will shew the chances of takmg up
a single blot however situated.

No. of No. of

Points | Chances chanes points | Chaaces Total
1 1 11 " 6 6
2 |1n+1] 12 8 5 | 6
s [n4zf s | 9o | 4 4
¢ |1u+s| 1| | 10 5 "
5111 +4.] 15 1 2 .
6 |114+5] 16 12 ) ]

Hence, if a blot is liable to be hit by any one’face of

tbe dle, the mean probability of hitting it wx]l be 5 ; ;66

& 2] = }nearly.
IIL. If two blots .be made at bac/cgamnwn, s0 as to be hit

Igy two different faces of the die, what is the probabﬂz{y of
hitting one or both of them #

* By the first table it will appear, that the probablllty of
throwing one or more, of any two given faces, is 3. But,
besides this, one or both the blots may be at length hit by
the two dice, and the probability in this case will be dif-
ferent, according to the number of points that will hit
them, as in the following table:
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o [ Cnmaces JEmE T T T8t T Chances | chaneen
12 {204+1] 21 26 |20+1+5| 26
13 |20 2| 22 3.4 [2042+3| 25
14 (2043 23 8.5 [20+2+4] 26
1.5 |20 +4] 24 3.6 [20+245 27
16 |20+ 5} 25 4.5 |20+3+4] 27
2.3 [20+1+2 23 | 46 |1204+8+5 28
24 |20+143 24 | 5.6 [20+4+5] 29
2.5 |20+1+4] 25

" Hence the proba.blhty of hlttmg two such blots, will be

+ 29 S

21
—-_—27
vatamedmm s 36 =3t

IV. If there be three blots, so situated as to be hit by three
df'erem Jaces ; the probability of hitting one or more of
them is required.

The first table will give the probability of hitting one or
more of the blots with a single face or faces. But, besndes
this, there will be the probability of hitting one or more
of the blots with two dice, the least of which will be when

~ the given faces are 1, 2, 3, which have 1 + 2 = 3 such
chances, and the greatest when the given faces are 4, 5, 6,
‘which have 8 4+ 4 4 5 = 12 such chances; the medium

of these, viz. 2% = 15, being added to 27, will make the

‘whole probability about 27 + %f = ¢ which dlvxded by
the common denominator 36, becomes $9 =23,
Hence, if a player at backgammon makes 3 blots, Whlch
are severally within the reach of being hit by a single face
.of the die, it is almost a certamty that one of them at least
'will be hit. o -
VOL.1I. : 1
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PROBLEM X.

A mountebank at a country fair amused the populace with
the following game: he had 6 dice, each of which was
marked only on one face, the first with 1, the second with 2,
and so on to the 6th, which was marked 6 ; the person who
played gave him a certain sum of money, and he engaged
to return it a hundred-fold, if in throwing these six dice,
the six marked fuces should come up only once in 20 throws.
If the adcenturer lost, the mountebank offered a new chance
on the following conditions: to deposit a sum equal to the
Jormer, and to recerve both the stakes in case he should
bring all the blank faces in 3 successive throws.

Those unacquainted with the method to be pursued in
order to resolve such problems, are liable to reason in an
erroneous manner on dice of this kind ; for, observing that
there are five times as many blank as marked faces, they
thence conclude that it is 5 to 1 that the person who throws
them will not bring any point. They are however mis-
taken, as the probability, on the contrary, is near 2 to 1
that they will not come up all blanks.

If we take only one die, it is evident that itis 5 to 1 that
the person who helds it will throw a blank ; but if we add
a second die, it may be readily seen, that the marked face
of the first may combine with each of the blank faces of the
second, and the marked face of the second with each of
the blank faces of the first; and, in the last place, the
marked face of the one with the marked face of the other:
consequently, of the 36 combinations of the faces of these
two dice, there are 11 in which there is at least one marked
face. ‘But,as we have already observed, this number 11
is the difference of the square of 6, the number of the faces
of one die, and of the square of the same number diminish-
ed by unity, that is to say of 5.

If a third die be added, we shall find, by the like analysns, :
that of the 216 combinations of three dice, there are 91 in
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which there is at least one marked face ; and 91 is the dif-
ference of the cube of 6 or 216, and the cube of 5 or 125;
the result will be the same in regard to the more complex
cases ; and hence we may conclude that, of the 46656 com-
binations of the faces of the ¢ dice in question, there will
be 31031 in which there,is at least one marked face, and
15625 in which all the faces are blank ; consequently, the
chance is 2 to 1 that somé point at least will be thrown ;
Whereas, by the above reasoning, it would appear that &
to I might be betted on the contrary being the case.

This example may serve to shew how diffident we ought
to be in regard to the ideas which occur on the first con-
sideration of subjects of this kind; and it may be added
that, in this case, our reasoning is confirmed by experi-
‘ence. But to return to the problem: it is evident that, of
the 46656 combinations of the faces of 6 dice, there is only
one which gives the 6 marked faces uppermost ; the pro-
bability therefore of throwing them at one throw, is ex-
pressed by ;i+z, and as the adventurer was allowed 20
throws, the probability of his succeeding was only ; 29,
which is nearly equal to ;4. To play an equal game
therefare, the mountebank should have engaged to return
2332 times the money. But he offered only 100 times the
stake; that is, about the 23d part of what he ought to have
offered, to give an equal chance, and consequently he had
an advantage of 22 to 1. .

The chance offered to those who might lose was a mere
deception ; .for the proposer artfully availed himself of
that propensity which every man whe had not sufficiently
examined the subject, would have to adopt the false rea-
soning above mentioned ; and the adventurer would have
the less hesitation to accept the offér as it would seem that
‘he might bet 5 to 1. on bringing blanks every throw ;
whereas it is 2 to 1 that the contrary will happen. But
the chance of not bringing blanks in one throw, being to
shat of bringing them, as 2 to 1; it thence follows, that

. 12
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the probability of not bringing them three times succes-
sively, is to that of bringing them, as 8 to 1. To play an
‘equal game therefore, the mountebank ought to have
staked 7 to 1; consequently, in the chance which he gave
to the loser, in a game where he had an advantage of 22
to l, he had still an advantage of 7to 1. :

PROBLEM XI.

In Iww many throws with siz dice, marlted on all thesr faces,
may a person engage, for an even bet, to throw 1, 2, 3,
4,5,6? :

We have just seen that there are 46656 chances. to 1,
that a person will not throw these six points with dice
‘marked only on one .of their faces; but the case is very
different with 6 dice marked on all their faces; and to prove
it, we need only observe that the point 1, for example, may
be thrown by each of the dice, as well as the 2, 8, &c;
which.renders the probability of these six points, 1, 2, 8,
&c, coming up, much greater.

But to analyse the problem more accurately, we shall
observe, that.there are 2 ways of throwing 1, 2 with two
dice; viz 1 with the die A, and 2 with the dieB; or 1
with the die B, and 2 with A. If it were proposed to throw
1, 2, 8 with 3 dice; of the whole of the combinations of
the faces of 3 dice, there are 6 which give the paints t,
2, 3 ; for 1 may be thrown with the die a, 2 with B, and
3 with ¢; or 1 with a, 2 with ¢, and 3 with B; or 1 with
B, 2 with A, and 3 with ¢; or 1 with B, 2 with ¢, and 8
with o ; or 1 with ¢, 2 with A, and 3 with B; or.1 with
c,2 wnh B, and 3 with a.

It hence appears that, to find the number of ways in
which 1, 2, 3 can be thrown with 3 dice, 1, 2, 3 must be
multlphed together. In like manner, to fmd the number
of ways in which 1, 2, 8, 4 can be thrown with 4 dice; we
must maultiply together 1,2, 3, 4, which will give 24; and,
in the last place, to find in how many ways 1, 2, 8, 4,5,6
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can be thrown with 6 dice, we must multiply together these
six numbers, the product of which will be 720.

- If the number 46656, which is the combinations of the
faces of 6 dice, be divided by 720, we shall have 644 for
the chances to 1, that these points will not come up at one
throw; consequently a person may undertake, for an even
bet, to brmg them in 56 throws; and one may bet more
than 2 to 1 that they will come up in 130 throws. In the
last place, as the dice may be thrown 130 times and more,
in a quarter of an hour, a person may with advantage bet
more than 2 to 1, that they will come up in the course of
that time, _ :

He therefore who engages, for an even bet, to throw
these points in a quarter of an hour, undertakes what is
highly advantageous to himself, and equally dlsa.dvantage-
ous to his adversary.

' PROBLEM XIL

A certain person proposed to play with 1 dice, marked on all
© their faces, on the following conditions : he who held the
dice was to gain as many crowns as he brought sizes; but
of he brought none, he was to pay to his adversary asmany
. .crowns as there were dice, that s 1. What was tlze ratio

of their chances?
.. To resolve this problem, we must analyse it in order.
Let us suppose then, that there is only one die; in this
.case it is evident, that as there is only 1 chance in favour of
-‘him who holds the die, and 5 against him, the ratio of the
stakes ought to be that of 1 to 5. If the first therefore
.gave a crown every time he did not throw 6, and received
only the same sum when a 6 came up, he would play a

- very unequal game. -

Let us now._suppose 2 dice. In the 36 combinations, of
which the faces of 2 dic€ are susceptible, there are 25 which
‘give no 6; 10 which give 1, and 1 which gives 2. -He
.thierefore whe holds the dice has only 11 chances in his
:favour, 10 of which.may each make him gain a crown, and
:the remhining '1'may make him gain two. . His ¢chance then
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of winning, according to the general rule, will be $3 + %;
and because, if the 25 chances which do not give a 6 should
take place, he would be obliged to pay 2 crowns, the
chance of his adversary will be §2. Consequeutly the
chance of winning will be to that of losmg as J2to § °, or
12 to 50, or less than 1 to 4.

To determine, in the more: comp]ex cases, the ghances
which give no 6, those which give one, those which give
two, &c, it must be observed, that they are always ex-
pressed by the different terms of the power of 5 + 1, the
exponent of which is equal to the number of the dice.
Thus, when there is only one die, the number 5 4 1 ex-
presses, by its first term, that there are five chances with-
out a 6, and one which givesa 6 ; if there be two dice, as
the product of 5 4+ 1 by 5 + 1, or the square of 5 4- 1, is
25 4 10 + 1, the first term 25 indicates that there are 25
chances, in the 36, which give no 6; 10 which give one,
and 1 which gives two.

In like manner, as the cube of 54+ 1 is 125 4 75 4
15 + 1, it denotes that, in the 216 combinations of the
faces of 6 dice, there are -125 in which there ismo 6; 75
in which there is one ; 15 in which there are two, and 1
where there are three.

The fourth power of 5 + 1 bemg 625 + 500 4 150 +
20 + 1, it indicates, in the same manner, that in the 1296
combinations of the faces of four dice, there are 625 with-
out a 6; 500 which give 6; 150 which give two, 20 which
give three, and only 1 that gives four.

We shall pass over the intermediate cases, and proceed
‘to that where 7 dice are employed. In this case then it will
be found, that the 7th power of 5 + 1is 78125 4109375 + -
- 65625 + 21875 4+ 4875 + 525 4 35 4+ 1 = 279936, In
-the 2799386 combinations of the faces of 7 dice, there are
78125 which give no 6 ; 109375 where there is one ; 65625
where 'there are two; 21875 where there are three, &c.
‘But as he who holds the dice would have to pay.7.crowns
-for each of the first 78125 chances, should they take place,

)
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we must consequently, according to the general rule, mul-
tiply that number by 7, and divide the product by the sum
of all the chances, in orderto obtain the chance against
him, which is = $4§473. To find the favourable chance,
we must multiply each of the other terms by the number of
the sixes it presents; add together the different products,

and divide the sum by the whole of the chances, or 279936 ;
in this manner we shall have, for the chance in favour of
the person who holds the dice, 333§$:. His chance of
winning, therefore, is to that of losing, as 325592 to 54687 ;
that is to say, he plays a disadvantageous game, or it is 54
to 32, or 27 to 16, or more than 3 to 2, that he will lose.

By a like process it may be found, in the case of eight
dice, that the chance of the person who holds them, is to
that of his adversary, as 2259488 to 3125000, which is
nearly as 3 to 4.

If there were nine dice, the chance of the person who
holds them, would be to that of his adversary, nearly as
151 to 175, or nearly 25 to 29.

If there were ten dice, the chance of the former to that
of the latter, would be as 101176960 to 97656250, that is
to say, nearly as 101 to 97,%. Theadvantage then begins
to be in favour of the former, only when the number of the
dice is ten; and, to play an equal game, a less number
ought not to be employed.

—e—
. CHAPTER X. .
Arithmetical Amusements in Divination and Combinations.

: , PROBLEM I.
To tell the number thought of by a person.
L

" DESIRE the person, who has thought of a number, to
triple it,and to take the exact half of that triple if itbe even,.
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or the greater-half if it be-odd. -Then desire him to:triple
that-half;and ask ‘him how many times it contains 8 ; for
the number thought of will contain the double of that hum-
ber of nines, and one more:if it beodd. - -

/Fhus if 5 has-been the number thoaght of ; its tnple
will be .15, which -canmot be -divided: by 2 withoat a re-
mainder. - The greater: half of 15 is:8 ; and if this half be:
mmubtiplied by 3, we shall have 24, which-contains 9 twice 5
the number thought of will therefore be' 4 + 1, that is'to:

y 5. ,

IL.

“Bid the person multlply the number thought of by itself;
then desire him to add unity to the number thought of, and
to multiply that sum also by itself; in the last place ask
him to tell the difference of these two produgts, v whxch
will certainly be an odd number, and the least half of it
mll be the number required.

" Let the number thought of, for example, be 10, whlch
multiplied by itself gives 100; in the next place 10 in-
creased by 1 is 11, which multiplied by itself makes 121,
and the difference of these two squares is 21, the least ha]f
of which, bemg 10, is the number thought of.

"This operation might be varied in the second step, by
desiring the person to multiply the number by itself, after
it has been diminished by unity, and then to tell the dif-
ference of the two squares;-the greater half of which will
be the number thought of.

Thus, in the preceding example, the square of the
ntimber thought of i5 100, and that of the same number
less unity is 81: the différence of these is 19, the greater
balf of whlch or 10, is the number thought of

III.

Desire the person to add to the number thought of its
exact half, if it be even, or its greater half if odd, in order
to obtain a first sum; then bid him add to this sam’its
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extact half, or its gre\uiter half, according as it i3 even or
odd; to bave a second sum; from which the person must
subtract the double of the'number thought of. - Then de--
sire him to take the half of the remainder, or its less half:
if it be an odd number, and to continue halving the half
till he comes to unity. When this is done, count how
many sub-divisions have been made, and for the first divi-
sion retain 2, for the second 4, for the third 8, and so of
the rest, in double proportion. It is here necessary to
observe, that 1 must be added for each time that the least
balf was taken, because, by taking the least half, 1 always
remains; ‘and that 1 only must be retained when no sub-
division could be made; for thus you will have the num-
ber, the halves of the halves of which have been taken: the
quadruple of that number then will be the humber thought
of, il case it was not necessary at the beginning to take
the greater half, which will happen only when the number .
thought of is evenly even, or divisible by four; but if the
« greater half has been taken at the first division, 8 must be
subtracted from the above quadruple, or only 2 if the
greater half has been taken at the second division, or 5 if
it has been taken at each of the two divisions, and the Te-
_mainder then will be the number thought of. '
" Thus, if the number thought of has been 4; by add-
ing to it its half, we shall have 6; and if to this we add its’
half 3, we shall have 9: if 8, the double of the number
thought of, be subtracted, there will remain 1, which can-
not be halved, because we have arrived at unity; for this
reason we must retain 1, the quadruple of which, 4, is the
number thought of.

" If 5 has been thought of ; by adding to it its greater half
8, we shall have 8; and if 4, its half, be added, the sum
will be 12; from which if we subtract 10, the double of 5,
the number thought of; the remainder will be 2, the half
of which i3 1; and as we can no longer take the half, be-
cause we have arrived at unity, we must retain 2 as there ..
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bas been one sub-division. If from 8, the quadruple of 3,
the number retained, we subtract 3, because in the first
division the greater half was taken, the remainder 5 will
be the number thought of. '

Iv. .

Desire the person to take 1 from the number thought
of, and to double the remainder; then bid him take 1
from this double, and add to it the number thought of.
Having asked the number arising from this addition, add.
8 to ity and the third of the suin will be the number re-
quired.

Let the number thought of be 5; if 1 be taken from it,
there will remain 4, the double of which 8 being dimipished
by 1, and the remainder 7 being increased by 5, the num-
ber thought of, the result will be 12: if to this we add 3,
we shall have 15, the third part of which, 5, will be the
number required.

. REMARK.

This method may be varied a great many ways ; for in-
stead of doubling the number thought of, after unity has
been deducted from it, the person may be desired to triple .
it; then after he bas been desired to subtract unity from .
that triple, and to add the number 'thought of, he must,
add 4-to it, and the } of the sum arising from these opera-
tions will be the number required. ~

Let the number required be z; if unity be subtracted
from it, the remainder will be x—1; multiply this re-
mainder by any number whatever, n, and the product will
be nx—n; again subtract unity, and we shall have for
remainder n.x —n—1; if z, the number thought of, be
then added, the sum will be (n+1) r—n—1; and if to
this sum we add the above multiplier increased by unity,”
that is to say, 3 if the first remainder was doubled, 4 if it
was tripled, &c, the result will be (n 4 1) z; whnch being .
divided by the same number, the quotient will be .z', the.
number required.
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Unity, instead of being subtracted from the number
thought of, might be added to it; and then, instead of
adding, at the end of the operation, the multiplier in-
creased by unity, it ought to be subtracted, after which
the remainder may be divided as above.

Let the number thought of, for example, be 7 ; if unity
be added, the sum will be 8, and this sum tripled will give
24; if 1 be still added, we shall have 25, and this sum in-
creased by 7 will make 32; from which if 4 be deducted,
because the number thought of was tripled after unity had
been added, we shall have 28: one fourth of which will be
the number required.

' V.

Desire the person to add 1 to the triple of the number
thought of, and to multiply the sum by 3; then bid him
add to this product the number thought of, and the result
will be a sum, from which if 8 be subtracted, the re-
mainder will be decuple of the number required.” If 8
therefore be taken from the last sum, and if the cipher on
the right be cut off from the remainder, the other figure
will indicate the number sought.

Let the number thought of be 6; the triple of which is
18, and if unity be added, it makes 19; the triple of this
last number is 57, and if 6 be added it makes 63, from
which if 3 be subtracted the remainder will be 60: now if
the cipher on the right be cut off, the remaining figure 6
will be the number required.

REMARK ‘
If1 were%ted from tH! number thought of, the
remainder , and the number thought of again
added, it would be necessary, after the person had told
the result, which would always terminate with 7, to add
3 instead of subtracting it, as in the above operation;

and the sum would then be the decuple of the number
‘thought of.
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To the foregoing methods
given by Montucla, of telling
the number that a person has

thought of, may be added the -

following one, by means of
the annexed columns of num-
bers ; a method so truly inge-
nious and scientific, that it is
really astonishing in its nature
and effects. These six columns
of numbers may either be all
on one paper as here, but bet-
ter for deception on as many
separate slips. We shall de-
scribe the method of construct-
ing these columns of numbers
after explaining their uses, as
follows.

Bid a person think in his
mind of any number he pleases,
not higher than 68, the great-
.est number in the columns.

~Desire him then to point out
to you all the columns in
-which his number is contained ;
which he can presently do, on
your showing him the columns,
one after another, and then
withdrawing them away fy
his sight again. Them
lecting that thetop pumbers
. sin the six columps are the geo-
;mgtrical- series 1, 2, 4, 8, 16,

59
61
63

62
63 .

III

4
5
6
7
12
13
14
15
20
21
22
23
28
29
80
31
36
87
38
89
44
45
46
41
52
53
54
55
60
61
62

63 .

1v
8
9

10

11
12
13
14
15
24
25
26
27
28

.29

30
31
40
4]
42
43
44
45
46
47

56
87

58
59

60 -
61
62

63

\'s

.16 .

17
18

19

20
21
22
23
24
25
26
27
28
29
30
31

. 48.
49

50
51
52
53
54
55
56
517
58
59

60.
61

62.

63

VI
32
33
34
35
36
37

.38

39
40
41.
42
43

44

45
46
47
48
49
50
51
52
53
54

85

56
¥
58
59
60
61
62
68

:32, add together in your mind the figures of this series
-which are at the tops of all those columns in which the
required number is contained; and whatever that sum
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amounts to, you may infallibly pronounce as the number
thought of . v

Thus, for example, if the person says his number is
eontained only in the 2nd, 3rd, and 5th columns; then
recollecting that the top numbers of these three'columns
are 2, 4, 16, the sum of which is 22, you announce, to his
astonishment, that the number he thought of is 22. Again,
supposing a person thinking of a number, and, looking at
the columns, says it is contained only in the 1st, 4th, and
6th ; then recollecting that the top numbers of these'three
columns are 1, 8, 82, the sum of which is 41, you imme-
diately pronbunce that 41 is the number thought of. And
thus it will always happen in every case.

To construct and fill up these columns of numbers:
after having entered the regular series 1, 2, 4, 8, 16, 32,
as the top numbers of the six columns in their order ; then
all the other numbers, in each column downwards, are
generated and produced from the number that has been
entered at its top, as the first number of that column, by
one easy, simple, and general rule, which is this. To the
first number, add successively a unit as often as one less
than that number denotes, to produce as many of the fol-
‘lowing numbers ; then, to the last of these, add at once:a
number which is one more than the top number, for the
next succeeding number. Repeat the same operations
over and over again, as far as required ; that is, to the last
found number add successive units as often as before, and
then again at once a number exceeding the top number by
1: and so on continually for the successive descending
numbers. In short, if » denote any top number, add 1 as
often as n—1 times, after which add at once the number
ntls after which repeat the same process over and over
to:the end. Thus, for example, to fill up the 3rd column,
the top figure of which is 4, the value of # in this case:;
therefore add a unit n—1, or three times, which gives the
‘next three numbers in the column, 5, 6, 7; to this last add
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at once n4-1 or 5, which gives 12 for the next number;
after this add again 1 three times, giving 13, 14, 15, for
the next following numbers; and again add the number
n + 1 or 5, making 20; and so on always. In this way
the reader will try, by the same rule, to fill up all the co-
lumns, which will make the whole process familiar to him.
For greater secrecy, you may cover or withdraw from
notice the columns, after the person has informed you
which they are that contain his number thought of. And,
for the greater mystery, to prevent him from discovering
your trick of adding the top numbers together, which he
may be apt to do after several repetitions of the trial, you
may remove the top numbers lower down in the columns,
mixing promiscuously a few of the other numbers at the
‘top.
' ' PROBLEM IL
To tell two or more numbers which a person has thought of.

L
' When each of the numbers thought of does not exceed

9, they may be easily found in the following manner.

Having made the person add 1 to the double of the first
number thought of, desire him to multiply the whole by
5, and to add to the product the second number. If there
be a third, make him double this first sum, and add 1 to
it; after which desire him to multiply the new sum by 5,
and to add to it the third number. If therebe a fourth,
you must proceed in the same manner, desiring him to
double the preceding sum; to add to it unity; to multiply
by 5, and then to add the fourth number, and so on.

Then ask the number arising from the addition of the
last number thought of, and if there were two numbers,
subtract 5 from it ; if three, 55, if four, 555, and soon; -
for the remainder will be composed of figures of which the
first on the left will be the first number thought of, the
next the second, and so of the rest.

Suppose the numbers thought of to be 3, 4, 6: by add-
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ing 1 to 6, the double of the first, we have 7, which being
multiplied by 5, gives 35; if 4, the second number thought
of, be then added, we shall have 39, which doubled gives
78, and if we add 1, and multiply 79, the sum, by 5, the
result will be 395. In the last place, if we add 6, the
third number thought of, the sum will be 401; and if 55
be deducted from it, we shall have for remainder 346;
the figures of which 8, 4, 6, indicate in order the three
numbers thought of.

One method we shall here omit, as we shall have occa-
sion to employ it in another amusement of the same kind,
called the game of the ring.

II.

If one or more of the numbers thought of are greater

than 9, two cases must be distinguished : 1st. that where
the number of the numbers thought of is odd. 2d. that
where it is even.
. In the first case, desire the person to tell the sums of
the first and the second ; of the second and the third ; of
the third and the fourth; &c, as far as the last, and then
the sum of the first and the last. Having written down
these sums in order, add together all those the places of
which are odd, as the first, the third, the fifth, &c; make
another sum of all those the places of which are even, as
the second, the fourth, the sixth, &c; subtract this sum
from the former, and the remainder will be the double of
the first number.

Let us suppose, for example, that the 5 following num-
bers are thought of, viz: 8, 7, 13, 17, 20, which, when |
added two and two, as above, give 10, 20, 30, 87, 23:
the sum of the first and third and fifth, is 63; and that of
the second and fourth is 57: if 57 be subtracted from 63,
the remainder 6 will be the double of the first number 3.
Now if 3 be taken from 10, the first of the sums, the re.
mainder 7 will be the second number; and, by proceeding
in the same manner, we may find all the rest.
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In the second case, that is to say, when the number of
the numbers thought of is even; ask, and write down as
above, the sum of the first and the second; that of the
second and third; and so on as before; but instead of the
sum of the first and the last, take that of the second and
the last; then add together those which stand in the even
places, and form them into a new sum apart: add also
those in the odd places, the first excepted, and subtract -
this sum from the former: the remainder will be the double
of the second number; and if the second number thus
found be subtracted from the sum of the first and second,
the remainder will be the first number; if it be taken from
that of the second and third, it will glve the thlrd and 50
of the rest.

Let the numbers thought of be, for example, 3, 7, 13,
17: the sums formed as above are 10, 20, 30, 24, the sum .
of the second and fourth is 44, from Whlch if 30 the third
sum be subtracted, the remainder will be 14, the double
of 7 the second number. The first therefore is 3, the
third 13, and the fourth 17. -

PROBLEM IIL

A person having in one hand an even number of slullmgs,

and in the other an odd, to tell in which hand he has the

even number.

Desire the person to multiply the number in the nght
hand by any even number whatever, such as 2; and that

in the left by an odd number, as 3; then bid him add

‘together the two products, and if the whole sum be odd,
the even number of shillings will be in the right hand, and
the odd number in the left; if the sum be even, the con- .
“trary will be the case. -

Let us suppose, for example, that the person has 8
'shlllmgs in his right band, and 7 in his left ; 8 multiplied
by 2 gives 16, and 7 multiplied by 3 gives 21 the sum of
which, 87, is an odd number.
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If the number in the right hand were 9, and that in the
left 8, we should have 9 x 2 =18, and 8 x 3 =24; the
sum of which two products is 42, an even number.

PROBLEM 1V, ,
4. person having in one hand a piece of gold, and in the other

a piece of silver, to tell in which hand he has the gold, and

which the silver.

For this purpose, some value, represented by an even
number, such as 8, must be assigned to the gold, and a
value represented by an odd number, such as 3, must be
assigned to the silver: after which the operation is exactly
the same as in the preceding example.

REMARKS.
I. To conceal the artifice better, it will be sufficient to
- ask whether the sum of the two products can be halved
without a remainder; for, in that case, the total will be
even, and in the contrary case odd. '

II. It may be readily seen that the pieces, instead of
being in the two hands of the same person, may be sup-
posed to be in the bands of two persons, one of whom has
the even number, or piece of gold, and the other the-odd
number, or piece of silver. The same operations may
then be performed in regard to these two persons as are
performed in regard to the two hands of the same person,
calling the one privately the right, and the other the left.

PROBLEM V. °
The Game of the Ring.

‘This game is nothing else than an application of one of
the methods employed to tell several numbers thought of,
and should be performed in a company not exceeding 9,
in order that it may be less complex. . Desire any one of
the company to take a ring, and to put it on any joint of

VOL. I« K



186 DIVINATION AND

whatever finger he may think proper. The question therr
is to tell what person has the ring, and on what hand, what
finger, and what joint,

For this purpose, call the first person 1, the second 2,
the third 8, and so on; also call the right hand 1, and the
left 2: the first finger of the hand, that is to say the thumb,
must be denoted by 1, the second by 2, and so on te the
little finger ; and the first joint of each finger, or that next
the extremity, must be called 1, the second 2, and the
third 8. :

Let us now suppose that the fifth person has taken the
ring, and put it on the first joint of the fourth finger of his
" left hand. To resolve the problem, nothing is necessary .
_ but to discover these numbers 5, 2, 4, 1, which may be

done in the following manner. ~—
Desire some one to double the first number 5, which
will give 10, and to subtract 1 from it; desire him to
-multiply 9, the remainder, by 5, which will give 45; to this
-product bid him add the second number 2, which will make
47,and then § which will make 52: desire him to double
this number, and the result will be 104, and to subtract 1,
which will leave 1038. Desire him to multiply this re-
mainder by 5, which will give 515, and to add to the pro-
_duct the third number 4, or that expressing the finger,
which will give 519: then bid him add 5, which will make
524, and from 1048, the double of this sum, lét him sub-
‘tract 1, which will leave 1047 : then desire him to multiply
this remainder by 5, which will give 5285, and to add to
this product 1, the fourth number, or that expressing the
joint, which will make 5286; in the last place bid him
‘#gain add 5, and the sum will be 5241, the figures of which
‘will indicate, in order, the person who has the ring, and
‘the hand, finger, and joint, on which it was put.
. Ttis evident, that all these operations amount, in reality,
“to tiothing else than multiplying by 10, the'number which
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expresses the person; then adding that which expresses
the hand; multiplying again by 10, and soon®*. Bat as
this artifice is too easily detected, it might be better to
employ the method taught in.Prob. II. No. 1, to discover
any number of numbers thought of at pleasure; for, on
account of the number which must be ssbtracted, the
operation will be more difficuit to be comprehended. .

The problem might be preposed in the following
manner, and be resolved by the same process.

Threcor more persons having each selected a card, the
number of the spots of which does not ex¢eed 9, to tell: th
number of the spots of each.

. Desire the first person to add 1 to double the nunber of
t.he spots_of his card; to muitiply the sum by 5, apd to
add to the product the spots of the card of the second
-person: then desire him to double that sum; to add unity
to it, to multiply the whole by 5, and to add to this pre-
duct the spots of the card of the third person: by subtract-
ing from the last result 55, if the number of the persons
be 8; 555, if it be 4: 5555, if it be 5, the figures which
compose the remainder will indicate, in order, the spots
of the cards-selected by each person.

-® For the satisfaction and information of the veader, we shall here give
the following demoustration.
Let the four numbers to be guessed be 2, y, :s, gccordmg to.the abon
method, we must double z, which will give 223 lfl be then subtracted we
* shall have 2z—1, and multiplying by 5, the result will be 10x—35. If g, the
second number, beadded, we shall have 102~ § +y, and § added:to this sum
will make 10c+ y, which being doubled will give 20z 4 2y ; if 1 be subtracted,
there wiil remain 20z + 2y —1, which multiplied by & will give 100x+ 10y—53
“to this product if the third number 2, and 5 be added, the sum will be
100x + 10y + %; and if unity be taken from the double of this sum, the result
" will ‘be 3002 420y +23—1 ;. if we then wultiply by:5, we shall bave for pro-
duct 1000x.4 100y + 10z = 5; and by addipg 5 and .the last number, u, the
.,sum will be 1000z + 100y +. 101+u If 2, y, %, * represent numbers, bejow
10, as 5, 2, 4,1, the sum will be 5000 + 200+ 40+ 1 or 5241. If the numbers
were 9, 6, §, 4, the suwn for the same reason would be 9654 ; -which is' a de-
- meustration of the process above indicated.

E 2
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This process may be demonstrated with as' much ease
as the former; let the numbers to be guessed, less than 10,
be z,y, z: we confine ourselves to three, for the sake of
brevity. If 1 be added to the double of the first number,
we shall have 2 & 4 1, and multiplying by 5, the product
will be 10 x + 5; if the second number y be added, the
sum will be 102 + 5 + y, and 1 added to the double will
make 202 4 10 + 2 y + 1, which multiplied by 5 gives
100 r 4+ 50 4 10y + 5; if we then add the third num-
ber.z,-we shall have 100'r 4+ 50 4+ 10y + 5 4 z or 100
x4+ 10y + 2+ 55: if x,y, 2 are, for example, 5, 6, 7,
this expression will be 567 + 55 or 612. From this last
sum therefore, if we déduct 55, the remainder will be
567, which indicates in order the three numbers to be
guessed.

For the sake of brevity, we shall not give any other ex-
mple, as the reader may recur to that before given io
Prob. IL :

PROBLEM VI.
To guess the number of spots on any card, which a person
has drawn from a whole pack.

Take a whole pack, consisting of 52 cards, and desu-e
some person in company to draw out any one at pleasure,
without showing it. Having assigned to the different
cards their usual value, according to their spots, call the
knave 11, the queen 12, and the king 13. Then add the
spots of the first card to those of the second ; the last sum
to the spots of the third, and so on, always rejecting 183,

- and keeping the remainder to add to the following card.
It may be readily seen that it is needless to reckon the
kings, which are counted 13. If any spots remain at the
last- card, subtract them from 18, and the remainder will

_indicate the spots of the card that has been drawn; if the

_remainder be 11, it has been a knave ; if 12 it has been a
‘queen, but if nothing remains, it.has begn a kmg. The
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colour of the king may be known by examming which
one among the cards-is wanting.

If you are desirous of employing only 32 cards, tho

number used at present for piquet, when the cards are
added as above directed, reject all the tens; then add & to
the spots of the last card and a sum. mll .be obtained
which taken from 10, if it be less, or from 20 if it exceeds
10, the remainder will be the number of the card tbat has
been drawn; so that if 2 remains, it has been a knave, if 8
a queen, if 4 a king, and so on.
- If the pack be incomplete, attention must be paid to
those deficient, in order that the number of the spots of
all the cards wanting may be added to the. last sum, after
as many tens as possible have been subtracted from it;
and the sum arising from this addition, must, as before,
be taken from 10 or 20 according as it is greater.or less
than 10. It is evident that by again looking at-the cards,
the one which has been drawn may be discovered.

The demonstration of this rule is as follows: since, in
a complete pack of cards, there are 18 of each suit, the
values of which are 1, 2, 8, &c, to 18, the sum of all the
spots of each suit, calling the knave 11, the queen 12, and
the king 18, is seven times 13, or 91, which is a multiple
of 18; consequently the quadruple of this sum is a multiple
of 18 also: if the spots then of all the cards be added to-
gether, always rejecting 18, we must at last find the re-
mainder equal to nothing. It is therefore evident that if
a card, the spots of which are less than 13, has been drawn
from the pack the difference between these spots and 183,
will be what is wanting to complete that number: if at
the end then, instead of reaching 18, we reach only 10,
for example, it is evident that the card wanting is a three;
and if we reach 13, it is also evident that the card want-
ing is one of those equivalent to 13, or a king. -

-~ If two cards have been drawn from the pack, we may
“tell; in-like manner, the rumber of spots which they con-
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tain both togetber: that is, how mueh is wanting to reuch
18, or that deficiency increased by 13; and to knew which
two, nothing is necessary but to count privately how many
times 13 has been completed, for with the whole of the
cards it ought to be counted 28 times: if it be counted
therefore only 27 times, with a remainder, as 7 for ex-
ample, the spots of the two cards drawn amount together
to 6: if 13 be counted only 26 times, with the sawe re:
mainder, it may be concluded that the two cards form
together 18 + 6, or 19.

“The demonstration. of the rule glven when the same
nhnmber of cards is used, as that employcd for the game of
piquet, viz. 32, calling the ace 1, the knave 2, the qocen
3, the king 4, and assigning to the other cards the value
of their spots, is attended with as little difficulty ; for in
each suit there are 44 spots, making all together 176, which,
as well as 44, is a multiple of 11, we may therefore always
count to 11, rejecting 11, and the number wanting to
reach 11, will be the value of the card which has been
drawn,

But the same number 176, if 4 were added to it, would
be a multiple of 10 or of 20; and hence a demonstration
also of the method which bas been taught.

i

PROBLBM VIIL.

4 person having an equal number of counters, or pieces of
money, in each hand, to find how many he has altogether.
Desire the persan to convey any number, as 4, for ex-

ample, from the one hand to the other, and then ask him

how many times the less number is eontained in the
greater. - Let us suppose that he says the one is triple of
the other; in this case multiply 4, the number of the
counters conveyed from one hand into the other, by 3, and
add to the product, the same number ¢, which will make
16.  In the last place, from the number 8 subtract wnity,
and if 16 be divided by 2, the;remainder, the quotient 8
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will be the number contained in each hand, and conse-
quently the whole number is 16.

Let us now suppose that when 4 counters are conveyed '
from one hand to the other, the less number i is contained
in the greater 2§ times: in this case we must, as before,
multiply 4 by 2}, which will give 95; to which if 4 be
added, we shall have 19§, or 4°; if unity be then taken
from 24, the remainder will be 1}, or $, by which if 42 be
divided, the quotient, 10, will be the number of counters
in each hand, as may be easily proved on trial.

PROBLEM Vlll.

Several cards being shown to a persom, to tell that whclc hs
' has thought of. -

Having taken any number of cards at pleasure, from a
whole pack, display them in order on the table, that the
person may.choose one. When this is done, place them
carefully one above the other, beginning with the lower
one, and desire the person to remember the number ex-
pressing the order of the card he thought of, viz. 1, if he
thought of the first, 2 if of the second, and so on; but at
the same time, count privately the number of cards shewn
to the person, which we shall suppose to be 12, and sepa-
rate them dexterously from the remainder of the pack,
Then place these cards on the remainder of the packin an
inverted position, beginning with that first displayed on
the table, and ending with that which was last. Having
then asked the number of the card thought of, which we
shall suppose to be the fourth, lay your cards on the
table with their faces uppermost, one after the other, be-
ginning with that at the top, to which you must assign
4, the number of the card thought of, calling the next
eard which follows, or the second, 5, the third 6, and so
" on, until you come to 12, the number of the cards yoy
at first assumed ; for the card on which that number falls
will be the card thought of.
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PROBLEM IX.

. Several cards being Presented, in succession, to several per:
sons, that they may each choose one at pleasure; to guess
that which each has thought of.

- Shew as many cards to each person as there are per~
sons to choose; that is.to say 3 to each if there are 3.
persons. When the first has thought of one, lay aside the
three cards in which he has made his choice. *Present the.
same number to the second person, to think of one, and
lay aside the three cards in the like manmer. Having done
the same in regard to the third person, spread out the
three first cards with their faces upwards, and place above:
them the next three cards, and above these the last three,
that all the cards may thus be disposed in three heaps,
each consisting of three cards. Then ask each person in
which heap the card is which he thought of, and when
this is known it will be easy to tell these cards, for that of
the first person will be the first in the heap to which it
belongs; that of the second will be the second of the

next heap, and that of the third will be the third of the
last heap. .

e

PROBLEM X.

Three cards being presented to three persons, to guess that
which each has chosen.

- -As it is .necessary that the cards presented to the three
persons should be distinguished, we shall call the first a,
the second B, and the third c; but the three persons may.
be at liberty to choose any: of them at pleasure. This
choice, which is susceptible of six different ‘varieties,
baving been- made, give to the first person 12 counters,
to the second 24, and to the third 86 : then desire the first
person to add together the half of the counters of the per-
son who has chosen the card a, the third of those of the
person who has chosen B, and the fourth part of those of
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the person who has chosen ¢, and ask the sum, which
must be either 23 or 24; 25 or 27; 28 or 29, as in the
following table :

First Second Third Sums

12 24 36 ]

A B c 23
A c B 24
B A c 25
c A B 1
B c A 28
c B A 29

This table shows, that if the sum be 25, for example,
the first person must have chosen the card B, the second
the card A, and the third the card c; and that if it be 28,
the first person must have chosen the card B, the second
the card c, and the third the card A ; and so of the rest.

PROBLEM X1.

A person having drawn, from a complete pack of fift y-two
cards, one, two, three, four, or more cards, to guess the
whole number of the spots which they contain.

Assume any number whatever, such as 15, for example,
greater than the number of the spots of the highest card,
counting the knave 11, the queen 12, and the king 13,
and desire the person to add as many cards from the pack,
to the first card he has chosen, as will make up 15, count-
ing the spots of that card; let him do the same thing in
regard to the second, the third, the fourth, &c; and then
desire him to tell how many cards remain in the pack.—-
When this is done, proceed as follows :

Multiply the above number 15, or any other that may
bave been assumed, by the number of cards drawn from the
pack, which we shall here suppose to be 3; to the pro-
duct, 45, add the number of these cards, which will give
48 ; subtract the 48 from 52, and take the remainder 4
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from the cards left in the pack: the result will be the.
number of spots required. :

Let us suppose, for example, that the person has drawo.
from-the pack a 7, a2 10, and a kuoave, which is equal to
11: to make up the number 15 with a 7, eight cards will
be required ; to make up the same number with a 10, will
require five; and with the knave, which is equal to 11,
four will be necessary. The sum of these three numbers,
with the 8 cards, makes 20, and consequently 32 cards
remain in the pack. To find the sum of the numbers 7,
10, 11, multiply 15 by 3, which will give 45 ; and if the
number of the cards drawn from the pack be added, the
sum will be 48, which taken from 52, leaves 4. If 4 then
be subtracted from 32, the remainder, 28, will be the sum
of the spots contained on the three cards, drawn from the
pack, as may be easily proved by trial.

Another Example.

Let us suppose two cards only drawn from the pack, a
4 and a king, equal to 13; if cards be added to these to
make up 15, there will remain in the pack 87 cards.

If 15 be multiplied by 2, the product will be 30, to
which if 2, the number of the cards drawn from the pack,
be added, we shall have 82 ; and if 32 be taken from 52,
the remainder will be 20. In the last place, if 20 be sub-
tracted from 37, the number of the cards left in the pack,
~ the remainder, 17, will be the number of the spots of the

8 cards drawn from the pack. - -

REMARKS.

1. If 4 or 5 cards are drawn from the pack, it may
sowetimes happen that a sufficient number will not be Jeft
to make up the number 15; but even in this case the ope-
ration may be still performed. For example, if 5 cards,
the spots contained en which are 1, 2, 3, 4, 5, have been
drawp ; to complete with each of these cards the num
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15 would require, together with the 5 cards, at least 65 ;
but as there are only 52, there are consequently 18 toe
few. He who counts the pack must therefore say that 18
are wanting.

On the other hand, he who undertakes to tell the num-

ber of the spots, must maitiply 15 by &, which makes 75;
and to this if 5, the number of the cards, be added, it will
~give 80; that is to say, 28 more than 52: if 13 then be
subtracted from 28, the remainder 15 will be the number
of the spots contained on these § cards.
- But if we suppose .that the cards left in the pack are,
for exanple, 22, which would be the case if the five cards
drawn were the 8, 9, 10, knave = 11, and queen = 12,
it would be necessary to add these 22 to the excess of 5
times 15 4 5, over 52, that is to say to 28, and we should
have 50 for the spots of these 5 cards, which is indeed the
exact number of them.

II. If the pack consists not of 62 cards, but of 40, for
example, there will still be no difference in the operation
the number of the cards, which remain of these 40, must
be taken from the sum produced by multiplying the made
up number, by that of the cards drawn, and adding to the
product the number of these cards.

Let us suppose, for example, that the cards drawn are
9, 10, 11, that the number to be made up is 12, and that
the cards left in the pack are 31. Then 12 x 3 = 86,
and 3 added for the 3 cards, makes 39, which subtracted
from 40 leaves 1. If 1 then be taken from 31, the re-
mainder 30 will be the number of the spots required.

1IL. Different numbers to be made up with the spots of
each card chosen might be assumed ; but the case would
still be the sane, only that it would be necessary to add
these three numbers to that of the cards, instead of multi."
plying the same number by the number of cards drawn,
and then adding the number of the cards. In this there
s %o little difficulty, that an example is not necessary, -
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IV. The demonstration of this method, which some of
our readers perhaps may be desirous of seeing, is exceed=
ingly simple, and is as follows.” Let-a be the number 6f
cards in the pack, ¢ the number to be made up by adding
cards to the spots of each card drawn, and b the cards
Jeft in the pack; let x, y, z express the spots of the cards,
which we shall here suppose to be 3, and” we shall then
have, for the number of the cards drawn, c— 2 +c—y + ¢
=3 + 3 ; which with the cards left in the pack 4, must
be equal to the whole pack. Then8¢ 4+ 8—z—y—z +b
=agorr+y+z=3c+3+b—aor=b—-(a—-38¢
=3). Butx 4 y + zis the whole number of the spots ;
b'is the number of cards left in the pack, and a~3 c¢—3 is
the whole number of cards-in the pack, less the pro-
duct of the number to be completed by the number of the
cards drawn, minus that number. -Therefore, &c. "

PROBLEM XI1I. °

Tiree things being privately distributed to three persons; to
guess that which each has got.

Let the three things be a ring, a shilling, and a glove.
Call the ring A, the shilling &, and the glove 1; and in
your own mind distinguish the persons by calling them
first, second, and third. Then take twenty-four counters,
and give one of them to the first person, two to the second,
and three to the third. Place the remaining 18 on the
table, and then retire, that the three persons may distri,
bute among themselves the three things proposed, with=
out your observing them. When the distribution has
been made, desire the person who has the ring to' take
from the 18 remaining counters as many as he has already;
the one who has the shilling to take twice as many as he
has already, and the person who has the glove to take
four times as many ; according to the above supposition
then, the first person has taken 1, the second 4, and the



-COMBINATIONS, 144

third 12; consequently one counter only remains on the
table.. When this is done, you may return, and by the
number left can discover what thing each has got, by em-
ploying the following words: - o

1 2 3 5 6 7 ..

Par fer César jadis devint st grand prince.
To.make use of these words, you must recollect, that in
all cases there can remain only. 1 counter, or 2, 8, 5, 6, or
7, and never 4: it must be likewise observed that each
syllable contains one of the vowels, which we have made
to represent the three things proposed, and that the above
line must be considered as consisting only of six words:
the first syllable of each word must also be supposed to
represent the first person, and the second syllable the
second. This being comprehended, if there remains only
1 counter, you must employ the first word, or rather the
two first syllables, par fer, the first of which, that contain-
ing A, shews that the first person has the ring represented
by A ; and the second syllable, that containing E, shews
that the second person has the shilling, represented by ;
from which you may easily conclude that the third person
has the glove. If two counters remain, you must take the
second word César, the first syllable of which, containing &,
will shew that the first person bas the shilling, represented
by E, and the second syllable, containing a, will indicate
that the second person has the ring, represented by a:
you may then easily conclude that the third: person has
the glove. In general, whatever number of counters re-
main, that word of the verse, which is pointed out by the
same number, must be employed. :

REMARKS.

Instead of the above Frénch verse, the following Latin
- one might be used : ‘
1 2 3 5 6 1
Salve certa anime semita vita quies. .

EPEEEE
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“This preblem might be proposed in a manner somewhat
different, and might be applied to more than three persons:
-those who are desirous of farther information on the sub-
ject, may consult Bachet in the g5th of his Proﬁlémea plar-
sant et delectables.

PROBLEM XIIJ.

Several mcmbm being dzspoml in a circular form, accordmg
to their matural series, to tell that which any one has
“thought of.

The first ten cards of any suit, disposed in a circular
form, as seen in the figure below, may be employed with
‘great cenvenience for performing what is announced in
this problem. The ace is here represented by the letter
A annexed to 1, and the ten by the letter k joined to 10.

2 3 4
B c D
1A ES
10 x ’ F6
. 1 H G

o . 9 3 1

Having desired the person, who bas thought of a aum-
_ber or card, to touch also any other number or card, bid
him-add to the number of the.card touched, the number of
.the cards employed, which in this case is 10. Then desire
.him to count that sum in an order cputrary.to that of the
.natural numbers, beginning at the card he touched, and
. assigning to that card the number of the ape which .he
- thought of ; for by counting in this manner, he will end at
the number or card whichhe thought of, and consequently
~ you will easily know it,

Thus, for example, if the person bas tbought of the
number 3, marked ¢, and has touched 6, marked r; if 10
.be added to 6, it will make 16; if 46 be then counted®
from r, the number touched, towards &, o, c, B, .4, 80d 30

® It is to be observed that the person must ot count this sum aloud,
but privately in his.own mind,
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on in the retrograde order, counting 3, the number thought
of, on ¥, 401 E, 5 on D, 6 on ¢, and 8o round to 16, the
" number 16 will terminate on c, and show that the person
thought of 3, which corresponds to c.

REMARKS.

I. A greater or less number of cards may be etnployed
At pleasure, If there are 15 or 8 cards, 15 or 8 must be
added to the number of the card touched.

II. To conceal the artifice better, you may invert the
cards, so as to prevent the spots from being seen, but.you
must remember the natural series of the. cards, and the
place of the first number, or the ace, that you may know
the number of the card touched, in order to find the one
to which the person ought to count.

PROBLEM X1V.

Two persons agree to take alternately numbers less than a
-gwen number, for example 11, and to add them together
till one of them has reached a certain sum, such as 100.;
. by what means can one of them uy“alhbl_yattam ito that
. number before the other?

- The whole artifice of this problem consists ‘n im-
‘mediately making choice of certain mumbers, which we
shall here point out. Subtract 11, for example, frem 100,
the number to be reached, as many times as possible, and
the remainders will be 89, 78, 67, 56, 45, 34, 23, 12, and.1,
.which must be remembered; for he who by adding: his
number less than 11, to the suin of the :preceding, shaill
count one of these numbers before his adversary, will in-
fallibly win, without the other being able t prevent.him.
"+ These numbers may be found also, with sill greater
" ease, by dividing 100 by 11, and adding 11 continually to

- .1, the remainder, which will give 1, 12,28, 84, &c. . . .
. Let us suppose, for example,.that the first person, who
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knows the game, takes 1 for his number: it is evident that
his adversary, as he must count less than 11, can at most
reach 11 by adding 10 to it. The first will then take 1,
which will make 12; if the second takes 8, which will
make 20, the first will take 8, which will make 23 ; and
proceeding in this manner successively he will first reach
34, 45,56, 67,718, 89.- When he attains to the last. num-
ber, it will be impossible for the second to prevent him
from getting first to 100; for whatever number the second
takes, he can attain only to 99, after which the first may
say, “ and 1 makes 100.” If the second takes 1 after 89,
it will make 90; and his adversary may finish by.saying,
¢ and 10 make 100.”

It is evident that when two persons are equally well ac-
quainted with the game, he who begins must necessarily
win.

But, if the one knows the gamé¢, and the other does not,

‘the latter, though first, may not win; for he will think it

highly advantageous to take the greatest number possible,
that is to say 10; and in that case the other, acquainted
with the nicety of the game, will take 2, which with 10 will
make 12, one of the numbers he ought to secure. But he
may even neglect this advantage, and take only 1 to make
11; for the first will probably still -take 10, which will
make 21, and the second may then take 2, which will make
23; he may then wait a little longer. to get hold of some

- of the following numbers 34, 45, 56, &c. .

~ If the first is desirous to win, the least number proposed

‘must not be a measure of the greater; for in that case the

first would have no infallible rule to direct hifn in his
operations. For example, if 10, which measures 100,
.were assumed, instead of 11, by subtracting 10 from 100

.as many times as possible, we should. have the numbers

10, 20, 30, 40, 50, 60, 70, 80, 90, the first of which, 10,
could not be taken by the first ; for being obliged to em-

N\
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ploy a number less than 10, if the second were as well ac-
quainted with the game, he might take the complement to
10; and would thus have an infallible rule for winning.

PROBLEM XYV.

Sizteen counters being disposed in two rows, to find that
which a person has thought of.
The counters being arranged in two rows, as;a and B,
desire the person to think of one, and to observe well in
which row it is.

~

O ®*0 0o
< -N-N-X ]
-3 X-N.)
00000000y
R -E-X-1
ocooootHm
OO0 &~
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L}
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Let us suppose that the counter thought of, is in the
row A ; take up that whole row, in the order in which it
stands, and dispose it in two rows ¢ and b, on the right
and left of the row B, but in arranging them, take care
that the first of the row A may be the first of the row c;
the second of the row A, the first of the row p; the third
of the row a, the second of the row c, and so on; then
ask again in which of the vertical rows, c or b, the counter
thought of is. Suppose it to be in c: take up that row as.
well as the row p, putting the last at the end of the first,
without deranging the order of the counters, and, observ-
ing the rule already given, form them into two other
Tows, as seen at B and F; then ask, as before, in which
row the counter thought of is. Let us suppose it to be in
E; take up this row, and the row g, as above directed,,
and form them into two new rows, on the nght and left of

YOL. 1. L
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3. After these operations, the counter thought of must
be the first of one of the perpeudlcular rows, g and 1; if
you therefore ask in which row it is, you may easily point
it out; and as if is here supposed that each of the counters
has some distinguishing mark, you may desire them to be
smixed together, and still be able to tell the one thought
of, by observing the mark.

It may be readily seen that, instead of counters, sixteen
cards may be employed ; and when you have discovered,
by the above means, the one thought of, you may cause
them to be mixed, which will better conceal the artifice.

REMARK.

Ifa greater number of counters or cards, arranged in
two vertical rows, be supposed, the counter or card
thought of will not necessarily be the first in the row to
which it belongs, after the third transposition : if there be
32 counters or cards, four transpositions will be necessary ;
if there are 64, five; and so on, before it can be said,
with confidence, that the counter or card thought of oc-
cupies the first place in its row ; for if this counter or
card were at the bottom of the perpendicular row a, sup-
posing 16 counters in each row, or 32 altogether, it would
not arrive at the first place till after four transposmons :
if there were 64, or 32 in each row, it would require five;
and so on, as may be easily proved by trial.

‘ PROBLEM XVI.
A certain number of cards being shown to a person, to guess
that which he has thought of.

- To perform this trick, the number of the cards must be
dlwsible by 3; and to do it with more convenience, the
number must be odd. :

‘The first condition, at least, being supposed desire the
person to think of a card: then place the cards on the
table with their faces downward ; and, taking them up in
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order, arrange them in three heaps, with their facés up=
ward, and in such a manner, that the first card of the
packet shall be the first of the first heap ; the second the
first of the second, and the third the first of the third ; the
fourth, the second of the first, and so on. When the
heaps are completed, ask the person in which heap is the
card thought of, and when told, place that containing the
card thought of in the middles then turning up the
packét, form three heaps, as before, and again ask in
which is the card thought of. Place the heap containing
the eard thought of still in the middle, and, baving formed
three new heaps, ask which of them contsins the card
thought of. When this is known, place it.as before be-
tween the other two; and again form three heaps, asking
the same question. Then take up the heaps for the last
time ; put that containing the card thought of in the mid-
dle, and placing the packet on the table, with the faces of
the cards downward, turn up the cards till you count half
the number of those contained in the packet; 12 for ex-
ample if there be 24, in which case the 12th card will be
the one the person thought of.

If the number of the cards be, at the same time, odd,
and divisible by 8, as 15, 21, 217, &c, the trick will become
much easier ; for the card thought of will always be that
in the middle of the heap in which it is found the third
time ; so that it may be easily distinguished without count-
ing the cards; nothing will be necessary for this purpose,
but to remember, while you are forming the heaps the
third time, the card which is the middle one of each. Let
us suppose, for example, that the middle card of the first
heap is the ace of hearts; that of the second the king of
hearts, and that of the third the knave of spades; it is
evident, if you are told that the heap containing the re~
quired card is the third, that this card must be the knave of
spades. You may therefore cause the cards to be shuffled,
without touching them any more, and then, looking them

L2 '
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over for the sake of form, may nameithe knave of spades
when it occurs. :

PROBLEM XVII,

F ﬂeen Christians and fifteen Turks being at sea in the same:
vessel, a dreadful storm came on, which obliged them to
throw all their merchandise overboard; this however not
being sufficient to lighten the ship, the captain informed
them that there was no possibility of its being saved, unless
half the passengers were thrown overboard alse. - Having
therefore caused them all to arrange themselves in a row,
by counting from 9 to 9, and throwing every ninth person-
into the sea, beginning again at the first of the row when:
it had been counted to the end, it was found that after fif-
teen persons had been thrown overboard, the fifteen Chris-
tians remained. How did the captain arrange tlwse thirty.
persons so as to save the Christians? : .
The method of arranging the thnrty persons may be de-f

duced from these two French verses:

’ Mort, tu ne failliras pas

En me livrant le trepas. "

Or from the following Latin one, whxch is not so bad of

its kind :

Populeam virgam mater regina ferebat.

Attention must be paid to the vowels 4, g, 1, 0, U, con-

tained in the syllables of these verses; observing that A is -

equal to 1, Rto 2, 1t0 3, o to 4, and uto 5. You must
begin then by arranging 4 Christians together, because the
vowel in the first syllable is 0; then 5 Turks, because the
vowel in the second syllable is u; and so on to the end.

By proceeding in this manner, it will be found, taking

every ninth person circularly, that is to say, beginning at

the first of the row, after it is ended, that the lot will fall
entirely on the Turks. :

The solution of this problem may be easily ‘extended
still farther. ~Let it be required, for exainple, to make the

-
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lot fall upon 10 persons in 40, counting from 12 to 12. Ar-
range 40 ciphers in a circular form, as below ; ‘

tt o+t .
0000000000000000O

' 0 0.
1 0. o 0
o . o¢
(/] . o+
0000000000000000O0 :
then, beginning at the first, mark every 12th one with
cross; continae in this manner, taking care to pass over
those already crossed, still proceeding circularly, till the
required number of places has been marked ; if you then
count the places of the marked ciphers, those on which
the lot falls will be easily known : in the present case they
are the 7th, the 8th, the 10th, the 12th, the 21st, the 22d,
the 24th, the 34th, the 35th, and the 36th. ,

" A captain, obliged to decimate bis company, might em-
ploy this expedient, to make the lot fall. upon those most
culpable. :

‘It is related that Josephus, the historian, saved his life
by means of this expedient. Having fled for shelter to a
cavern, with forty other Jews, after Jotapat had been
taken by the Romans, his companions resolved to kill
each other rather than surrender. Josephus tried to dis-
suade them from their horrid purpose, but not being able
to succeed, he pretended to coincide with their wishes,
and retaining the authority he had over them as their
chief, to avoid the disorder which would necessarily be the
consequence of this cruel execution, if they should kill
"each other at random, he prevailed on them to arrange
themselves in order, and, beginning to count from one
end to a certain number, to put to death the person.on
whom that number should fall, until there remained only
one, who should kill himself. Having all agreed to this
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proposal, Josephus arranged them in such 2 manner, and
placed himself in such a position, that when the slaughter
had been continued to the end, he remained with only one
more person, whom he persuaded to live.

Such is the story related of Josephus by Hegesippus ;
but we are far from warranting the truth of it. However,
by applying to this case the method above indicated, and
supposing that every third persen was to be killed, it will
be found that the two last places on which the lot fell were
the 16th and 31ist; so that Josephus must have placed him-
self in one of these, and the person he was desirous of sav-
ing, in the other.

PROBLEM XVIIi,

A man has & wolf, a goat, and a cabbage, to earry over &
river; but being obliged to transport them one by one, on
account of the smaliness of the boat, in what manner is this
to be done, that the wolf may not be left with the geat,
ner the goat with the cabbage?

He must first carry over the goat, and then retarn for
the wolf; when he carries over the wolf, he must take
back with him the goat, and leave it, in order to carry
over the cabbage; he may then return, and carry ever the
goat. By these means, the wolf will never be left with
the goat, nor the goat with the cabbage, but when the
boatman is present.

3

PROBLEM XIX.

‘Three chous Ausbands, with their wives, having te: cross a
river at a ferry, find a boat without a boatman ; but the
doat is so small thet st can comtaim no more than two of
#hem at onece.. How can thesé six persons cross the rvver,
-two and two, so that none of the women shall be left in

' mmpaqywhanyqf‘them,unlcsmwhusbmdu
presens £



AMVUSING PROBLEMS. 15

- 'The sclation of this problem is contuned in tbc twe
followmg Latin distichs:
- It duplex mulier, redit una, veluque manentem,

Ttque una; utuntur iync duo puppe virs.
" Par vadit et redeunt dini, mulierque sororem
Advehit ; ad propriam fine maritus abit.

That is: ¢ two women cross first, anid one of them, row~
ing back the boat, carries over the third woman. One of
the three women then returns with the boat, and remain.
ing, suffers the two men, whose wives have crossed, to go
over in the boat. One of the men then carries back his
wife, and leaving her on the bank, rows over the third
man, In the last place, the woman who had crossed en-
ters the boat and returning twice, carries over the otber
two women.”
" This question is proposed also under the title of the
three masters and the three valets. The masters agree
very well, and the valets also; but none of the masters
can endure the valets of the other two ; so that if any one
of them were left with any of the other two valets, in the
absence of his master, he would infallibly cane him,

, < PROBLEM XX. o
In what manner can counters be disposed in the eight ex-
ternal cells of a square, so that there may be olways 9 in
each row, and yet the whole number shall vary from 20

o 32% :

- Ozanam proposed this problem in the following man-
ner, with a view no doubt to excite the ctmosxty of his
readers:

A certain convent copsisted of nife cells, one of which
in the middle was eccupied by a blind abbess, and the rest
by her muns. The good abbess, to assure herself that the
nuns did not violate their vows, visited all the eells, and
finding 8 nuns in each, which made 9 in every row, retired
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to rest. Four nuns however went out, and the abbess re-
turning at midnight to count them, still found 9 in each’
row, and therefore retired as before. The four nuns then
came back, each with a gallant, and the abbess on paying
them another visit, having again counted 9 persous in
each row, entertained no suspicion of what had taken
place. But 4 more men were introduced, and the abbess’
again countmg Q persons in each row, retired in the full
persuasion that no one had either gone out, or come in.’
How: was all this possible ?

This problem may be easily solved by inspecting the
four following figures; the first of which represents the
original disposition of the counters in the cells of the
square; the second that of the same counters when 4
are taken away ; the third the manner in which they must
be disposed when these 4 are brought back with 4 others;
and the fourth that of the same counters with the addition
of 4 more. It is here evident that there are always 9 in-
each external row ; and yet, in-the first case, the whole
number is 24, while in the second it is 20, in the third 28,
and in the fourth 32.

L IL IIL Iv.
3181]3 4111|4 215]|2 11711}~

s 3| {11 |14 [ 5 [T [
313|838} (4]1]4 2162 11711

It would seem that Ozanam had not observed that these
variations might have been carried ‘still farther: that 4
mer more right have been introduced into the ‘convent,
without the abbess perceiving it; and that all the men
might have afterwards gone out vm:h six nuns, so as to
leave only 18, instead of the 24 ‘who were in the cells at
first. The -possibility of this will appear by mspectmg
the two fo}lowmg ﬁgures.
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V. VI
o[9]0 | 5]0[4
9] |9 0| [0
0[9]0 4]0]5

It is almost needless to explain in what manner the il-
lusion of the good abbess arose. It is because the num-
bers in the angular cells of the square were counted twice;
these cells being common to two rows. The more, there-
fore, the angular cells are filled, by emptying those in the
middle of each band, these double enumerations become
greater; on which account the number, though dimi-
nished, appears always to be the same; and the contrary
is the case in proportion as the middle cells are filled, by
emptying the angular ones, which renders it necessary to
add some units to have 9 in each band.

PROBLEM XXI,

A gentleman has a bottle, containing 8 pints, of chowe wme,
and wishes to make a present of one half of & to a friend;
but as he has nothing to measure it, except two other bottles,
one capable of containing 5 and the other 3 pints, how
must he manage, so as to put e.z'act{y 4 pmts into the
bottle capable of containing 5%

To enable us to resolve this problem, we shall call the
bottle containing the 8 pints, A ; that of 5 pints, »; and
that of 8 pints, c; supposing that there are 8 pints of
wine in the bottle A, and that the other two are empty, as
seen at p. Having filled the bottle s, 5
with wine from the bottle A, in which
there will remain no more than 3 pints, as
seen at E, fill the bottle ¢ from B, and con-
sequently there will remain only 2 pints in
the latter, as seen at : then pour the wine
of c into A, which will thus contain 6 pints,
as seen at G, and pour the two, pints of B
into c, as seen at . In the last place,

H-mowwo
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having filled the bottle B from the bottle A, in which there
will remain only 1 pint, as seen at 1, fill up ¢ from s, in
which there will remain 4 pints, as seen at K ; and thus
the problem.is solved.

REMARK.

" If you are desirous of making the four pints of wine
remain in the bottle A, which we have supposed to be
filled with 8 pints, instead of remaining in the bottle s,
fill the bottle ¢ with wine from the bottle 8 5
A, in which there will remain only 5 pints,
as seen at p; and pour the 3 pints of ¢
into B, which will consequently contain 3 »
pints, as seen at E: having then filled ¢ E
F
G

~

-0 WO oW

from A, in which there will remain no
more than € pints, as seen at ¥; fillup B
from c, which will thus contain only 1 u
pint, as seen at a. In the last place, 1
having poured the wine of thebottle B into . k
the bottle A, which will thus have 7 pints, as seen at u;
pour the pint of wine which is in ¢ into B, consequently
the latter will contain 1 pint, as seen at r; and then fill
up ¢ from 4, in which there will remain only 4 pints, as
was proposed, and as seen at k.

B F T O DO o 0>
WO PO WOOW

PROBLEM XXII.

A gentleman has a bottle containing 12 pints of wine, six
of which he is desirous of groing to a friend; but as he
has nothing to measure it, except two other bottles, one of
1 pints, and the other of 5, how must he manage, to have
the 6 pints in the bottle capable of containing 1 pints 2

- This problem is of the same nature as the preceding,
and may be solved in the like manner. Let T represent
the twelve-pint, s the seven-pint, and » the five-pint bot-
tle. . The bettle T is full, and the other two, s and F, are
empty, as seen at 6. Fill the bottle r with wine from T,
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b
[ <]

so that T shall contain only 7 pints, as seen
at x; then pour into s the wine contained
in r, which will remain empty, and the
. bottle s will contain 5 pints, as seen at 1;
baving filled ¥ from T, the latter will con-
tain only 2 pints, the bottle s will contain
5, and the bottle ¥ will be full, as seen at -
x: in the next place fill s ffom ¥, and T
will still contain only 2 pints, while s con-
taips 7, and r 8, as seen at L; then empty
sinto T, and F into s, by which means T 6
will contain 9 pints, and s 3, r remaining empty, as seen
at M: fill ¥ from T, and pour from F into 8 as much as
will fill it, so that there will then be 4 pints in T, 7 pints
in s, and 1 pint in ¥, as seen at N: pour the 7 pints from
s into T, and the pint contained in F into s, after which »
will contain 11 pints, s 1, and r will be empty, as seen at
- 0. In the last place, having filled the five-pint bottle ¢
from the bottle T, and poured these 5 piats from F into s,
which already contains 1, it will be found that T contains
6 pints, and that s contains 6 also; so that the desired
result bas been obtained.
PROBLEM XXIII
To make t/ae lmtght move into all the squares of the chess
board, in succession, without passing twice over the same.
As the reader perhaps may be unacquainted with the
"movement of the knight at the game of chess, we shall
here explain it: The knight, beipg placed in the square
A, eannot move inte any of those im-

N [ond
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mediately surrounding it, as, 1, %, 3, |3 10 14
4, 5, 6,1, 8; nor into the squares 9, |
. . 112]3
10, 11, 12, which are directly above
or below, and on esch side of it; |.9|. 8lajajul
.nor into the squares 13, 14, 15, 16, 71618}
. wlnch are in the dxagonals but only |16 12 15

“into one of those which, mthean- - j
nexedﬁgure,areempty o -
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- Several eminent men have amused themselves with this
“problem, such as Montmort, Demoivre, and Mairany and
each of these has given a solution of it. In those of-the
two former, the knight is supposed to be placed at first in
one of the angular squares of the chess-board ; in that of
the third, he is supposed to begin to’ move from one of
the four central squares ; but in our opinion it was not
known, till within these few years, that placing the knight
in any square whatever, he may be made to traverse the
whole chess-board, and even in such a manner that, with=
out returning the same way, he shall pass a second time
over the board under the like conditions. For this last
solution we are indebted to M. W——, a captain in the
Kinski regiment of dragoons, in the imperial service.

- We shall. here give four tables, representing these foor
solutions, with an explanation and some remarks.

1. M. Montmort. " ' 1I. Demotvre.
1|38|31]44| 3 |46/20]42| |34|49]|22)|11]36|39{24] 1
32|35| 2 393043 4 |47| [21]10]35|50|23[12{37 |40
37| 8 |33[26|45| 6 [41|28| [48(33[62|57(38(25( 2 [13
34[25(36| 7 [40(27]48] 5 9 {20|51|54|63|60| 41|26
9 [60]17]56|11|52]19]50| [32|47(58]61]56]53|14| 3
24|57|10/63|18(49 12 53| [19|8 [55|52[50/64[27|42
6111659 22|55]|14 51,20 46(31( 6 [17]|44!29]| 4 |15
58 |23 | 62 156421|—5—I;Te._ 7 |18(45 30| 5 [16| 43|28

. III. M. Mairan. « IV. M. W- .
4019|2653 42| 7 |64,29| |[25[22]37]8 [35]20[47] 6
25/52141| 8 (27|30 43| . |38| 9 ]24|21{52| 7 |34|19
10/39 (24|57 54|63 2831 | [23(26(11(36|59|48] 5'[46
2356|51|60| 1 44| 5 (62| [10|39|62]51|56|53|18]33
501138555861 (32 (45| [27|12{55|58[49|60[45] 4
3y |22|59]48(10| 2 (15| 4| [40(63[50|61]54[57|32(17
12 (49(20|35|14]|17[46(33| [13]28].1 |42]15|30| 8 |44
21(36|18|18(47|34[3 16| [64]|41]14|29] 2 [43]126]31

E-
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Of these four ways of resolving the problem, that of
Demoivre is doubtless the easiest to be remembered; for
the principle of his method consists in filling up, as much
as possible, the two exterior bands, which form as it were
a border, and not entering the third, till there is no other
method of moving the knight from the place where he,is,
to one of the two first, a rule which in the clearest manger
subjects the movement of the knight to a certain necessary
progress, from his first step to the 50th, and beyond it ; for
- from the cell marked 50 there is no choice in placing him,
except on those marked 51 and 63 ; but the cell 51 being
" nearer the band, ought to be preferred, and then the
movement must necessarily be through 5¢, 53, 54, 55, 56,
51, 58, 59, 60, 61. When he arrives at 61, it is a matter
of indifference whether he be placed in the cell marked
" 64, for he may thence proceed to the last but one 63, and
end at 62: or be placed in 62, to proceed to 63, and end
at 64. It may therefore be said that the movement of the
knight in this solution is almost constrained.

The case is not the same with the fourth, which it is-dif-
ficult to practise in any other manner than from memory ;
but it is attended with one very great advantage, which is,
that you may begin, as already said, at any cell at pleasure ;
because the author took the trouble to bring the knight at
the conclusion to a place from which he can pass into the
first. His movement therefore is in some measure circu-
lar, and interminable, by adhering to the condition of not
passing twice over the same cell, till after 64 steps.

It may be readily seen, that to make the knight perform
this movement without confusion, the cell he has quitted
must be marked at each step. For this purpose a counter
may be placed in each cell, and removed as the knight
passes over it, or, what will be still better, a counter may
be placed in each cell when he has passed it. ,



158 - AMUSING PROBLEMS.

PROBLEM XXIV.

To distribute among 3 persons, 21 casks of wine, 7 of them

- full, 7 of them empty, and 1 half full, so that each shall
have the same quantity of wine, and the same number of

- casks, :

~ This problem admits of two solutions, which may be

clearly comprehended by means of the two following

tables;
Persons - full casks empty half full
1st 2 2 3
L 2d 2 2 3
: 3d 3 3 1
1st 3 3 1
. $2d ] 3 1
- 3d 1 1 5

It is evident that, in these two combinations, each per-
son will have 7 casks, and 3% casks of wine.

But it may be easily seen that the whole number of the
casks must be divisible by the number of persons, other-
wise the thing reqmred would be impossibJe.

- It will be found, in like manner, that if 24 casks were to
be divided among three persons,under the same conditions,
we should have three diffcrent solutions as follows:

Persons full casks empty half full
st 3 3 2
I { 2d 3 3 2
3d 2 2 4
Ist 2 2 4
IL { ad 2 2 4
3d 4 4 o
1st 1 1 6
1L {2d 3 3 e
3d 4 4 o

If there should be 27 casks to be divided, there would
be three solutions also :
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Persons full casks empty half full
Ist 3 -] 3
L {ad 8 8 )
3d 3 3 3
1st 1 -1 1
IL {2d 4 4 1
3d 4 4 1
st 2 2 ]
II. 2ad 8 3 3 .
sd 4 4 1

D . ]

- CHAPTER XI.
Containing seme curious Arithmetical Problems.

PROBLEM 1. :

A4 gentleman, in his will, gave orders that his property
should be divided among his children in the following man-
ner: the eldest to take from the whole 1000!l. and the Tth
part of what remained ; the second 20001. and the'ith part

- Of the remainder ; the third 3000l and the 1th part of
what was left; and so on to the last, always increasing by

1000.. The children having followed the disposition of

the testator, it was_found that they had each got an equal
. portion: how many children were there, what was the

Juather's property, and to how much did the share of each

child amount 2
. IT will be found by analysis, that the father’s property
was 36Q00/ ; that there were 6 children, and that the share
~ of each was 60001.

Thus, if the first takes 1000Z the remainder of the pro-
perty will be 350007, the 7Tth part of which 5000/, together
with 1000/, makes 6000/. ' The remainder, after deducting
the first child’s portion, is 30000/, from which if the second
takes 2000/, the remainder will be 28000/ but the 7th part
of this sum is 4000/. which if added to the above 2000/
will make 6000 and so on for the rest. -
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PROBLEM II.

A gentleman meeting a certain number of beggars, and
being desirous to distribute among them all the money he
had about him, finds that if he gave sizpence to each he
would have 2s. too little ; but that by giving each a groat,
hewould have 2s. 8d. over ; how many beggars were there,

.. and what sum had the gentleman in his pocket ?

There were 28 beggars, and the gentleman had in his
pocket 12 shillings; for if 28 be multiplied by 6, the pro-
duct will be 168, from which if 2s. or 24 pence, be sub-
tracted, as he wanted 24 pence to be able to give each six-
pence, the . remaioder will be 144 pence = 12 shillings ;
but by giving each of the beggars 4 pence, he had occa-
sion only for 112 pence, or 4 times 28 ; consequently he
had 82 pence, or 2s. 8d. remaining.

PROBLEM Ill.

A gentlermm purchased for 110l. a lot of wine, conmng of
© 100 bottles of Burgurdy, and 80 of Champagne; and -
another purehased at the same price, for the sum of 950
.85 bottles of the former, and 70 of the latter : what was
the price of each kind of wine? '
It will be found that the Burgundy cost 10s. per bottle,
and the Champagne 15s. as may be easily proved.

PROBLEM iv.

4 gentleman, on his death-bed, gave orders in his will, that
if his lady, who was then pregnant, brought forth a son,
he should inherit two thirds of his property, and the widow
the other third; but that if she brought forth a daughter,
the mother should inherit two thirds, and the daughter

“one third; the lady however was deltvered of two children,

_ a boy and a girl, what was the pomon of each ?

The only difficulty in this problem is to discover in
what manner the testator would have disposed of his pro-
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perty, had he foreseen that his lady would have been de-
livered of two children. It has generally been explained
in the following manner: As the testator desired that if
his wife brought forth a boy, the latter should have two
thirds of his property, and the mother the other third, it
hence follows that his intention was to give the son a por-
tion double to that of the mother ; and as he gave orders
that in case she brought forth a daughter, the mother was
to have two thirds of the property, and the daughter the
other, there is reason to conclude that he intended the
portion of the mother to be double that of the daughter.
Consequently, to combine these two conditions, the pro-
perty must be divided in such a manner, that the son may
have twice as much as the mother, and the mother twice
as muchvag the daughter. If we therefore suppose the
property to be 30000/. the share of the son will be 171423/,
that of the mother 85713/, and that of the daughter 428534.

As a supplement to this problem, another is differently
proposed. In case the mother should be delivered of two
sons and a daughter, in what manner must the property
be divided ? ~

In our opinion, no other answer can be given to thu
question, than what would be given by the gentlemen of
the bar ; that the will, in such a case, would be void ; for
a child having been omitted in the will, all the laws with
which we are acquainted would pronounce its nullity : 1st
Because the law is precise, and 2d Because it is impossible
to determme what would have been the disposition of the
testator, had’ he had two sons, or had he foreseen that his
wife would be delivered of two.

PROBLEM V.

A brazen lion, placed in the middle of a reservoir, throws
out water from its mouth, its eyes and its right foot.
When the water flows from its mouth alone, it ﬁlls the

1 reservoir in 6 hours; from the right eye it fills it in 2
_ VOL. L _ M
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- days; from the left eye in 3, and from the foot tn 4. In
what time will the bason be filled by the water flowing
JSrom all these apertures at once?

To solve this problem it must be observed, that as the -
lion, when it throws the water from its mouth, fills the
bason in 6 hours, it can fill £ of it in an hoar; and that as
it fills it in 2 days when it throws the water from its right
eye, it can fill ;3 of itin an hour. It will be found, in like
manner, that it can fill ,; of it in an hour when the water
flows from its left eye, and % when it flows from its foot.
By throwing the water from all these apertures at once, it
furnishes in an hour £ + 5 + 7!, + o> and these frac-
tions added together are equal to ,5%%. We must therefore
make the following proportion: If 5% aré filled in one
hour or 60 minutes, how many minutes will the whole
bason, or 284, require : Or, as 61 is to 288, so is 1 hour to
the answer, which will be 4h. 43m. 1644 seconds.

PROBLEM VI.

A mule and an ass travelling together, the ass began to com-
platn that her burthen was too heavy. ¢ Lazy antmal,”
said the mule, ** you have little reason to complain ; for of
1 take one of your bags, I shail have twice as many as
you, and if I give you one of mine, we shall then have
only an equal number. —Wzth how many bags was each
loaded #

This problem, which is one of those commonly pro-
posed to beginneré in algebra, is taken from,a collection
of Greek epigrams, known under the name of The An-

“thology ; and has been translated, almost literally, inta
Latin as follows:

Una cum mulo vinum portabat asella,

Atque suo graviter sub pondere pressa gemebat.
Taltibus at dictis mox increpat ipse gementem:
Mater, quid.luges, tenere de more puelle®
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Dupla tuis, 5i des mensuram, pondera gesto :
At st mensuram accipias, equalia porto.
Dic mihi mensuras, sapiens geometer, istas®

~ The analysis of this problem has also been expressed in
indifferent Latin verses, which we shall here give, to gratnfy
the reader’s curiosity.

Unam asina accipiens, amittens mulam et unam
. 8ifiant equi, certe utrique anté duobus
" Distabant a se. Accipiat st mulus at unam,
“Amittatque asina unam, tunc distantia fiet
Inter eos quatuor. Muli at cum pondera dupla
Sint asine, huic simplez, mulo est distantia dupla.
. Ergo habet hac quatuor tantum, mulusque habet octo.
- Unam asine si addds, si reddat mulus et unam,
Mensuras quirique hac et septem mulus habebunt.

That is: ¢ As the mule and the ass will both have equal
burthens when the formér gives one of his measures to the
latter, it is evident that the difference between ‘the mea-
sures which they carry is equal t6 2. Now if the mule
recéives one from the ass, the difference will be 4; butin
that case the mule will have double the number of mea-
sures that the ass has; consequently the mule:will have 8,
and the ass 4. If the mule then gives one to the ass, the
latter will have 5 and the former 7:” these were the num-
ber of the measures with which each was loaded, and which
solve the problem.

. This problem, which might be expressed in a great
variety of forms, is not the only one furnished by the
Greek-Anthology. . The following are a few more, trans-_
lated into the Latin verse by Bachet de Meziriac, who'
inserted them in a note to one of the problems of Dio-
phantus.
. © M.
Aurea mali ferunt Charites; equalia culgue
Mala insunt ¢alatho : Musarum his oboid turbe -
M2
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Mala petunt, Charites cunctis equalia donant ; .
Tunc equalia tres contingit habere, novemque.
Dic quantum dederint numerus sit ut omnibus idem ?

That jis: ¢ The three Graces, carrying each an equal
number of oranges, were met by the nine Muses, who
asked for some of them ; and each Grace having given to
each Muse the same number, it was then found that they
had all equal shares: How many had the Graces at first "

The least number which will answer this problem, is 125
for if we suppose that each Grace gave one to each Muse,
the latter would each have three ; and there would remain
8 to each Grace.

" The numbers 24, 36, 48, &c, will also answer the ques-
tion ; and, after the distribution is made, each of the
Graces and Muses will have 6, or 9, or 12, &c. o

IL

Die, Heliconiadum decus, & sublime Sororum

Pythagora | tua quot tyrones tecta frequentent,

Qui, sub te, sophie sudant in agone magistro?

Dicam ;- tuque animo mea dicta, Polycrates haurs:

Dimidia horum pars preclara mathemata discit,

Luarta immortalem naturam nésse laborat,

Septima, sed tacite, sedet atque audita revolvit ;

Tres sunt femines sexis. -
. ¢ Tell me, illustrious Pythagoras, how many pupils fre-

quent thy school ? One half, replied the philosopher, study
mathematics, one fourth natural philosophy, one seventh
observe silence, and there are three females besides.”

The question here is, to find a number, the §, § and ;
of which + 3, shall be eqtial to that number. It may be
easily replied that this number is 28, R

IIL.

Dic quota nunc hora est? Superest tantam ecce diei
Buantum bis gemini exactd de luce trientes.
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“ A person being asked what o’clock it was, replied,
the hours' of the.day which’ remam, are equal to 3. of those
elapsed.” - - ‘

If we divide the day, as tbe anclents did, into 12 equal
portions, the question will be to divide that number into
two such parts, that  of the first may be equal to the se-
cond: in this case the result will be 54 for the number of
the hours elapsed ; and consequently for the remainder of
the day 6$ hours, . :
. B 4 IV : .

-Hic Diophantus habet tumulum, qui tempora vite -

" Jllius mird denotat arte tibi.

- - Egit sextantem juvenis, lanugine malas
Vestire hinc cepit parte duodecima.

. Septante uxori post hac sociatur et anno
Formosus quinto nascitur inde puer.

' 'Semmem @tatis postquam: attigit ille patema:,
I;gfelzx subitd morte peremptus obit.

" Ruatuor astates genitor lugere superstes
Cogitur, kinc annos 1llzus assequere,

* ¢ This is the epltaph of the celebrated mathematlc\an
Diophantus. It tells us, that onphantus passed the sixth
part of his life in childhood, and the twelfth part in the
state of .youth ; that after a seventh part of his ‘life and
five years more were elapsed, he had a son, who died when
he had attained to half the age of bls father, and that the
latter survived him only four years.”

To resolve this problem, we must find a- number, the
%> ¥ 4 and } of which 4+ 5 + 4, shall be equal to the
number itself. This number is 84.

, V. )
. zuijaculamur aquas tres hic adstamus Amores ;
- Sed varié-liguidas Euripo immittimus undas :
- Dexter ego, summis et que miki manat’ ab alzs 7
~ Tpsum lympha replet solo sextante diei; - o
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- Buyatuor ast Rorss leous versé influit urnds;-- < 1 -

- Dimidiatque diem medius dum fundit ab ared.s. .. :
Dic, agé, guam paucis Euripum tmplebimus lm'u,
Ex urcd simul atque alis urnédque fluentes ? :

¢ Three Cupxds pour watér into a bason, but'not equal
quantities in equal times. One of them can fill it in the
sixth of a day, another in four hours, and the third in
half a day. How long will they require to fill it when
they ail pour water into it at the same time?”

This problem is of the same nature as that respecting
the brazen lion, of which a solution has been given. If
we suppose the day to be divided into 18 hours, it will be
found that the three Cupids can fill the bason in ,1, of a
day, or a little more than an hour.. . ...

PROBLEM VII

The sum of 5001. having been dmded amtmg four per:om,
1t was found that the shares. of..the first two amounted to
285l.; those of the second and.third to 2201, ; those of the
third and fourth to 2151.; and that the share of the first

was to that of the last as 4 t0 3. What was the share,qf
each L

The solution of this problem is exceedmgly easy. . The '
first had 160/. the second 125/, the third 95/ and the
fourth 120/,

It is to be observed, that without the last mentmned
condition, or a fourth-one of some kind or other, the pro-
blem would be indeterminate ; that is to.say, would be
susceptible of a great many-answers: the last conditjon
-however limits it to one only.. ,

~ PROBLEM VIII

4 labourer hzred lmmcgf to a. geatlcm«n %;bg foﬂomng
conditions : for every day he, worked. he was to veceive
2. 6d. lmtfor every day he rmamedzdlgkcm tofor-

-
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Jait 1. 8d. ; after 40 days’ service he had to receive @1, 15s.
How many da_ys did he worlc qnd how man_y rcmam
tdle # , "

He worked 28 days of the 40, and remained 1dle 12.

PROBLEM IX.

A Inll of e.rchange, of 20001., was paml wuh ha{f guinéas and
crowns ; and the number of the pieses of money amounted
%0 4700; how many of each sort were employed ?

There were 3000 ha.lf gumeas and 1700 crowns.

PROBLEM x.

4 gentleman having lost his purse, could not tell the exact
sum ¢ contained, but recollected that when he counted the
pieces two by two, or three by three, or five by five, there
always remained one; and that when he counted them
seven by seven, there remained nothing. What was thé
number of pieces in his purse ?

It may be readily seen that, to solve this problem, no-
thing is necessary but to find a number which. when di~
vided by 7 shall leave no remainder; and which when
divided by 2, 3, or 5, shall always leave 1. Several me-
thods may be employed for this purpose but the slmplest
is as follows:"

Since nothing remains w hen the pleces are counted
seven by seven, the number of them is evidently some
multiple of 7 ; and since 1 remains when they are counted
two by two, the number must be an odd multiple : it must
therefore be some of the series 7, 21, 35, 49, 63, 717, 91,
105, &c. .

This number also when divided by 3 must leave umty;
but in the above series 7, 49 and 91, which increase arith-
metically, their difference being 42, are the only numbers
that have the above property. It appears likewise, that
if 91 be divided by 5, there will remain 1; and we may



168 AMUSING PROBLEMS.

thence conclude that the first number which answers the
question is 91 ; for it is a- muluple -of 7, and being divided
by 2, 3 or s, the remainder is always 1.

Several more numbers, which answer this qnestum, may
be found by the following means: continue the above
progression, in this manner: 7, 49, 91, 183, 175, 217,
‘259, 301, until you find another term divisible by 5, that
leaves unity ; this term will be 301, and will also answer
the conditions of the problem ; but the difference between
it and 91 is 210, from which it may be concluded, that if
we form the progression, 91, 301, 511,721,931, 1141, &c.
all these numbers will answer the conditions of  the pro-
blem also. -

It would therefare be still uncertain what monqy was in
the purse, unless the owner could tell nearly the sum it
. contained. Thus, for example, if he should say that there

~ were about 500 pieces in it, we might easily tell him that -
the number was 511.

Let us now suppose that the owner had said, that when
he counted the pieces two by two there remained 1; that
when he counted them three by three there remained 2;
four by four, 8; five by five, 4 ; six by six, 5; and, in the
last place, that when he counted them seven by seven,
nothing remained.

It is here evident that the number, as before, must be
an odd multiple of 7, and consequently one of the series
1, 21, 35, 49, 63, 17, 91, 105, &c. But the numbers 35
and 77, of this series, answer the condition of leaving 2 as
a remainder when divided by 8, and their difference is 42.
For this reason we must form a new arithmetical progres-
sion, the difference of which is 42, viz. 65, 77, 119, 161,
203, 245, 2817, &e.

We must then seek for two numbers in 1t, whlch when
divided by 4, shall leave 3 as remainder. Of this kind
are the numbers 35, 119, 203, 287; and therefore we
must form a new progressior, the dlﬁ'erence of the terms

R
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of which is 84, viz, 35, 119, 203, 287, 311, 455, 539, 623,
&c. In this new progression we must seek for two terms,
which when divided by 5, shall leave 4; and it will be
readily seen that these numbers are 119 and 539, the dif-
ference of which is 420. A series of terms therefore
which answer all the conditions of the problem except 1,
is 119, 539, 959, 1379, 1799, 2219, 2639, &c. But the
last condition of the problem is, that the required num-
ber when divided by 6, leaves 5 as remainder. This
property belongs to 119, 959, 1799, &c, always add-
ing 840; consequently the number sought, is one of-
those in that progression. For this reason, as soon as we
know nearly within what limits it is contained, we shall
be able to determine it.

If the owner therefore ‘of the purse had sald; that it
contained about 100 pieces, the number required would
be 119; if he had said there were nearly 1000, it would
be 959, &c. -

REMARK.

The solution of this problem, according to the me-
thod taught by Ozanam, would be imperfect. For after
finding the smallest number which answers the condi-
tions of the problem, viz, 119, he would merely say, that
to obtain the other numbers which answer them, the num-
bers 2, 3, 4, 5,6, 7, ought to be successively multiplied
together, and their product 5040 added to 119, the first
number found : this would give the number 5159, which
_ would answer the proposed conditions also. But it may
be readily seen, that there are several other numbers, be-
tween 119 and 5159, which answer these condmons, vw,
959, 1799, 2639, 3479, 4319.

In treating of chronology, we shall give the solutlon of
another problem of the same kind : viz, To find any year.
of the Julian period, the golden number, cycle of the sun,
‘and cycle of indiction, for that year, being given.
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PROBLEM XI.'

A sum of money, placed out at a certain interest, increased in
- 8 months, to 36161. 13s. 4d. And in two years and a half
it amounted to 89371, 10s. What was the original capital,
and at what rate of inferest was it placed out #
- That young algebraists may have an opportunity of ex-
ercising their own ingenuity, we shall here give the an-
swer only of this problem. By employing the proper
means of analysis, they will find that the capital was 3500/.,
and the rate of interest 5 per cent.

PROBLEM XII. ‘

Three women went to market to sell eggs ; the first of whom

sold 10, the second 25, and the third 30, all at the same

price. As they were returning they began to reckon how

much money they carried back, and it was found that each

had the same sum : how many eggs did they sell, and at
what price ¥

It is evident that to make what is announced in this
problem possible, these ‘'women must have sold their eggs
at two different times, and at different prices; for if the
one who had the least number of eggs sold a very small
number at the lowest price, and the remainder at the
bighest, while the one who had the greatest number sold
the greater part at the lowest price, and could sell only a
very small number at the highest, it may be easily seen
that they might have got equal sums of money.

The question then is, to divide each of the numbers 10,
25, 30, into two such parts, that if the first part of each
be multiplied by the first price, and the second by the
second, the sum of the two products shall be equal.

This problem is indeterminate, and is susceptible of ten
different solutions. It is, in the first place, necessary that
the difference of the prices of the first and the second sale
shall be an exact divisor of 15, 20, 5, the differences of the
three numbers given; but the least divisor of these three
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nuwbers is 5, and for this reason the prices must be 6 and
1, or 7 and 2,or8and3 &ec.

If we suppose the two prices to be 6 and 1, we shall
have seven different solutlons, as seen in the following
table :

Women st sale 2d sale total amount

Ist 4 eggsat 6d.  6at 1d. 80
Id2d 1 24 30
3d 0 30 30

st 5 5 35

II Ja2d 2 23 85
sd 1 29 . 35

Ist 6 4 ‘ 40

I3 ad 3 22 ' 40
sd 2 28 40

1st 1 - 3 48
Iv3ad - 4 21 45
3d 3 .27 45

1st 8 2 50

V 3ad 5 20 50
3d 4 26 - 50

1st 9 1 .. 85
VIdad 6 19 55
sd 5 25 . 85

1st 10 0 v 60
VIiidad 7 18 » 60
8d 6 24 60

¥f we suppose the two prices to be 7 and 2, we shall have
also the three following solutions:

omen st sale  2d-sale - total-amount .
lst ‘8eggsat7d. °! 2at2d. 60
I 2 . 23 60

0 30 60

lst 9 1 4 65

II 3 - 22 65
1 29 T 65

lst 10 0 70

III S 21 10
2 28 70



172 AMUSING PROBLEMS.

It would be needless to try 8 and 3, or any other number,
as no solution could be obtained from them, for reasons
which will be seen hereafter.

REMARKS.

We are told by M. de Lagny, in the second part of his
Arithmetique Universelle, p. 456, that this question is
susceptlble of no more than six solutions ; but the author
is mistaken, for we have here pointed out ten. As it may
afford pleasure to those who are studying algebra, to be
made acquainted with-the method employed for obtaining
them, we think it our duty here to give it.

We shall call the price at which the women sold the first
time %; and that at which they sold the second time 2.

- If x then be the number of the eggs sold by the first
woman, at the price , the number of those sold at the
price p, will be 10—z; the money arising from the first
sale will be z u, that of the second will be 10 p—pz, and
the sum total will be x # 4+ 10 p—p 2. If z be the num-
ber of eggs sold by the second woman, at the first sale;
we shall have u z for the money arising from the first sale,
and 25 p—p z for that arising from the second, making
together zu + 25p—pz. - |

In like maunner, if y represent the number of eggs sold,
. the first time, by the third woman, we shall have u y for
the money arising from the first sale, 30 p—p y for that of
the second, and for the total of the two sales uy + 30
P—p y- But, by the supposition,. these three sums are
equal; consequently ru+ 10 p—pr=zu+25p—pz=
uy+30 p—p y, from which we obtain the three follow-
ing new equations:

ru—pr=zu—pz+15p
Tu—pr=uy-py+20p )
Zu—pz=uy—py+5p .

And dmdmg the whole by #=—p, we have these three

others, viz,
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15p . ..
s=z+%

z=y+u_P - -

from which it may be concluded, that w—p must be a di-

15 20 5
visor of 15, 20, and 5, otherwise, i PP “_PP ,‘_I., s

not be integral numbers, which it is necessary they should
be. But the only number which is a divisor of 15, 20,
and 5, is 5, which shows that the prices of the two sales
"could be only_5 and 0,6 and 1, 7 and ¢, 5 and 3, &c.

It may be easily seen, that the supposition of 56 and O
will not answer the conditions, since in that case there ,
would have been only one sale.

We must therefore try the second supposmon, 6and I,
viz, % = 6 and p = 1, which gives for the two last ‘equa-
tlons,z'-—y+4-, =y+1.

But we have here three unknown quantities, and only
two equations; for which reason one of these unknown
quantities must be assumed at pleasure. Let us take y,
and first suppose it = 0. v S

This will give z = 4, and z = 1, and we shall have the
first solution, which shows that the first woman sold the
first time 4 eggs at 6 pence each, and consequently, the
second time 6 at 1 penny each; while the second sold 1
the first time at 6 pence, and the other 24 at 1 penny
each, and the third sold all her eggs at the second price:
they would then all have 30 pence each.

By making y = 1, we shall have the second solution.
By making y = 2, we shall have the third.
By making y = 8, we shall have the fourth.
By making y = 4, we shall have the fifth.
By making y = 5, we shall have the sixth.
By making y = 6, we shall have the seventh.
We cannot suppose y to be greater than 6, because then

» would
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we should have z = 10; which is impossible, as the first
woman has only 10 eggs to sell.

We must therefore proceed to the following supposi-
tion, viz, ¥ =17, and p = 2 wlnch gives two equations,
z=y+8;z2=y+2.

Ify here ‘be first made =0, we shall bave x = 8, and’
2 =2, which gives the eighth solution. :

By making y =1, we shell have the ninth.

By making y =2, we shall have the tenth.

- But y cannot be made greater, for then z would be
greater than 10, which is impossible.

It-would be useless also to try for the values of % and p,
8 and 3; for these would necessarily give to z a value
greater than 10, which cannot be the case.

- We may therefore rest assured, that the problem is
shscepuble of no more solutions than the ten above men-
tioned.
PROBLEM XIII. ‘
To find the number and the ratio qf the werghts with which
- any number of pounds, from unity to a given number,
- can be weighed in the simplest manner.

Though this problem on the first view seems to belong
to mechanics, it may be readily seen that it is only an
arithmetical question: for, to solve it, nothing is neces-
sary but to find a series of numbers begmmng with unity,
which added to or subtracted from each other every way
possible, shall form all the numbers from unity to the
greatest proposed.

It may be solved two ways; either by addition alone,
or by addition combined with subtraction. ' In the first
case, the series of weights which answers'the problem, is
that of the numbers increasing in double progression ; in
the second, it is that of those in the triple progression.

Thus, for example, with weights of 1 pound, 2 pounds,
_ 4 pounds, 8 pounds, and 16 pounds, we can weigh any

number of pounds up to 31: for, with 2 and 1 we can”
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form 3 pounds; with 4 and 1, 5 pounds; with 4 and 2, 6
pounds; with 4, 2 and 1, 7 pounds, &c.  With the addi-
tion of a weight of 32 pounds, we can weigh as far as 68
pounds; and so on, doubling the last weight, and dednct-
ing from that double unity.

- But by emplaying weights in the triple progremon, 1,
3, 9, 27, 81, all weights from 1 pound to 121 can be
welghed with them: for, with the second less the first, that
is to say putting the first into one scale and the second
into the other, we can make two pounds; by putting both
in the same scale, we can form 4 pounds ; by putting 9 on
the one side and 3 and 1 on the other, 5-pounds ; by 9 on
the one side and 8 on the other, 6 pounds; by 9 and 1 on
the one side and 3 on the other, 7 pounds; and so on.-

. It is here evident that this last method is the simplest,
being that which requires the least number of dlfferent
weights,

Both_these progressnons are more advantageous than
any of the arithmetical ones, as will appear on trial; for
if the increasing arithmetical weights, 1, 2, 3, 4, &c, were
employed, 15 would be necessary to weigh 120 pounds;
to weigh 121 with weights in the increasing progression
1, 8, 5, 7, &ec, 11 would be required. No other progres-
sion would make up all the weights possible, from 1
pound to the greatest resulting from the whole of the
weights. The triple proportion therefore is the most
convenient of all.

The solution of this problem may be of great utlllty in
commerce, and the ordinary concerns of life, as it affords
the means of weighing any weight whatever with the
least possxble number of different weights.

PROBLEM x1v.

4 country woman carrying eggs to a garrison, where she
had three guards to pass, sold at the first half the number
. she had and half an egg more; at the second, the half of
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what remained and half an egg more; and at the third,

the half of the rematinder and half an egg more: when

she arrived at the market place, she had three dozen still
~ to sell: how was this possible, without breaking any qf tlze
eggs?

It would appear, on the first view, that this problem is
impossible; for how can half an egg be sold without
breaking any? The possibility of it however will be
evident when it is considered, that by taking the greater
half of an odd number, we take the exact half 4 . It will
be found therefore that the woman, before she passed the
last guard, had 73 eggs remaining, for by selling 37 of
them at that guard, which is the half + £, she’would have
36 remaining. In like manner, before she came to the
second guard she had 147; and before she came to the
first, 295,

This problem might be proposed also in a different
manaer as follows:

PROBLEM Xv.

A gentleman went out with a certain number of guineas,

" norder to purchase necessaries at different shops. At
the first he expended half his guineas and half a guinea

. more; at the second, half the remainder and half a guinea
more; and so at the third: When he returned he found
that he had laid out all his money, without having received
any change, How was this possible?

He bad 7 guineas, and at the first shop expended 4, at
the second 2, and at the third 15 for 4 is the half of seven
and Z more; the remainder bemg 3, its half is 1%, and 3

more makes 2; but 2 taken from 3 leaves 1, the half of -

which is £, and makes 1; consequently nothmg more
remains, ' '

' REMARK.

If the number - of places at which the gentleman €Xe
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perided gl his money were greater, nothing would be ne«
- cessary but to raise 2 to such a power, that the exponent
should be equal to the number of places, and to diminish
it by unity. Thus, if there were 4, as the fourth power of
2 is 16, the required number would be 15 ; if there were
8, the fifth power of 2 being 32, the requn'ed number would
be 31.
PROBLEM XVI.
Three persons kave each such a number of crotons, that if tke
Jirst gives to the other two as many as they each have ; and
1f the second and third do the same ; they will then all have
an equal number, namely 8. How many has each?

The first has 13, the second 7, and the third 4; as may
be easily proved, by distributing the crowns of each as an»
nounced in the problem.

: PROBLEM XVIT.
A wine merchant who has only two sorts of wine, one qf which
he sells at 10s. and the other at 5s. per bottle, being asked
Jor some at 8s. per bottle, wishes to know how many bottles
of each kind he must mix together, to form wine worth 8s.
per bottle?

The difference between the bighest phce, 10s. and the
mean price required, is 2; and that between the mean price
and the lowestis 3; which shows that he must take 3 bottlas
of the wine at the highest price, and 2 of that at the lowest.
This mixture will form 5 bottles, worth 8s. each,

In problems of this kind, in general, as the difference
between the highest price and the mean price, is to the
difference between the mean price and the lowest, so is the
number of measures at the lowest price, to that of those at
the highest which must be mixed together, to have a simi-
- lar measure at the mean price. : -

PROBLEM XVIIL,

A gentleman is desirous of sinking 100,0000. which, togctlm
voL. L. N
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with the Interest, is to become extinct at the end of %0
years, on condition of receiving & certain annwity during
that time. What sum must the gentleman receive annvally,
supposing interest to be at the rate of “five per cent?

The sum which the gentleman ought to receive apnually,
is 8014, 19s. 2d. 1'7 farth. ,
If the number of years were small, for example 5, this
problem might be resolved, without algebra, by the retro-
grade method, and false position ; for if we suppose the
sum, which at the last year exhausts the capital and inte-
rest, to be 10,000/. we shall find that the capital alone at
the commencement of that year was 95233, ; and if we
add the 10,000/ which were paid at the end of the year
preceding the last, the sum 1952333, will be the capital
increased with the interest of the fourth year; conse-
quently, the capital at the beginning of that year was only
18594251, ; whence it follows, that before the payment, at
the end of the third year, the sum was 28594451, which
represented the capital increased with the interest of the
third year. By thus going back to the commencement of
‘the first year, the original capital will be found to be_
432941, 15s. 4d. We must then make the following pro--
portion : As this capital, is to the supposed sum of 10,000/
so is the sum to be sunk, on the above conditions, to the
‘annuity, or sum to be received every year.
But it may be readily perceived, that, in the case of 20
or 30 years, this method would require-very long calcula-
- tions, which are greatly shortened by algebra®.
"® If g be the eapital, m the interest, and n the numb;ar of years; the an-
: Cax(+ 2V
s which in
. mx (14 -;) -m
the case of 20 years, and allowing interest to be at 5 per cent. (m being thea

-$p) will'be found = a x 26584 a ' .

_ nuity or sum to be received every year, will be

551680 " 134764
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" PROBLEM XIX.

What is the interest with which any capital whatever would
be wncreased, at the end of a year, if the interest due at
every tnstant of the year were iself to become capital and
to bear interest ?

This problem, to be well understood, has need of expla-
‘nation. A person might place out his money under this
condition, that the interest due at the end of a month,
which at the interest of 5 per cent would make a 60th of
the capital, should be added to the capital, and bear inte-
rest the following month at the same rate; that at the ex-
piration of this month, the interest of the above sum, which
would be a 60th + 2 of the original capital, should be
still added to the capital, increased by the interest of the
first month, and bear interest the following month, and so
on to the end of the year.

What is done here in regard to a month, might be done
in regard to a day, an hour, a minute, or even a second,
which may be considered as a part of the day infinitely -
small : the question then is to know, what in this case
would be the interest produced by the capital at the end
of the year, the interest of the first second being at the rate
of five per cent, or ;%th. '

1t might be supposed, on the first view, that this com-
pound and super-compound interest would greatly idcrease
the 5 per cent, and yct it will be found that it produces an
increase scarcely sensible ; for if the capital be 1, the same
capital increased with simple interest, at five per cent, will

‘be 1 4 2, or 1 4 1§35, and when increased with the in-
terest accumulated every second, it will be 1§35, or rather
‘when expressed more exactly, 1.2552%.

PROBLEM XX.
A dishonest butler, every time he went into his master’s cel-

N2
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lar, stole a pint from a particular cask, which contained

100 pints, and supplied its place by an equal quantity of

water. At the end of 30 days, the theft being discovered,

the butler was discharged. Of what quantity of wine did.

he rob his master, and kow much remained in the cask®

It may be readily seen that the quantity of wine which
the butler stole did not amount to 30 pints ; for the second
time that he drew a pint from the cask, taking the hun-
dredth part of what it contained, it had already in it a
pint of water, and as he each day substituted for the liquor
he stole a pint of water, hé every day took less than a
pint of wine. To resolve, therefore, the problem, nothing
is necessary but to determine in what progression the wine
which he every day stole decreased.

For this purpose, we must first observe, that after the
first pint of wine was drawn, there remained in the cask
no more than 99 pints, and the pint of water which had
been added.  When a pim: therefore was drawn from the
mixture, it was only 2% of a pint of wine ; but before the
pint was drawn, the cask contained 99 pints of wine ; con-
sequently, after it was drawn, there remained 99 pints —

, that is to say, 983F or 98 pints + v45» ‘When the
third pint was drawn, the wine contained in it would be
only +%% + yo%ss» Which being taken from the quantity
of wine in the cask, viz. 98 y45 pints, would leave 373222
or 97 pints 4 +333=

It must here be remarked that 9327 is the square of .99
divided by 100 ; and that §%3%2¢ is the cube of 99 divided
by the square of 100, and so on; consequently, when the
second pint is drawn, the wine remaining will be the
square of 99 divided by the first power of 100; after the
third, it will be the cube of 99 divided by the 'square of
100, &c. Whence it follows, that after the 30th pint is
drawn, the quantity ‘of wine remaining will be the 30th
power of 99 divided by the 29th power of 100. But it
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may be found, by logarithms, that this quantity is 73.%%,
<onsequently the quantity of wine stolen is 26.3 *.

PROBLEM XXI. x
A and B ean perform a certain piece of work i 8 days, A
and C can do it in 9 days, and B and Cin 10 days : how
many days will each of them require to perform the same
work, when they labour separately 2
A will perform’it in 141 days; B in 1723 days, and ¢
in 23 days. )
PROBLEM XXII.

4n Englishman owes a Frenchman 11. 11s.; but has no
-other money to pay his debt than seven-shillings pieces,
and the Frenchman has only French crowns, valued at
Jive shillings. How many seven-shillings pieces must the
Englishman give to the Frenchman, and how many crowns
must the latter give to the former, that the difference shall
_be equal to 31 shillings, in favour of the Frenchman, so
that the debt may be paid?

The simplest numbers that answer this question, are 8
seven-shillings pieces, and 5 crowns ; for 8 seven-shillings
pieces make 56 shillings, and 5 crowns make 25 ; conse-
quently their difference, of which the Frenchman has the
advantage in this kind of exchange, is 31 shillings.

This problem is susceptible of an infinite number of so-
lutions; for it will be found that the same result ‘may be
obtained with 13 seven-shillings pieces and 12 crowns; 18
seven-shillings pieces and 19 crowns; always increasing

® If the usual method of calculation were employed, it would be necessary
to find the 30th power of 99, which would contain not less than 59 figures;
and to divide it by unity followed by 58 ciphets; whereas, if logarithms be
used, nothing is necessary but to multiply the logarithm of 99 by 30, which
will give 598690560, and to subtract the product of the logarithm of 100
multiplied by 29, which is 580000000. The remainder 18690560, is the
Togarithm of the required quantity ; which, in the tables, will be found to be
wearly 735, '

’
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the number of the seven-shillings picces by 5, and that of
the crowns by 7.

REMARK.

For the sake of young algebraists, we shall here give the -
analytical solution of this problem Let x represent the
number of the seven-shillings pleces, and y that of the
crowns ; 7o then will be the sum given by the Englishman,
and that given.by the Frenchman will be = 5y. Butas
the difference of these two sums must be equal to 31, we
shall have 72 — 5y = 31 shillings ; consequently 72 = 31

31 +5y 3-!-5_1/

+5y,and r=——~ =4+ — shxllmgs. Butzxisa

whole number, and 4 bemg one also, ,15” must likewise
be a whole number. We shall suppose it equal to %; then
] 2u—3

Tu=3+5y, andy:’

T =ut— Butyandu,

‘e 2u—3
by the supposition, are whole numbers, —— must be one

also: u then must be of such a nature, that' when multi-
plied by 2, and the product diminished by 3, the remainder
shall be divisible by 5. But the first number which has
this property is 4 ; for its product by 2 is 8, and 8 di-
minished by 3 is 5, which is divisible by 5; and the quo-
tient, 1 added to u or 4, gives 5 for the value of y, It will
now be easy to discover the value of z, by observing that
r=4+ 3+ 5y
of it already found, that is to say 5, we shall have 8 for the
value of z.

The second value of %, which answers the required con- ..
ditions, is 9 ; for 2 times 9 is 18, and 18 less 3 is = 15,
which divided by 5 gives 3; the second value therefore of
¥y is 12, and the corresponding value of x will be found to

- be 13.

The third value of , whlch resolves the question, is 14,

which gives for the corresponding values of y and z, 19

3 for if we here substitute for  the value

L g
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‘and 18. The numbers of erowns therefore, which resolve
the question ad infinitum, are 5, 12, 19, 26, 33, 40, &c.
always increasing by 7. And the corresponding numbers
of seven-shillings pieces are 8, 13, 18, 23, 28; 33, &c. al-
ways increasing by 5.

et O ——
CHAPTER XIIL

Of Mugic Squares.

THE name magic square is given to a square divided
into several other small equal squares or cells, filled up with
the terms of any progression of numbers, but generally an
arithmetical one, in such a manner, that those in each
band, whether horizontal, or vertical, .or diagonal, shall
always form the same sum.

There are also squares in which the product of all the
terms in each horizontal, or vertical, or diagonal band, is
always the same. We shall speak of these also, but in a
cursory manner, because they are attended with as little
difficulty as the former.

- These squares have been called magic sguares, because
“the ancients ascribed to them great virtues’;. and because
this disposition of numbers formed the bases and principle

of many of their talismans.

According to this idea, a square of one cell, filled up
with unity, was the symbol of the deity, on account of the
unity and immautability of God; for they remarked that’
this square was by its nature unique and immutable ; the

- product of unity by itself being always unity.

The square of the root 2 was the symbol of imperfect
matter, both on account of the four elements, and of the
impossibility of arranging this square magically, as will be
shewn hereafter.

A square of 9 cells was assigned or consecrated to Sa-
turn ; that of 16 to Jupiter; that of 25 to Mars ; that of
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36 to the Sun ; that of 49 to Venus; that of 64 to Mes~
- cury; and that of 81, or nine on each side, to the Moon.
Those who can ﬁnd any relation between the planets
and such an arrangement of numbers, must no doubt have
minds strongly tinctured with superstition; but such was -
the tone of the mysterious philosophy of Jamblichus, Por~
phyry, and their disciples. Modern mathematicians, while
they amuse themselves with these arrangements, which re.
. quire a pretty extensive knowledge of combination, attach
to them no more importance than they really deserve.
Magic squares are divided into even and odd. The for-
mer are those the roots of which are even nmumbers, as 2,
4, 6, 8, &c; the latter, of those the roots of which are
odd, and which by a necessary consequence have an odd
number of cells ; such are the squares of 3,5,7,9,&c, As
the arrangement of the latter is much easier than that of
the former, we shal] first treat of them,

8L
Of 0dd Magic Squares.

There are several rules for the construction of these
squares ;-but, in our opinion, the simplest and most con«
venient is that which, according to M. de la Loubere, is
employed by the Indians of Surat, among whom magic
squares seem to be held in as much estimationas they were
formerly among the ancient visionaries, before mentioned,

We shall here suppose an odd square, the root of which

“is 5, and that it is required to fill it up with the first 25 of
the natural numbers. In this case,

begin by placing unity in the middle [17]24] 1] 8 |15
cell of the horizontal bapd at‘the top; 23| 5 14] 16
;hen'proc'eed from left to .nght, as- [T 5120 22
cending diagonally, and when you go

beyond the square, transport the next | 10|12 19121 32
namber 2 to the lawest cell of that {11118[25] % 9

wertical band to which it belongs ;

-~
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sct 3 in the next cell, ascending diagonally from left to
right, and as 4 would go beyond the square, transport it to
~ the most distant cell of the horizontal band to which it be-
Jongs ; set 5 in the next cell, ascending diagonally from left
to right, and as the following cell, where 6 would fall, is
already occupied by 1, place 6 immediately below 5; place
7 and 8 in the two next cells, ascending diagonally, as seen
in the figure ; and then, in consequence of the first rule of
transposition, set 9 at the bottom of the last vertical band ;
then 10, in consequence of the second, in the last cell on
the left of the second horizontal band; then 11 below it,
- according to the third rule: atter which continue to fill*
up the diagonal with the numbers 12, 18, 14, 15; and as
you can ascend no farther, place the followmg number 16
below 15 ; if you then proceed in the same manner, the re..
maining cells of the square may be filled up without any
difficulty, as seen in the above figure,
The following are the squares of 8 and 7 filled up by
- the same method; and as these-examples will be sufficient
to exercise such of our readers as have a taste for amuse-
ments of this kind, we shall proceed to a few general re-
marks on the properties of a sqeare arranged according to
this principle.

303948 1 {10]|19]28
38|a7|7 |9 {18]27]29

8]1}6 46| 6 | 8 |17126|35|a7
31547 5114116)2534 (36|43
4{9]2 13|15|24|33|42(44| 4

21123 |32(41(43| 3 |12}
22|31 (40|49 2 |11 |20

<

1st. A’ccor_ding to this disposition, the most regular of
all, the middle number of the progression occupies the
centre, as 5 in the square of 9 cells, 18 in that of 25, and
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25 in that of 49 ; but this is not necessary in the arrange-
ment of all magic squares.
2d. Ineach of the diagonals, the numbers which occupy
the cells equally distant from the centre are double that in
the centre: thus 30 + 20 = 47 4% = 28 4 22 =244 26,
&c, are double the central number 25.
8d. The case is the same with the cells centrally oppo-
site, that is to say, those similarly situated in regard to the
centre, but in opposite directions both laterally and per-
pendicularly: thus 31 and 19 are cells centrally opposite,
and the case is the same in regard to 48 and 2, 13 and 37,
14 and 36, 32 and 18. But it happens that, according to
“this magic arrangement, those cells opposite in this manner
are always double the central number, being equal to 50,
as may be easily proved.
4th. It may be readily seen, that it is not necessary that
the progression to be arranged magically should be that of
the natural numbers, 1, 2, 3, 4, &c: any arithmetical pro-
gression whatever, 3, 6, 9, 12, &c, or 4, 7, 10, 13 16,
&c, may be arranged in the same manner.
5th. Nor is it necessary that the progression should be
continued : it may be disjunct, and the rule is as follows.
If the numbers of the progression, arranged according to
their natural order in the cells of the square, exhibit in'
every direction, vertical and horizontal, an arithmetical
progression, they are susceptible of being arranged magi-
cally in the same square, and by the same process.’ Let us
take, for example, the series of numbers 1, 2, 3, 4,'5; 7,
8,9, 10, 11; 13, 14, 15, 16, 17; 19, :

20, 21, 22, 23; 25, 26, 27, 28, 29:
as these, when arranged in the cells
of a square, every where exhibit an 71819 |0}1
arithmetical progression, . they may |13{1%415 16)17
be arranged magically: and indeed, [19[20)21/22/23
according to the above rule, they |25]26]27(28}29
may be formed into the annexed ma- o re=———“
gic square, ‘

2131415
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v In like manner, and for the same
reason, the numbers 1, 6, 11, 16, 21;
2,7,12, 11, 22; 3, 8, 13, 18, 23; | 27|53 |8 |10}19
4,9, 14, 19, 24; 5, 10, 15, 20, 25, |4 |7 |15|28|26
may be arranged magically, by the {11}14]22}25 3
same process, as in the annexed |13|21(29}| 2 |10
figure, and give a square of 25. Of
the variations of the same square we shall speak hereafter.

We have likewise the rule of Mos-
copulus, a modern Greek author,
and that of Bachet, who invented
one, though unacquainted with any -
of the above. With these we shall 1612 113]24)10
make the reader acquainted also. 22|18 (195 |11

Moscopulus places unity immedi- | 3 {14]25| 6 {17
ately below the central cell; then
sets the following numbers, descending from left to nght,
and when a number goes without the square, he carries it
to the highest cell of the vertical band to which it belongs;
he then continues descending obliquely from left to right,
and when a number goes beyond the
square on the right, he carries it to |;1]24] 7 |20] 3
the most distant cell or: the left, from
which he continues according to the
first rule: if he meets witlf a cell |27{2|13)21)9
already filled up, he carries his figure | © 18] 1 |14)22
two cells below that last written; and |23] 6 [19| 2 |15

“when he arrives at the end of the dia- ,
gonal, he carries the following number as high as possible
in the same vertical band. In the last place, when a num-
ber, which ought to be carried two cells lower than the
one last placed, goes beyond the square, he carries it to
the top of the same band. This description of his method,
together with an example, will be sufficient to give a
proper idea of it; but it is somewhat more complex than
the Indian method

(20]28} 19|17

01(20(11}12)23
1512117 18] 4

4112125| 8|16
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Bachet’s rule is i A
as follows: upon '1_1
each side of the
given square raise 6 2
cells in the form
of steps, as seen Clulfl7|m|s
in the figure; and
then, beginning at 1 EARIRAKRN: B
the highest cell, |~
inscribe all the 21 17| c |13| d | 9. 5
numbers. of the 220 % 18] a|1a|s J1o B
progression, de- A
scending diagon- 93] e|10| 1 |15 D
ally as seen from L |
1 to 5, and from 6 24| 20
to 10, &c. : : ; .

When this is 25
done, transpose in- -

to the cell a, the

next below the centre, the highest number; and in like
manner transpose 25 into 4, the next above the centre;; let

5, for the same reason, be transposed
to ¢, and 21 to d; then transpose 6
to e, and 24 to f, 20 to m, and 2 to /,
&c. By these means you will obtain
the annexed magic square, the sum
of each band, whether vertical, or
horizontal, or diagonal, will make
65.

gives absolutely the same result.

111

4

24

20

3

12

8

16

17

5

21

10

18

14

9

22

23

6

2

15

This rule, though different from that of Moscopulus, -

But all these methods are inferior to the following, in-
vented by M. Poignard, canon of Brussels, and improved
and enlarged by M. de la Hire; for the preceding are
limited, whereas the one here alluded to is capable of giv-
ing @n almost infinite number of combinations. '
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Let it be required, for example, to fill up a square hav-
ing an odd root, such as 5, Having constructed the square
of cells, place in the first horizontal

row at the top, the five first numbers |} | 3] 52| 4
of the natural progression, in any |==TrT A
order, at pleasure, which we shall TS EE D)
here suppose to be 1, 3, 5, 2; 4 ; then —|: il
make choice of a number, which is 831512 _4__1_
prime to the root 5, and which when | 2|4 |13 |5

diminished by unity does not measure
it: let this number be 3 ; and for that reason begin with
the third figure of the series, and count from it to fill up
the second horizontal band 5,2, 4, 1, 8; then begin again
by the next third figure, including the 5, that is to say by
4, which will give for the third band 4, 1, 8, 5, 2; by fol-
lowing the same process, we shall then have the series of
numbers 3, 5,2, 4, 1, to fill up the fourth band: continue
" in this manner, always beginning at the third figure, the
preceding included, until the whole square is filled up.,
This square will be one of the components of the required
square, and will be magic; for the sum of each band,
whether horizontal, or vertical, or diagonal, is the same as
the five numbers of the progression are contained in each
without the same figure being ever repeated. .

Now construct a second geometrical square of 25 cells,
in the first band of which inscribe the multiples of the root
5, beginning with a cipher, viz. 0, 5,

care not to assume the same number =
in the series always to begin with, |15]|10{20]5
Thus, for example, as in the former

square, the third figure in the series was taken, in the pre-
sent one the fourth must be assumed ; and thus we shall

10,.15, 20, and in any order at plea- | 5| o0]15]10]20
sure, such for exampleas 5,0, 15,10, [7515013 o 51
20: the cordi >
0: then fill up t.he square ac(.olrd!ng o 15110120l 3
to the same principle as before, taking |
20| 510115 B_!
o
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have a square of the multlples, as seen in the annexed
figure. This is the second component of the required
magic square, and is itself magic, since the sum of each

band in every direction is the same.

Now to obtain the magic square required, nothing is
necessary but to inscribe in a third square, of 25 cells, the

sum of the numbers found in the.cor-
responding cells of the preceding
two; for exawple 5 + 1, 0r 6, in the
first on thc left, at the top of the re-

quired square: 0+ 3 or 3 in the .

second, and so on ; by these means we
shall have the annexed square of 25
cells, which will necessanlv be magic,

6

3

20

12

15

22

9

1

24

——

18

4

23

16

13

25

7

10

2

19

11

17

14

2]

8

5

By these means, any of the numbers may be made to fall
in any cells at pleasure, for example 1 in the central cell ;
nothing is necessary for this purpose, but to fill up the

middle band with the series of num-
bers in such a manner, that 1 may be
in the centre, as seen in the annexed

figure ; and then to fill up the rest of

the square according to the above
principles, beginning at the highest
band, when the lowest has been filled
up.

To form the second square, place
a cipher in the centre, as seen in the
annexed figure, and fill up the re-
maining cells in the same manner as
before, taking care not to assume the
same quantities as in the former, for
beginning the bands.

2l1|3|4ls
3|4(5(|21
5|2(1(3]4
1(3(4({5(2
45 2|13
20! 5 |10] 0 |15]
0 15|20] 5 |10
5 10| 0 |15 |20}
15|20| 5 {10| 0
10,0 |15]20] 5 |
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In the last place, form a third
square by adding tegether the num-
“bers in the similar cells, and you will
have the annexed square, where 1 l0j12) 1 |15}24
will necessarily occupy the centre.  |16)23| 9 |15
24| 5 17|21 8

122(6 {134 {20
13]1g9l25{ 7|1

\

"REMARKS.

I. We must here observe, that when the number of the
root is not prime, that is if it be 9, 15, 21, &c, it is impos-
sible to avoid a repetition of some of the numbers, at least
in one of the diagonals ; but in that case it must be ar-
ranged in such a manner, that the number repeated in
that diagonal shall be the middle one of the progression;
for example 5, if the root of the square be 9; 8 ifit be 15;
and as the square formed of the multiples will be liable to
the same accident, care must be taken, in filling them up,
that the opposite diagonal shall contain the mean multiple
between 0 and the greatest ; for example 36 if the root be
9; 105 if it be 15.

II. The same thing may be done also in squares which
have a prime number for their root. By way of example,
we shall here form a magic square of the first two of the
following ones:

~

1]2]54l3 10}o]5}15]2
2|5|4]3|1 2010|015 |15
5(4l3|1]2 15|20(10{0 |5
4la|1|2(5 5[15/20|10] 0
31254 0|5 |15]|20]10




192 MAGIC SQUARES.

11{2 |10]19|23
22|15/ 4 |8 (16
20|24{13| 1|7
"9 |18]|21]12] 5
3{6[17]25)14

* in the first of which 8 is repeated in the diagonal descend~
ing from right to left, and in the second I0 is repeated in
the diagonal descending from left to right. This however
does not prevent the third square, formed by theut addition,
from being magic.
C§IL
Of Even Magic Squares.

The construction of these squares is attended with more
difficulty than that of the odd squares, and the degree of
difficulty is different, according as they are evenly even,
or oddly even: for this reason we must divide them into
two classes.

Squares evenly even, are those the root of which when
halved is even, or can be divided by 4 without remainder;
of this kind are the squares of 4, 8, 12, &c. The oddly
“even, are those the root of which when halved gives an
odd number ; as those of 6, 10, 14, &c.

As the ancients have left us no general rule on this sub-
ject, but only some examples of even squares mmgically
arranged, we shall here give the best methods invented by
the moderns, and shall begin with squares evenly even.

Let us suppose then, that the annexed square ABcpis
to be filled up magically, with the first 16 of the natural
numbers : fill up first the two diagonals ; and for that pur-
pose begin to count the natural numbers, in order, 1,2, 3,
_. 4, &c, on the cells of the first horizontal band, from left
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6 right; then proceed to the second A B
band, and when you come to the cells |1 |4}
belonging to the diagonals, inscribe the |~ |'6| 7
numbers counted as you fall upon them; ol11

by which means you will have the ar- .

. . . 13 16
fangement represented in the annexed_ g >

figure.

When the diagonals have been thus filled, to fill up'the
cells which remain vacant, begin to count the same num-
bers, proceedmg from the angle » in the cells of the lower
band, going from right to left; and then
in the next above it, and when any cells | | 151144
are found empty, fill them up with the |—o-— 7o
humbers that belong'to them: in this sl
manner you will have the square 16 :
filled up magically, as seen in the an- |13] 3+ 2|16
nexed figure, and the sum of each band
and each dlagonal mll be 34.

: REMABK&

I. The case is here the same as in regard to the odd
squares : every progression of flumbers which, when ar-
ranged in order in a gedmetrical square, exhibits in every
direction, horizontally and vertically, an arithmetical pro<
gressxon, will be susceptible of being arranged magxcally
in the same square.

1L. It is niot even necessary, in the vettical dlrectlon,
that the aritbmetical proportion should be continued : it
may be disjunct; for example, if the numbers 1, 2, 3, 4,
8, 6, 7,8; 51, 58, 59, 60, 6}, 62, 63, 64; when arranged
according to thelr natural order, ina
square of 16 cells; exhibit the arith: 1 2 ~8 4
metical proportions 1, 5, 57, 61; 2, 5 6 7 8
6, 58; 62, &c; only in the vertical di- 57 58 59 60
rection, they may be arranged magi« 61 62 65 64

VOL. : / °
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N

gally ip the same square, as seen in the 1 leslezl 4
following figure, where the sum of each G
diagonal band is 130, had 7457
'We shall now proceed to squares |8 |#8)59} 5
evenly even. 6113|264
Rule for Squares Evenly Even. .

We shall suppose that a square of 8 on a side, or 64
cells, is to be filled up, with the first 64 numbers of the
natural progression.

First write down these 64 numbers as seen in the twe
lower lines of the four following periods:

1 2-3 4 4 3 2 1
1 1 2 3 4 5 6 1 8
64 63 62 61 60 59 58 57

4 1 2 8 3 a3 1 4
b1 9 10 11 12 18 14 15 16
56 55 54 53 52 51 50 -49

4 3 4 1 2 2 1 4 8
III 17 18 19 20 21 22 93 24
. {48 47 46 45 44 43 42 4}

g 2 8 4 1 1 4 3 2
v e5 26 27 28 29 30 31 32
40 39 88 87 86 35 34 33

The preceding series make 32 couples, each of which
forms 65.

Then form the arithmetical progression 1, 2, 3, &c,
~which must be continued as far as the number that ex-
presses the half of the root ; in this case it will be 1, 2, 3,
4, after which form the following three, 4, 1, 2, 3; 3, 4,
1, 2; 2,8, 4,1; insgribe, in order, each of these series of
numbers over the first terms of each of the above periods
of numbers, and as these figures will extend only to the
fixst four, and as there is twice that number, they must be
written in an inverse order, over the.remaining four..
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When this preparation has been made, nothing will be
necessary but to write down in order all these numbers, in
the cells of the square, taking care, 1st. When the couple
of numbers have over them an odd number, to write down
the upper number: of this kind are the numbers 1, 3, 6, 8,
10; but when the couple have over them an even munber,

Atbe lower number must be written down. 2d, When you
continue by 33, 34, 85, &c, after the first series has been
exhausted, the case will be the contrary.

Thus, the numbers to be successively inscribed in the
squares, are 1, 63, 3, 61, 60, 6, 58, 8; which will form
the first band : the second will be found by continuing 56,
10, 54, 12, 13, 51, &c; and by proceeding in this man-
ner, you will obtam a square of 8 cells on each side, as
kere annexed. ’

=

1163]3161]60| 6 58] 8
56|10|54] 12|13 |51 {1549
17147 19|45} 44|22 |42 24
40126 (38 28|29 |35 |31 |33
32(34(30{36|37 27|39 |25 .
41(2342|21|20]|46|18|48
10|50 14152(53]|11(55| 9

5717150 5| 4|62| 2 [64

If the spirit of this method has been properly compre- .
hended it must be seen, that in consequence of it the first
and last bands are necessarily filled up with the 16 num-
bers of the first period, and in such a manner, that the
cells centrally oppositc form always 65. The case is the
same with the second band and the last but one, being
filled up with the numbers of the second period, and in
the samé manner, The same may be said of the third and
sixth bands, and the fourth and fifth: it thence follow:
that the diagonals also must be exact.

Q2
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Another Rule for Squares evenly even.

Having given, according to M. de la Hire, a very gene«
ral rule for odd squares, which is capable of producing a
great number of variations, we think it our duty to do the
same in regard to even squares; especially as it will
equally serve for evenly even and oddly even magic
‘squares. It is as follows:

" Let it be required, for example, to fill up magically a
square of 8 cellson each side.

For this purpose, ar-
range, in the first hori-
. zontal band in a square of -

" that kind, the first eight
numbers of the arithmeti-
cal progression, but in
such a manner, that those
equally distant from the
middle shall form the same
sum; viz, that of the root
augmented by unity,which
in this case is 9; the second
band must be the inverse of the first; the third must be
like the first ; the fourth like the second ; and so on alter-
nately, till the half of the square is filled up ; after which
the other half may be formed by merely reversing the first,.
as may be seen in the above figure. . This will be the first
Pprimitive square.
~ To form the second, fill it up according to the same
principle with the multiples of the root, beginning with 0,
that is to say, 0, 8, 16, 24, 32, 40, 43, 56, taking care
that the extremes shall always make 56 ; but instead of ar-
ranging these numbers in a horizontal direction, they must

 be arranged vertically, as in the following figure.
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™ R .
When this is done, add together the similar cells of the
two squares, and youn will have a square of 8 on each side,
_asin the last figure above.
Without enlargmg farther an squares evenly even, we
shall give the simplest methed thence deduced, for con-
structing squares oddly even,

Method for Squares oddly even.

We shall take, by way of ex--
ample, the square of the root 6.
To fill it up, inscribe in it the
first six numbers of the arith-
metical progression, 1, 2, 8, &c,
according to the above method ;
which will give the first primitive .
square, as in the annexed figure.
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The second must be formed by
filling up the cells in a vertical
direction, according to the same
ptinciple, with the multiples of
the root, beginning at 0, viz. 0,
6, 12, 18, 24, 30.

The similar cells of the two
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squares, if then added, will
form a third square, which
will require only a few cor-

rections to be magic. . This ¢

third square .is as. here an-
nexed,

12
31

27

2817 |26

31365

15

16[19| 14

18

21

2213|202

29

2
17|24
23

32

34

33

(<)}

35

1130

10|25} 8
B

To rénder the square magic, leaving the corners fixed,
transpose the other numbers of the upper horizontal band,
and of the first vertical one, on the left, by reversing all
the remainder of the band ; writing 7, 28, 27 » 12, instead
" of 12, 27, &c, and in the vertical one, 32, 28, 17, and 2,
from the top downwards, instead of 2, 17, &c. :

It will be necessary also to
exchange the numbers in the
two cells of the middle of the
second horizontal band at the
top, of the lowest of the second
vertical band on the left, and of
the last on the right. The num-
bers in the cells A and B must
also beexchanged,as well as those

29

7

28

9 |12]26

32

31

3

4136| 5

23

18

15

16 19|20

14

21

22 (13|17

2

34

336 |35

11

24
1
25

10

27130( 8

in c and p; by which means we shall have the square cor-

tfected and mamcally arranged.
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§UL
Of Magic Squares with Borders.

Modetn arithmeticians have added a new difficulty to
the subject of maglc squares, by proposmg not only to ar-
range magically in a square a progression of numbers, but
by requiring that this square, when lessened by a band on:
each side, or two or three bands, &c, shall still remain
magic; or a magic square being given, to add to it a bor-
der of one or more bands, in_such a_maaner, that the en-
larged square thence resulting shall be still magic.

" To give an example of this construction, let it be re-
quired to form a magic square of the root 6, and to fill it
up with the natural numbers, from 1 to 36. - The first even

- magic square. possible being that of 4 on each side, we
shall first arrange it magically, filling it up with the mean
terms of the progression, to the number 16, and reserving
the first and the last 10 for the border. For the interior

~ square therefore we shall take the numbers 11, 12, &c, as
far as 26 inclusively, and shall give them any magic dispo-
sition whatever : there will then remain the numbers 1, 2,
&c, as far as 10, and 27 as far as 36, for the border.

To dispose these numbers in the border, first place the
numbers 1, 6, 31, 36, in the four
corners, and in such a manuer

: that diagonally they shall make

.87, As each band must make -
111, it will benecessary to place
in the first band four such num- .
bers, that their sum shall be
104; and as their complements
to 37 must be found in the low-
est, where there is already 67,
it will be necessary that they should together make 44 :
therc are several combinations of these numbers, four and

- four, which can make 104, and their complements 44 ; bug

-
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it is necessary at the same.time that four of those remain.
ing should make 79, to fill up the first vertical band, while -
their complements make 69 to complete the last. This
double condition limits the combination to 85, 84, 3Q, 5,
which may be placed in the first band in any order what-
ever, provided their complements be placed below each of
them in the last band ; and the four numbers requisite to
fill up the first vertical band will be 83, 28, 10, 8, which
may be arranged any how at pleasure, provided the com--
plement of each be placed opposite to it in the correspond-
ing cell on the other side.

1t is not absolutely necessary, that 1, 6, 31, 36 should
be placed in the four corners of the square: if we suppose
them to be filled up, in the same order, with ¢, 7, 30, 35,
it would be then necessary that the four ﬁrst numbers
should - make 102, and their
_ complements 46, while the four | o l35 31 |Q7l 8
last make 79, and their comple- A -
ments 69: but it is found that.
the four first numbers arc 36,
81, 27, 8, and the second 34,
82, 9, 4.. -The first being ar-
ranged. gny hew- in - the four
empty cells of the first band,
and their complements below, : :
the second must be arranged in the cells of the first verti-
cal band, and their complements each at the extremity - of
the same horizontal band ; by which means we shall have
the new square with a border as seen above.
- If it were required to form a bordered square of the root
8; it would be necessary to reserve for the interior square
of 36 cells, the 86 nrean numbers of the progression ; and
they might be formed into a bordered square around the
magic square of 16 cells ; with the 28 remaining numbers,
we might then form a border to the square of 36 cells!

gtc‘

-
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Hence it appears, in what manner we might form a
agic square, which when successively lessened by one,
t1%0, or three bands, shall still remain magic,

§1IV.
Of another kind of Magic Square in Compartments.

Another property, of which most magic squares are sus-
ceptible, is, that they are not only magic when entire, but
that when divided into those squares into which they can
be resolved, these portioms of the original square are them-
selves magic. A square of 8 cells on a side, for example,
formed of four squares, each having 4 for its root, being
proposed, it is.required that not only the square of 64
shall be disposed magically, byt each of those of 16, and
that the latter even, however arranged, shall still compose
3 magic square.

What is here required, is easy ; and this is even the sim-
plest method of all for constructing squares that are evenly
even, as-will appear from what follows.

To construct a square of 64, in this manner, take the
first 8 numbers of the natural Jprogression, from 1 to 64,
and the 8 last, and arrange them magically in 3 square of
16 cells; do the same thing with the 8 terms which follow,
the first 8 and the 8 which precede the last 8, and by these
means you will have a second magic square; form a similar
square of the 8 following .
numbers with their cor- | ; 163l62] 4 55154121
responding ones, and " |6 5 14 (15 |49
another with the ' 16 el
means: the result will be
four squares of 16 cells,
the numbers in which
will be equal when added
. together, either in bands
or diagonally; for they
will every where be 130.




202 MAGIC SQUARES,

It is therefore evident, that if these squares be arranged
side by side, in any order whatever, the square resulting
from them will be magic, and the sum in every directidl
will be 260.

To arrange the square of 9, in this manner ; divide the
progression, from 1 to 81 inclusively, into nine others, as
1,10,19....73; 2,11,20....74; 3,12,21 ....75;
&c'; and arrange cach of these progressions magically in
a square of 9 cells, marking the first I, the second II, &c.
But it will be observed that in these different squares, the
sums of the bands and those of the diagonals will be them-
selves in arithmetical progression; viz, in the square I
the sum will be 111, in the square II it will be 114, and
so on. - If these 9 squares be arranged magically, it may
be readily seen that the total will still be magical but the
partial squares cannot be transposed as in the precedmg
one of 64.

. The square of 15 may be resolved into 25 squares of 9
cells. If 25 squares therefore of 9 cells be arranged ma-
gically, filling them up with. the 25 progressions which
may be formed in this manner, 1,26,51 ... .201; 2,25,
52....202; 3,28,53....208; &c; these squares will
have successively, and in order, for the sums of their bands
and their diagonals, 303, 306, 309, &¢, to the last, which
will make 375 in each of its bands and diagonals. - By ar-
-pnging these 25 squares magically in this manner, calling
the first I, the second 11, the third I1I, and the last XXV,
you will obtain a magic square ; and whatever number of
variations the square of 25 cells may be susceptible of, the
square of 15 will be capable of receiving as many, being
at the same time magic, as well as all the squares of whlch
itis composed

§V.
Of the Variations of Magic Squares.
. The square having 3 for its root is susceptible of no va~

'
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riation : whatever method may be employed, or whatever
arrangement may be given to the numbers of the progres-
sion from 1 to 9, the same square will always arise, except,
that it will be inverted, or turned from left to right, which
is not a variation. But this is not the case with the square
having 4 for its root, or that of 16 cells: this being suscepti-
“ble of at least 880 variations, which M., Frenicle has given
in his Treatise on Magic Squares.
- The square of 5 is susceptible of, at least, 57600 different
combinations: for according to the process of M. de la
Hire, the 5 first numbers may be arranged 120 different
ways in the first band of the first pnmmve square; and as
they may be afterwards arranged in the lower bands, be-
ginning again by two different quantities, this will make
240 variations, at least, in the primitive square; which
combined with the 240 of the second, form 57600 variations
in the square of 5, But there are doubtless a great many
more, for a bordered square of 5 cannot be reduced to the
method of M. de la Hire; but one bordered square of 5,
the corners remalmng ﬁxed as well as the interior square
of 8, may experience 36 variations. What a number there-
fore of other variations must be produced by changing the
interior square and the angles!

A bordered square of 6, when once constructed; the
corners remaining fixed, and the interior square being
tomposed of the same ,numbers, may be varied 4055040
different ways; for the interior square may be varied and
differently transposed in the centre 7040 ways: each of the
. horizontal bands at top and at bottom, the extremities re-
" maining fixed, may be varied 24 ways; for there are four
pairs of numbers susceptible of changing their place, which
may be combined 24 ways ; and there are also four pairs
in the vertical bands between the corners. The number.
of the combinations therefore, is the product of 7040 by
576, the square of 24, which gives 4055040 variations.
But the corners may be varied, as well as the numbers ‘as-
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sumed to form the interior square; and it hence follows,
that the whole number of the variations of a square of 6,
while it still remains bordered, is equal to severa] millions
of times the former.

The square of 7, by M. de la Hire’s metbod alone, may
be varied 406425600 different ways.

These variations, however numerous, ought to excite no
surprise; for the number of dispositiens, magic or not
magic, of 49 numbers, for example, forms one of 62 figures,
of which the preceding is, as we may say, but a part infi-
pitely small.

§ VI
. Of Geometrical Magic Squares.

We have already observed, in the beginning of this
chapter, that numbers in geometrical progression might be
arranged in the cells of a square, and in such a manner,
that the product of these numbers, in each band, whether
vertical or horizontal, or diagonal, shall always be the
same. . N

To construct a square of this kind, the same principles
must be followed as in the construction of other magic
squares; and this may be easily demonstrated-from the
property of logarithms. Without enlarging further there-
fore on this subject, we shall confine ourselves to giving
one example; it is that of the 9 first terms of the double
geometric progression, 1, 2, 4, 8, &c, ar-
ranged in a square of 3 cells on each side. [128] 1 |32
The product is evidently the same in every |4 (16|64
direction, viz. 4096.

8 [256] 2

-
REMARKS.

The ingenious Dr. Franklin, it seems, carried this cu-
rious speculation further than any of his predecessors in
the same way. He constructed both a magic square of
squares% and a magic circle of circles, the description of

\
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which is as follows. The magic square of squares is
formed by dividing the great square as in fig. 1; Pl 4
The great square Is divided into 256 little squares, in
which all the numbers from 1 to 256, or the square of 16,
are placed in 16 columns, which may be taken either ho-
rizontally or vertically. Their chief properties are as
follow

The sum of the 16 numbers in each column or row,
vertlcal or horizontal, is 2056. ‘

2. Every half column, vertical and horizontal, makes
1028, or just one half of the same sum 2056.

3. Half a diagomal aseending, added to half a diagonal
descending, makes also the same sum 2056 ; taking these
half djagonals from the ends of any side of the square to
the middle of it ; and 'so reckoning them either upward or
downward ; or sideways from right to left, or from left te
right.

4. The same with all the parallels to the half diagonals,
as many as can be drawn in the great square : for any two
of them being directed upward and downward, from the
place where they begin, to that where they end, their sums
still make the same 2056. Also the same holds trae down-
ward and upward; as well as if taken sideways to the
middle, and back to the same side again. Only one set
of these half diagonals and their parallels, is drawn in the
same square upward and downward ; but another set may
be drawn from any of the other three sides.

5. The four corner numbers in the great square, added
to the four central numbers in it, make 1028, the half sum
of any vertical or horizontal column, which contains 16
wnumbers: and also equal to half a diagonal or its parallel.
. 6. If a square hole, equal in breadth to four of the little

squares or cells, be cut in a paper, through which any of

the 16 little cells in the great square may be seen, and the

paper be Jaid upon the great square; the sum of all the 16

numbers seen-through the hole, is always equal to 2056,
Co p



206 MA@IC SQUARES AND C1RCLES.

the sum of the 16 numbers in any borizontal or vertical
column.

The magic circle of circles, fig. 2; Pl 4, by the same
author, is composed of a series of numbers, from 12 to 75
inclusive, divided into 8 concentric circular spaces, and
ranged in 8 radii of numbers, with the number 12 io the
centre ; which number, like the centre, is commen to all
these circular spaces, and to all the radii.

The numbers are so placed, ‘that 1st, the sum of all those
in either of the concentric circular spaces above mentioned,
together with the central number 12, amount to 360, the
same as the number of degrees in a circle.

2. The numbers in each radius also, together with the
central number 12, make just 360.

3. The numbers in half of any of the above circular
spaces, taken either above or below the double horizontal
line, with half the central number 12, make just 180, or
half the degrees in a circle.

4. .If any four adjoining numbers be taken, as if in a
square, in the radial divisious of these circular spaces, the
sum of these, with half the central number, make also the
same 180.

5. There are also included four sets of other circular
spaces, bounded by circles that are eccentric with regard
to the common centre ; each of these sets containing five
spaces ; and the centres of them being at A, B, ¢, p. For
distinction, these circles are drawn with different marks,
some dotted, others by short unconnected lines, &c; or
still better with inks of divers colours, as blue, red , green,
yellow.

These sets of eccentric circular spaces intersect those of
the concentric, and each other ; and yet, the numbers con-
tined in each of the eccentric spaces, taken all around
through any of the 20, which are eccentric, make the same:
sum as those in the concentric, namely 360, when the cen-
tral number 12 is added.
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Their halves also, taken above or below the double ho-
rizontal line, with half the central number, make up 180.
. Tt is observable, that there is not one of the numbers,
but what belongs at least to two of the circular spaces;
gome to three, some to four, some to five : and yet they
are all so placed, as never to break the required number
860, in any of the 28 circular spaces within the primitive
circle. :

-

et G e

CHAPTER XIIL

Political drithmetic.

SINCE politicians have acquired juster ideas respecting
what constitutes the real strength of states, various re-
searches have been made in regard to the number of the
inhabitants in different countries in order to ascertain their
population. Besides, as almost all governments have been
under the necessity of making loans for the most part on
annuities, they have naturally been induced to examine,
according to what progression mankind die, that the in-
terest of these loans may be proportioned to the proba-
bility of the annuities becoming extinct. These calcula-
tions have been distingunished by the name of political
arithmetic, and as it exhibits several curious facts, whether
cousidered in a political or a philosophical point of view,
we have thought it our duty to give it a place here, to
amuse and instruct our readers.

§ I'
Of the Proportion between the Males and the Females.

Many people imagine that the number of the females
born exceeds that of the males; but it has long since been
proved that.the contrary is the case. More ‘boys than
girls are born every year; dnd since the year 1631, a small
interval excepted, we have a register of births, in regard
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to sex, and it has never been observed that the number of
the females born even equalled that of the males. It is
found, by taking a mean or average term in a great num-
ber of years, that the number of the males born is to.that
of the females, as 18 to 17.  This proportion is nearly that
which prevails througl)out all France; but, to whatever
reason owing, it seems at Paris to be as 27 to 26.

This kind of phenomenon is observed, not only i Eng-
land and in France, but in every other country. We may
be convinced of the truth of it by inspecting the monthly
and other periodical publications, which at the commence-
ment of every year give a table of the births that have
taken place in most of the capital cities of Europe: it may
there be seen, that the number of the males born always
exceeds that of the females; and consequently it may be
considered as a general law of nature.

We may here observe a striking instance of the wisdomt
of providenee, which has thus provided for the preserva«
tion of the human race. Men, in consequence of the ac-
tive life for which they are naturally destined by their
strength and their courage, are exposed to more dangers
than the female sex ; war, long sea voyages, employments
laborious or prejudicial to health, and dissipation, carry off
great numbers of the males; and it thence results, that if
the number born of the latter did not exceed that of the
females, the males would rapidly decreasey; and soon be«
come extinct.

§IL

Of the Mortalzty of the Human Race, accordmg to tlze dif«
Jerent Adges.

In this respect, there is apparently a considerable dif-
ference between large towns and the country ; but this
arises from the women in town rarely suckling their own
children: and consequently the greater part of their chil«
dren being put out to nurse in the country, as it is in the

-
~
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period of childhood that the greatest mortality prevails, it
becomes most apparent in the country. To make an
exact calculation, ‘it ought to be founded on the deaths
which happen in the towns, as well as in the country; and
this M. Dupré de St. Maur has endeavoured to do, by com-
paring the registers of three parishes in Paris, and twelve
in the country.

According to the observations of this author, in 23994
deaths, 6454 of them were thbse of children nota year old;
and carrying his researches on this subject as far as possi-
ble, he concludes, that of 24000 children born, ¢he num-
bers who attain to different ages are as follow :

VOL. 1. Y
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Such then is the condition of the human species, that of
24000 children born, scarcely one half attain to the age of
9; and that two thirds are in their grave before the age
of 40; about a sixth only remain at the expiration of 62
years; a tenth after 70 ; a hundredth part after 86 ; about
a thousandth part attain to the age of 96 ; and six or seven
individuals to that of 100.

Weé must however observe, that the authors who have
treated on this subject differ from each other. According
to the table of M. de Parcieux, for example, the half of
the children born do not die before 31 years are completed ;
but according to M. Dupré de St. Maur they are cut off
before the commencement of the ninth year. This dif-
ference arises from the table of M. de Parcieux having
been formed from lists of annuitants, who are always select ’
subjects; for a father never thinks of purchasing an an-
nuity on the life of a child who is sickly, or has a bad
constitution. The laws of mortality in these cases there-
fore are different; and if the one is a general and common
law, the other is that which public administrators, who
grant annuities, ought to consult with great care, that they
may not make loans too burthensome.

§ IIL

Of the Vitality of the Human Species, according to the dif-
Serent Ages, or Medium of Life.

When a child is born, to what age may a person bet, on
equal terms, that it will attain? Or if the child has already
attained to a certain age, how many years is it probable
it will still live? These are two questions, the solution of
which is not only curious, but important.

We shall here give two tables on this subject ; one by
‘M. Dupré de St. Maur, and the other by M. Parcieux;
and add to them a few general observations. '

P2
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TIME TO LIVE.'
M. de St. Maur. M. de Parcieux. . o
AGE. YEARS. MONTHS. YEARS. MONT;IS.
0 8
1 33 - 41 9
2 $8 ' 42 8
3 40 43 6
4 41 44 2
5 41 6 44 5
6 42 44 8
7 42 3 ¢ 44
8 41 6 43 9
9 40 - 10 43 3
10 . 40 2 42 8
20 : 33 5 36 3
30 28 30 6
40 i 22 1 25 6. -
50 16 7 19 5 -
60 11 1 14 11
70 6 2 9 2
+ 75 4 6 6 10
80 3 7 5
85 3 3 4
90 2 2 2
95 5 6
96 4 5
97 3 4
98 2 3
99 1 2
100 3 1

Two observations here occur, in regard to these tables,
The firss is respecting the difference between them. In
that of M. Parcieux, the time assigned to each age to live
is more considerable, and the reason has been already
mentioned. We have even suppressed the first year in
the table of M. Parcieux, because the difference was by far
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too great, and in our opinion it arose from two causes.
ist. No one ever thinks of purchasing an annuity for a
child in its first year, until the goodness of its constitution
has been fully ascertained. 2d. It is not at the birth of a
child, but in the course of the first year, towards the
middle or end, that such a measure is hazarded; for as an=
nuities remain sometimes several months, and even a whole
year, to be filled up, people are not under the necessity
of sinking money on so young a life, and have time during
the course of several mdnths to acquire some certainty
respecting the constitution of the subject. In our opinion
 therefore, the 34 years of vitality, assigned by M. de Par-
cieux to a child just born, ought to be considered as ap-
plicable to a child from 6 to 9 months old, and more ; but
it is during the first months of the first year that the life of
a child is most uncertain, and that the greatest number die.
The second observation, which is common to both tables,
is, that vitality, exceedingly weak at the moment of birth,
goes on increasing after that period, till it comes to another,
at which it is the greatest; for the chance is less than 8 to
1 that a new born child will attain to the end of its first
year*, and one may take an even bet that it has only 8
years to live ; but when it has attained to the commence-
ment of the second year, one may bet 6 to 1 that it will
attain to the third ; and it is an even chance that it will
live 83 years. In a word, it is seen by the table of M.
Dupré de St. Maur, that it is towards the age of 10 years,
or between 10 and 15, that life is most secure, At that
period, one may take an even bet that the child will live

* According to the principles explained in treating of probabilities, the
probability of a child newly born being alive at the end of a year, is to that
of its dying before that period, as the number of the children alive at the end
of a year, is to the number of those dead ; that is to say, as 17540 to 6460 ;
which is somewhat less than the ratio of 3 to 1. In the other cases the cal-
eulation is the same. Take the number of those who have died in the course
of the year, and divide by it the number of those alive; this will express -
what may be betted to 1, that the person who has completed that year will
complete another. :
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48 years ; and it js 125 to 1 that it will live a year, or 25 to
1'that it will live five years. Beyond that period the pro-
bability of living a year longer decreases. At the age of
20, for example, it is somewhat less than 16 to 1, that the
person will not die within the five following years. When
a person has reached his sixtieth year, it is no more than
8} to 1 that he will attain to the beginning of his sixty-
fifth year.
§ IV.

Of the Number of Men of different Agesin a given Number.

It may be deduced from the preceding observations,
that when the inhabitants of a country amount to a million,
_ the number of those of the different ages will be as follows:

Between 0 and 1 year complete . 38740
1 5 .« .+ ¢ « « . . 119460
5 10 . . . .« « . . 99230
10 15 . « o« ¢« « o . 94530
15 20 . . . . . . . . 88674
20 25 . . . + . « . . 82880
25 80 . . « . . ¢ . . 71650
‘80 35 . . . . . . . . 71665
35 40 . . . . . . . . 64205
40 45 . . . . . . . 51230
45 50 . . . . .« . . . 50605
50 55 . . . . . . . . 43040
55 60 . . . . . . . . 87110
60 65 . . . . + & . . 28690
63 0« « « « ¢ « o o 21305 .
70 B . .« « « « . . 18195
75 80 . . « . .4 . . 7065
80 8 . ., . . . . . 280
85 90 . . . ... . . 1025
90 95 . .+ . . . . . . 385
95 100 . . . . . . . . 82

Above 100 years _ 8or4

s : Total 1,000000
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"Fhus in a country peopled with a million of inhabitants,
there are about 573460 between the age of 15 and 60 ; and
as nearly one half of them are men, this number of in-
habitants could, on any emergency, furnish 250 thousand
men capable of bearing arms, even if an allowance be made
for the sick, the lame, &c, who may be supposed to be
-among that number.

§v. .
Of the Proportion of the Births and Deaths to the whole

Number of the Inhabitants of a Counhy —The Conse-

quences thence resulting.

As it would be difficult to number the inhabitants of a
country, and much more to repeat the enumeration as
often as it might be necessary to ascertain the population,
means have been devised for accomplishing the same ob-
ject, by determining the proportion which the births and
deaths bear to the whole number of the inhabitants ; for
as registers of births and deaths are regularly kept in all
the civilized countries of Europe, we may judge, by com-
paring them, whether the population has increased or de-
creased ; and in the latter case can examine the causes
which have produced the diminution. v

It is deduced, for example, from Dr. Halley’s tables of
the state of the population of Breslaw, about the year
1690, that among 84000 inhabitants, there took place,
every year on an average, 1248 births; which gives the
proportion of the former to the latter as 274 to 1. Inre-
gard to cities, such as Breslaw, where there is no great
influx of strangers, we may therefore adopt it as a rule, to
multiply the births by 27}, in order to find the number of
the inhabitants.

There appeared, some years ago, that is to say in 1766,
a very interesting work on this subject, entitled, Recherches
sur la Population des Généralités d’ Auvergne, de Lyon, de
Rouen, et de quelque Provinces et Villes du Royaume, ¥c.
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by M. Messance. " By an enumeration of the inhabitants
of seventeen small towns or villages, in the generality of
Auvergne, compared with the average number of births in
the same places, the author shows, that the number of the
births is to that of the inhabitants, as 1 to 243, 7% ve: 3
similar enumeration, in twenty-eight small towns or vil-
lages of the generality of Lyons, gave the ratio of 1 to
283 ; and by another made in five small towns or villages
of the generality of Rouen, it appeared that the ratio was
as 1 to 27} and ;%. But as these three generalities com-
prehend a very mountainous district, such as Auvergne,
another which is moderately so, as the generality of Lyons,
and a third which consists almost entirely of plains or cul-
tivated hills, as the generality of Rouen, there is reason to
conclude, that these three united afford a good representa-
tion of the average state of the kingdom ; combining there-
fore the above proportions, which gives that of 1 to 253,
this will give the proportion of births to the number of the
mhabxtants, for the whole kingdom, without including the
great cities; so that for two births in the year we shall
have 51 inhabitants. _ . .

But as, in towns of any magnitude, there are several
classes of citizens who spend their lives in celibacy, and
who contribute either nothing or very little to the popu-
lation, it is evident that this proportion between the births
and effective inhabitants must be greater. M. Messance
says, he ascertained, by several comparisons, that the ratio
nearest the truth, in this case, is 1 tp,28, and that this is
the proportion which ought to be employed in deducing,
from the number of births, the number of the inhabitants
of a town of the second order, such as Lyons, Rouen, &c ;
which agrees pretty well with what Dr. Halley found in
regard to the city of Breslaw.

In the last piace, for cities of the first class, or the capi-
tals, of states, such as Paris, London, Amsterdam, &c,
"where a great many strangers, attracted either by pleasure
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or business, are mixed with the inhabitants, and where
great luxury prevails, which increases the number of those
who live in voluntary celibacy, it is very probable that the
above ratio must be raised, and that it ought to be carried
to 30 or 31.

M. Kerseboom, in his book entitled, Essai de Calcul po-
litigue, concernant la quantité des habitans des provinces de
Hollandc et de Westfriesland, &c, printed at the Hague, in
1748, has endeavoured to show that, to obtain the number
of the inhabitants in Holland, the number of the births
ought to be multiplied by 35. If this be the case, there
is reason to conclude, that ma.rriages are less fruitful, or
less numerous in Holland, than in France; and thls dlf-
ference may be founded on physical causes. ~

If these calculations be applied to determlmng the po-
pulation of great cities, it will be seen that the opinions
entertained in general on this subject are erroneous ; for
it is commonly said that Paris contains a million of inhabit-
ants ; but the number of births there, taking one year with
another, never exceeds 19500, which multiplied by 30 gives
585000 inhabitants ; if we employ as multiplier the num-
ber 31, we shall have 604500, and this is certainly the ut-
most extent of the population of Paris. .

§ VL

Of some other Proportions between the Inhabitants of a
Country. :

We shall present to the reader a few more short observa-,
tions in regard to population. The book, which we quoted
in the preceding paragraph, shall still serve us as a guide.’

By combining together the three generalities above
mentioned, it is found, ,

1st. That the number of the inhabitants of a country, is
to that of the families, as 1000 to 2223 ; so that 2000 in~
habitants give in common 445 families, and consequently
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4} beads on an average for each, or 9 persons for twe
families. In this respect, those of Auvergne are the most
numerous ; those of the Lyonnois are next, and those of
the generality of Rouen are the least numerous. By taking
a mean, it is found also, that in 25 families, there is one
where there are 6 or more children.

2d. The number of male children born exceeds, as has
been said, that of the females; and this excess continues
till a certain age ; for example, the number of boys of the
. age of fourteen, or below, is greater than that of the fe-
males of the same age, and in the ratio of 30 to 29. The
whole number of the females, however, exceeds that of the
males, in the ratio of about 18 to 19. We here see the
effect of the great consumption of men, occasioned by war,
navigation, laborious employmients, and debauchery.

8d. It is found that there are three marriages annually
among 337 inhabitants ; so that 112 inbabitants produce
one marriage. '

4th, The proportion of married men or widowers, to
married women or widows, is nearly as 125 to 140 ; and
the whole number of this class of society, is to the whole
of the inhabitants, as 265 to 631, or as 53 to 126. LT

5th. According to King and Kerseboom, the number of
widowers is to that of widows, as 1 to 3 nearly; so that
there are three widows for one widower. This at least is
deduced from the enumerations made in Holland and in
England. But is the case the same jn France? It is to be
regretted, that the above mentioned author did not make
researches on this subject. In our opinion, however, this
proportion is pretty near the truth, and it will excite no
astonishment when it is considered that the greater part of
the men marry late, in comparison of the women.

6th. If the above proportion between widowers and
widows be admitted, it thence follows, that among 631
inhabitants there are 118 married couples, 7 or 8 widow-
ers, and 21 or 22 widows : the remainder are conmiposed of
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children, people in a state of celibacy, servants, or pas-

sengers. - -

- ‘7th. It thence results also, that 1870 married couples
give annually 857 children ; for a city of 10000 inhabitants

would contain that number of married couples, and give

857 annual births, Five married couples therefore, of all

_ ages, produce annually one birth.

8th. The number of servants is to the whole number of
the inhabitants, as 136 to 1585 nearly; which is somewhat
more than the eleventh part, and less than the tenth.

The number of male servants is nearly equal to that of
the female, being in the ratio of 67 to 69; but it is very
probable that in large cities, where a great deal of luxury
prevails, the proportion is different.

9th. The number of ecclesiastics of both sexes, that is
to say, secular as well as regular, comprehending the nuns,
is to the inhabitants of the above three generalities, as 1 to
‘112 nearly; this is contrary to the common opinion, which
supposes the proportion to be much greater.

10th. By dividing the territory of these three generali-
ties among their inhabitants, it is found, that the square
league would contain 864 ; but the square league contains
6400 acres: each man therefore, on an average, would
have 7, acres, and each family being composed, one with
another, of 4} heads, 33} acres would fall to the share of
each family. Bat it is to be observed, that the generality
of Rouen, considered alone, is much more populous, since
it contains 1264 inhabitants for each square league, which
gives to each head no more than five acres.

11th. It appears by the same enumerations, that a very
sensible increase in the population has taken place since
the beginning of the last century. It is indeed found, that
the annual number of the births has been augmented ; and
by comparing the present period with the commencement
of the last century, there is reason to conclude, that the
number of the inhabitants is now greater than what it was
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at the beginning of the century, in the ratio of 1456 to
1350; which makes less than a twelfth, and more -than a
thirteenth, of increase. This is doubtless owing to the
great extent to which agriculture and commerce have
been carried, and to the cessation of those wars which so
long exhausted the interior of France. The wound given
to the natiop by the revocation of the edict of Nantes
seems healed, and even more; but had it not been for that
event, France, in all probability, would contain a sixth
more of inhabitants than it did at the commencement of
the 18th century ; for the number who expatriated in con-
sequence of that revocation amounted perbaps toa twelfth
part of the whole people. ,

§ VIL
Some Questions which depend on the preceding Observations.

The following are some of those questions, in the solu-
tion of which the preceding observations may be employed
we shall not explain the principles on which each is re-
solved ; but shall merely confine ourselves to referring to
them sometimes, that we may leave to the reader the plea-
sure of exercising his own ingenuity.

1st. The age of a man being given, that of S0 for example,
what probability is there that he will be living at the end of
a determinate number of years, such as 152

Seek in the table of the second section for the given age
of the person, viz. 30 years, and write down the number
opposite to it, which is 11405 ; then take from the same
table the number opposite to 45, which is 7008, and form
these two numbers into a fraction, having the latter for its
numerator, and the former as its denominator ; this frac-
tion will express the probability of a person of 30 years of
age living 15 years, or attaining to the age of 45.

The demonstration of this rule is obvious to every one
who understands the theory of probabilities.

~2d. 4 young man 20 years of age borrows 1000/ 0 be

-
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patd, capital and interest, when he attains to the age of 25 ;
but in case he dies before that period, the debt to become ex-
tinct. What sum ought he to engage to pay, on attaining to
the age of 25 2 '

It is evident that if it were certain he would not die be-
fore the age of 25, the sum to be then paid would be the
capital increased by 5 years interest, which we here sup-
pose to be simple interest: the snm therefore which in
that case he ought to engage to pay,.on attaining to the
age of 25, would be 1250/ But this sum must be in-
creased, in proportion to the danger of the debtor dying
in the course of these five years, or in the inverse ratio of
the probability of his being alive when they are expired.
As this probability is expressed by the fraction $3253, we
must multiply the above sum by this fraction inverted, or
by 3223, which will give 1329/, 8s. 11d. that is to say,
791, 3s. 11d. for the risk of losing the debt, which certainly
cannot be considered as usury.

8d. A state or an individual having occasion to raise money
on annuities, what interest ought to be gvven for the different
ages, legal interest being at the rate of 5 per cent. ¥

The vulgar, who are accustomed to burthensome loans,
entertain no doubt that 10 per cent. is a great deal for any
age below 50, and that such a method of borrowing can-
not be advantageous to the state. But this is a great
mistake ; for it will be found by calculation, employing
the before mentioned data, according to the table of M.
de Parcieux, that 10 per cent. cannot be allowed before
the age of 36. According to the same table, no more-than
6% can be given at the age of 20; 6} at 25; 6% at 30; 72
at 40: 84 at 50; 10 at 36 ; 11/ at 60: 165 at 70; 273
at 80; 3944 at 385. .

It is also a very great error to believe, that on account
. of the number of persons who lay out money in these loans-
made by governments, they are soon freed from a part of
the annuities by the death of a part of the annuitants.:
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The slowness of the increase of annuities in tontines, is a
sufficient proof of the falsity of this idea ; besides, the great
number of the persons is the very cause why the extinc-
tion of the annuities takes place according to the laws of
probability above explained. A fortunate circumstance,
at the end of some years, may free an individual from an
annuity established on the life of a man aged 30 ; but if
this annuity were divided among 500 persons of nearly the
same age, it is certain that he would not be freed from this
‘burthen before the expiration of about 65 years; and at
the end of 82 or 83 years, one half of the annuitants would
still be living. This M. de Parcieux has shown, in the
clearest manner, by examining the lists of different ton-
tines.
- 4th. Legal Interest being at 5 per cent.; at whate rate of
Interest may an annuity be granted on the lives of two per-
sons, whose ages are gwen, and payable till the death of the
lust survivor 2

8th. What interest may be allowed on a capital, sunk jbr
an annuity on the lives of two persons, whose ages are given,
and payable only while both.the annuitants are living ?

6th. A certain person, whose age is given, has an annuity,
secured on the public funds, of 1000L. ; but being in want of
money, he is desirous to sell it. How much s it worth?

th. 4. aged 20, and B. aged 50, agree to purchase, on
their joint lives, an annuity of 10001., to be equally dtvided
between them, during their lives, with a reversion te the sur-
vivor. How much ought each of them to contribute towards
the purchase money ?

8th. How much ought each to contribute, supposmg it sti-
pulated between them, that B. the eldest, should enjoy the
whole till his death ?

9th. Legal interest being at 5 per cent., what is the worth
of an annuit_y of 100L., on the lives of three persons, whose
@ges are given, and payable till the death of the last sur-
vivor ¥
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10th. An annuity is purchased for the life of a child, of 3
years of age, on this condition, that the annuity at the end of
each year is to be added to the purchase money, till the an-
nuity equals the capital sunk. At what agewiil the annuity
be due, legal interest being at 5 per cent £

Many people imagine that a capital can be deposited in
the bank of Venice on this condition, that nothing is re-
ceived for the first 10 years, but after that period the an-
nuitant receives an annuity equal to the capital. This
however is entirely groundless, as has been shown by M.
de Parcieux in his 4ddition d U Essai sur les Probabilités de
la durée de la Vie humaine, published in 1760 ; for it is
there shown, by a calculation, the demonstration of which

"is evident, that if 100L., for éxample, were sunk on the life
of a child 8 years of age, it could not begin to enjoy an -
annuity of 100/ till it had attained to the age of 45 or 46.

The table of M. de Parcieux presents, on this subject,
two things very curious. For example, on the above sup-
position, if the increase of the annuity were not stopped
till the end of 54 years, the person ought to receive 2057,
per annum during the remainder of his life ; if it were not
stopped till 58 years, he ought to receive till the time of
his death 300l.; and by stopping it only at 75 years, he
would be entitled to 2900!.per annum : in the last place,
if the arrears due each year were left, on the like condi-
tions, to accumulate till the 94th year, the annuity for the
remainder of the person’s life ought to be 184069/. 19s. 2d.
a sum which must appear prodigious.

But it may seem astonishing that M. de Parcieux should
begin his calculations only at the age of 3 years. It is
very true that people do not venture capitals in the pur-
chase of annuities on the lives of new born children ; but
if ever such an establishment existed at Venice, it is evi-
dent that it must have been only on the supposition of the
money being risked on the life of a child just born, be-
cause great mortality takes place during the first year.
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For this reason we have examined what would be the re-
sult of such a supposition ; and we have found that, if the
sum of 100/. were sunk, on the above conditions, on the
life.of a child just born, it ought, according to the table of
M. Dupré de St. Manr, to procure it an annuity of 10/
155.; that this sum sunk in like fhanner, at 8 per cent., at
the end of the first year, by adding the first annuity, would
give at the end of the second year 11 11s.7d. These
114 11s.7d. sunk at 62 per cent., which is the interest
that might be allowed at the commencement of the third
year, would at the end of the third, or the commencement
of the fourth, amount to 12/. 5s. 1d. and, by a calculation
sigilar to that of M. de Parcieux, it will be found, that the
ammity would be increased to 100.. at about the age of 36;
- which is still very far distant from what is commoaly be-
lieved. . L
If legal.interest be supposed to be 10 per cent., as it
‘was in the 16th century, it will be found, that it would be
only about the 26th year that a person could receive an
annuity equal to the capital sunk at the time of his birth.
Those who are desirous of farther information on this
subject may consult Demoivre’s Essay upon Annuities on .
" Lives, and M. de Parcieux’s Essa? sur les Probabilités de la
~dire de.la Vie humaine, and Dr. Price on Reversionary
Payments... The other. authors who bave treated mathe~
matically on these matters are, Dr. Halley, Sir William
Petty, Major Graunt, King, Davenant, Simpson, Maseres;
‘and among the Dutch, the celebrated John de Wit, grand
pensionary of Holland, M. Kerseboom, Struyk, &c.
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MATHEMATICAL
AND

PHILOSOPHICAL"

RECREATIONS.

PART SECOND.

Contaiming a Series of Geometrical Problems and 2uestions,
' calculated for Exercise and dmusement.

PROBLEM I,

From the extremity of a given right line to raise a perpen=
dicular, without continuing the line, and even without
changing the opening of the compass, if necessary.

. I Ler as (fig. 1 plate 1), be the given straight line, and
A the extremity, from which it is required to raise a per-
pendicular, without prolonging it. :

From A towards B assume 5 equal parts at pleasure;
and extending the compasses from 4, so as to include 3 of
these parts, describe the arc of a circle; then from &, the
extremity of the fourth part, with an opening equal to the
5 parts, describe another ; these two arcs will necessarily
cut each other in a certain point ¢, from which if a straight
line, as ca, be drawn, it will be perpendicular to AB.

- For the square of ca, which is 9, added to the square of
VoL I Q-
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&b, which is 16, are together equal to 25 the square cb:
_the triangle cab is therefore right angled at a.

We might assume also, for the radius of the ark to be
described from the point a, a line equal to 5 parts ; for
the base Ab 12, and for the other radius &c 13 ; because 5,
12, and 13, form a right-angled triangle. Indeed all the
right-angled triangles in numbers, of which there are a great
variety, may be employed in the solution of this problem.

Il. On any part whatever of the given line aB (fig. 2
p]r 1), describe an isosceles triangle acs, that is, so that

“the sides Ac, cB, shall be equal ; and continue ag to b,
so that cp shall be equal to cs ; if a line be then drawn
from p to B, it will be perpendicular to as.. The demon-
stration of this is so easy, that it requires no illustration.

-\

PROBLEM II. .
To divide a given straight line into any number of equal parts,
at pleasure, without repeated trials.

Let it be proposed, for example, to divide the line AB
(fig. 3 pl. 1), into 5 equal parts. Make this given line the
base of an equilateral triangle AB¢; and from the point c,
in the side cn, continued if necessary, set off 5 equal parts,
which we shall suppose to terminate at v, and make ck
equal to cp; then make pr, for example, equal to one of
the five parts of c¢p ; and draw cr, which will intersect As
in ¢ : it is evident that Be will be the fifth part of as.

If Bf were equal to } of cp, by drawing ¢f we should
have g, as the point of intersection of cf and aB, which
would give Bg equal to # of aAB. And so-on,

PROBLEM III.
Without any other instrument than a few pegs and a rod, te

perform on the ground the greater part of the operations .

_ of geomelry.

It is well known that most geometrical operatlono may
be performed in the field, by means of the graphometer ;
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und it would even seem that this instrument is absolutely
necessary in practical geometry.

A geometrician however may happen to be unprovided
with such an instrument, and even destitute of the means
of procuring one. We shall suppose him in the woods of
America, with nothing but a knife to cut a few pegs, and
a long stick to serve him as a measure: he has several
geometrical operations to perform, and even inaccessible
heights to measure ; how must he proceed to accomphsh
- what is here proposed?

We shall suppose also, that the reader is acquamted
with the method of .tracing out a straight line on the
ground, between two given points ; and in what manner it

may be indefinitely continaed on either side, &c.  This

being premised, we shall now proceed to give a few of
those elementary problems of geometry, required to be
performed, without employing any other line than a
straight one, and even excluding the use of a cord, with
which the arc of a circle might be described.

- 1ste Tln'oug/z a given point to draw a straight line, paralu
lel to a given straight line. .

Let a3 (fig. 4 pl. 1) be the given straight line, and ¢ the
point through which it is required to draw a straight line
parallel to 8. From the point c draw the line cs, to any
point in A8, and divide cs into two equal parts in b ; in
this point » fix & peg, and from any pdint a in the given
straight line draw, through p, an indefinite line Apg, and
make px equal to Ap: if a straight line be then draWn
through the pomts c and E, it will be parallel to as.

2d. From a given point in a given straight line, to raise
a perpendicular.

" Divide the given line as {(fig. § pl. 1) into two equal
parts, ac and c» ; and from the point ¢ draw, any how at
pleasure, the line cd; make cp equal to ca ; draw pak,
and make AE equal to Ac, and A¥ equal to av; through

the points £ and r draw the line rEe ; and if ze be made

. Q2
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equal to k¥, we shall have the point G, which with the
point A will determine the position of the perpendicular
AG.

For the sides op and ac of the triangle cap, being re-
spectively equal to the sides A¥ and Ak of the triangle £a¥F,
these two triangles are equal; and, in the triangle pca,
the sides e¢p and ca being equal, the sides e and EF of
the other will be equal also: the angle EFA therefore will
be equal to EAF, and consequently to cap. But in the
triangle Foa, the side rc is equal to aB, for Fe by con.
struction is the double of e, and FE or AE isequal to ac,
which is the half of aB: the triangles rac and ApB then
are equal ; since the sides re, Fa are equal to the sides a B,
aD, and the included angles equal: the angle rac will
therefore be equal to ApB; but the latter is a right angle,
because the lines cB, cp, ca being equal, the point p isin
the circumference of a semicircle, described on the diame-
ter an; The angle rac then is a right angle, and ea is
perpendicular to AB.

" 8d. From a given point A, to draw a straight line perpen-
dicular to a given straight lme. -

Assume any point B (fig. 6 pl. 1) in the indefinite line
BC; and baving measured the distance BA, make Bc equal
to BA ; draw ca, which must be measured also, and then
form this proportion: as Bc is to the half of ac, so is ac
to a fourth proportional, which will be cg ; if cE be then
made equal to this fourth proportional, we shall have the
point E, from which if the line Ax be drawn through a, it
will be the perpendicular required.

4th. To measure a distance A, accessible only at one of
ils extremities, as the breadth of a river or ditch, &c.

* First fix a peg at-a (fig. 7 pl. 1); then another in any
point c, assumed at pleasure, and a third at p, in the
straight line between the points B and c; continue the
lines ca and pa indefinitely beyond A, and make the lines
Ag and ar respectively equal to Ac and ap; in the last
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place, fix a peg at G, in such a manner as to be in a
straight line with a and B, and also with r and E; the
distance ac will then be equal to a®. ‘

If it be found impossible to proceed far enough from
the line AB towards E or ¥, we may take in AE or aF only
the half or the third of ac and AD, for example ae, Af; if
a peg be then fixed in g, so as to full in the continvation
of both the lines Ba and ef;, we shall have ag equal to the
half or the third of an respectively.

Now let the distance aB (fig. 8 pl. 1) be inaccessible
throughout. The solution of this case may be easily de-
duced from that of the former : for having fixed a peg in
¢, and having continued by a series of pegs the lines Bc
and Ac, if the parts ce and cr be, by the above means,
made respectively equal to Bc and ca, or the half or the.
third of these lines, it may be readily seen that the line
which joins the points £ and r, will be equal to the line
required, or to the half or third of it ; and that in either
case it will be parallel to it, which resolves the problem,
to draw a line parallel to an inaccéssible line.

These examples are sufficient to show in what manner:
a person, who has only a slight knowledge of geometry,
may execute the greater part of geometrical operations,
without any other instruments than those which might be
procured in a wood by means of a knife. It must. indeed
be allowed that one can never be in such circumstances,
unless on some very extraordinary occasion; but, how-
ever, it may afford satisfaction to those who have a turn
for geometry, to know in what manner they might proceed,
if ever such a case should happen.

It is remarkable, that it is not perhaps possible to re-
solve in this manner, that is to say without employing the
arc of a circle, the very simple problem, and one of the
first in the elements of geometry, viz. to describe an-equi-
Iateral triangle. We have often attempted it, but without.

’
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success, while trying how far we could proceed in geome-
try by the means of straight lines ounly. :

PROBLEM 1V.

To describe a circle, or any determinate arc of a circle,
without knowing the centre, and without compasses.

To those who-are little acqupinted with geometry, this
will appear to be a sort of paradox ; but it may be easily
explained by that proposition, in which it is demonstrated,
that the angles whose summits touch the circumference,
and whose sides pass through the extremity of the chord,
are equal.

" Let a, €, B (fig. 9 pl. 1) be three points in the reqmred
circle or arc: having drawn the lines Ac and cB, make an
angle equal to Ach of any solid substance, and fix twe
pegs in A and B; if the sides of the determinate angle be
then made to slide between these pegs, the vertex or sum-

~mit will describe the circumference of the circle. So that

if the summit or vertex be furnished with a spike or pen-
cil, it will trace out, as it revolves between A and B, the
requlred arc. -

If another angle of the like kind were constructed form~
ing the supplement of AcB to two right angles, and if it
were made to revolve with its sides always touching the
points A and B, but with its summit in a direction oppo-
site to ¢, it would describe the other segment of the circle,
which with the arc Acs would make up the whole circle.

It may sometimes happen that it is necessary to de-
scribe, through two given points, the arc of a determinate
circle, the centre of which is at a great dxstance, or inace |
cessible on account of some particular causes. Should it
be required, for example, to describe on the ground a
circle, or the arc of a circle, with a radius equal to 2 or 3

* or 4 hundred yards; it may be readily seen that it would
be impracticable to do it by means of a cord : the mode of
operation therefore must be as follows. In a and s, (fig.

»
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10 pl. 1) the extremities of that line ‘which we here sup-
pose to be the chord of the required are, the amplitude or
subtending angle of which is known, fix two pegs, and
‘then find out, by means of a graphometer or plane table,
any point ¢, in such a position, that ac and s8¢ shall form
an angle, Acs, equal to the given angle, and in that point
fix a peg; then find out another point d, so situated that
Ad and Bd shall form an angle, Ads, equal to the former;
if the points f and e be found in like manner, it is evident
that the points ¢, d, e and f will be in the arc of a circle
capable of containing the given angle. If the points g, 4,
* 1, k, be then found, on the other side of aB, so situated,

that the angle age or aks, &c, shall be the supplement of .

the former, the points ¢, 4, ¢, f, g, 4, 7, £, will evidently be
all in a circle.

PROBLEM V.

Three points, not in the same straight line, being given, to
describe a circle which shall pass through them.

Let the three points be those marked 1, 2, 3, (fig. 12 pk
2): from one of them as a centre, that for example marked
‘2, and with any radius at pleasure, describe a circle; and
from' one of the other two points, 1 for example, assumed
as a centre, make with the same radius two intersections

in the circumference of the first circle, as-at A and »;

draw the line A8, and assuming the third point 3 asa cen«
tre, make with the same radius two more intersections in
the circumference of the first circle, as p and &: if pE be
then drawn, it will cut the former line A= in the point c,
which will be the centre of the circle required.” If a circle.
therefore be described from this point as a centre, through
one of the given points, its circamference will pass through
the other twe.

* It may be readily seen that this construction is the same,
in principle, as the common one, taught by Euclid and all
other elementary writers ; for it is evident that the lines
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1a, 24, 1B, 2B are equal to each other; consequently
the line aB is perpendicular to that which would join the
points 1 and 2, or to the chord 1 2 of the required circle;
hence it follows, that the centre of the circle is in the line
AB: for the same reason this centre is in the line pg, and
therefore it is in the point where they intersect each other.

If the three given points were in a straight line, the
lines a3 and pE would become parallel, aud consequently
there would be no intersection. -

PROBLEM VI.

An engineer, employed in a survey, observed from a certain
point the three angles formed by three objects, the positions
of which ke had before determined: it s required to de-
termine the position of that point, witheut any farther
operation,

This problem, reduced to an enunciation purely geome-
trical, might be proposed in the following manuer: a tri-
angle, the sides and angles of which are known, being
given, to determine a point from which, if three lines be
drawn to the three angles, they shall form with each other
given angles.

In this problem there are a great number of cases; for
either the three angles, under which the distances of the
* three given points are perceived, occupy the whole extent
of the horizon, that is to say are equal to four right angles,
or occupy only the half, or less than the half, In the first
case, it is evident that the required point is situated within
the given triangle; in the second it is situated in one of
the sides, and in the third it is.without, But for the sake
of brevity we shall here confine ourselves to the first case.
_ Let it be required then to' determine, between the.

points A, B, c (fig. 11 pl. 2), the distances of which are
given, a point D so situated, that the angle aps shall be
equal to 160 degrees, ¢ps to 130° and cpa to 70°. On
the side AB describe an arc of a circle capable of contain»
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ing an angle of 160°; and on the side Bc another capable
of containing an angle of 130°; the point where they i in-
tersect each other will be the pomt required.

For it is evident that this point is in the circumference
of the arc described on the side aB, and capable of con-
taining an angle of 160°; because from all the points of
that arc, and of no other, the distance A B is seen under an
angle of 160°. In like manner the point p must be found
in the arc described on the side Bc, and capable of contain-
ing an angle of 130°; consequently it must be in the place
where they intersect each other, and no where else.

REMARK.

On this construction, a trigonometrical solution may be
founded, to determine in numbers the distance between b
and the points A, B, and c¢; but we shall leave this to the
ingenuity of the reader.

PROBLEM VII,

If two lines meet in an inaccessible point, or a point which
cannot be observed, it is proposed to draw, from a given
point, a line tending to the inaccesssble point.

. Let the unknown and inaccessible point be o (fig. 13 pl. -
2), the lines tending to it Ao and Bo; and let E be the
point from which it is requu'ed to draw a straight- line
tending towards o.

Through the pomt E draw any straight lme EC, inter-
secting Ao and Bo in the points p and c¢; and through
any point ¥, assumed at pleasure, draw Fc parallel to it ;
then make this proportion, as cp is to DE, so is ¥ to GH;;
if the indefinite line ne be then drawn, through the points
E and H, it will be the line required.

Or if the given point be e, make this proportion, as cp
is to ce, so is FG to FA; the line ek will be that required.

The demonstration of this problem will be easy to thase
who know, that, in any triangle, if lines be drawn parallel

.
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to the base, all those drawn from the vertex of the tri-
angle will divide them proportionally.

PROBLEM VIII.

The same mﬁposih’on being made ; to cut off two equal por-
tions from the lines o and ao (fig. 14 pl. 2).

From the point 4, draw ac perpendicular to Bo, and
Ap perpendicular to Ao ; if the angle caw be then divided
into two equal parts by the line Ag, meeting Bo in , this
line will cut off from Bo and Ao the two equal parts, A0
and Eo. -

This may be easily demonstrated, by showing that, in
consequence of this construction, the angle oAe becomes
equal to oea. But the angle 0AE is equal to the angle
oac plus cAE; and the angle o4 is equal to opa or oac
plus EAD, or Eac, which is equal to it; the angle oae
then is equal to oEA, and the triangle oAE is isosceles,
therefore, &c.

PROBLEM IX.

The same supposition still made ; to divide the angle Aox
indo two equal parts, (fig. 14 pl. 2).

Construct the same figure as in the preceding problem ;
then between the two given lines draw any line rg, paral-
lel to the line AE; and divide the lines A and pc into
two equal parts in 1 and 1: the line r1 will divide the
angle A0k into two equal parts. The demonstration of
this is so easy, that it requires no illustration.

These problems, as may be readily seen, contain opera-
tions of practical geometry of great utility in certain cases;
such, for example, as when it is necessary to cut roads
through a forest, or when it is required to make them
tend to, or end at, a common centre. .

PROBLEM X.

Two sides of a triangle, and the included angle, being given ;
to find its area.
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Multiply oue of the sides by half the other, and the pro--
duct by the sine of the included angle: this new product
will be the area.

It may be easily demonstrated, that the area of every
triangle is equal to half the rectangle of any two of its
sides, multiplied by the sine of the included angle.

Let aBe (fig. 15 pl. 2), be a triangle, having an acute

angleat a ; produce ac towards d, and from A as a centre,
with the distance aB, describe the semicircle Brb; then
from the point a draw ra perpendicular to ac; and from
the point B draw BD also perpendicular to ac.
- It is here evident that the two triangles Fac and Bac
are respectively to each other as AF is to BD; thatis to
say, as radius is to the sine of the angle Bac, or as unity
is to the number which expresses that sine; the triangle
FAc then being equal to half the rectangle of ra by ac,
the other will be equal to that half rectangle multiplied by
the sine of the angle Bac.

This property enables us to avoid that tedious process,
necessary to be employed in order to find the measure of
the perpendicular let fall from the extremity of one of the
known sides on the other, that the latter side may be then
multiplied by the half of this perpendicular.

Thus, for example, let the two sides AB and ac be re-
spectively equal to 24 and 63 yards; and let the included
angle be 45°. The product of 63 by 12 is 756, and the °
sine of 45° is 0°70710; if 756 therefore be multiplied by
- 0°70710, according to the method of decimal fractions, the

product will be 53455, :

PROBLEM XI. . :
To find the superficial content of any trapezium or quadrila-
teral figure, without knowing its sides.

The solution_of this problem is a conséquence of the
preceding. Let the given trapezium be aBcp (fig. 16 pl.
2); measure the diagonals ac and »p, as well as the angle .
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which they make at the point where they intersect each
other in £ ; if these diagonals be then multiplied together,
and half their product by the sine of the above angle, the
last product will be the area. This method is far shorter
than if we should reduce the trapezium to triangles, in
order to find the area of each of them.

COROLLARIES.

A very curious theorem, which no author has before re-
marked, may be deduced from this problem, It is as fol-
lows: If two quadrilateral figures have their diagonals
equal, and intersecting each other at the same angle, -
whatever may be their difference in other respects, these
quadrilateral figures will be equal as to their area.

1st. Thus, the quadrilateral aABcp (fig. 16), is equal to
the parallelogram abcd (fig. 17 n°. 1), which has its dia-
gonals equal to those of ABcp, and inclined towards each
other at the same angle.

2d. The same quadrilateral aBcp, is equal to the tri-
angle Bac (fig. 17 n°. 2), formed by the two lines Ac and
AB, equal to the diagonals ac, Bp, and inclined at the

_same angle.

3d. The same quadnlateral will be equal also to the
triangle aBc (fig. 17 n®. 3), if the lines Ac and pB of that
triangle are equal to the diagonals of the quadnlateral

“and equally inclined.

4th. In the last place, this same quadrilateral ABcp (fig.
16), will be equal to the quadrilateral abed (fig. 17 n°. 4),
the diagonals of which ‘do not intersect each other, if ac
and db are equal to Ac and pB, and if the angle bec is
equal to the angle BEC.

\

PROBLEM XII.

Two circles, not entirely comprehended one within the other,
being grven ; to find a point from which, if a tangent be
drawn to the one, it shall be a tangent also to the other.
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Through the centres o and = (fig. 18, n°. 1, pl. 3), of
the two circles, draw the indefinite straight line a81: then
from the centre A draw any radiug Ac, and through the
éentre B draw the radius Bp parallel to it. 1If the points

¢ and p be joined by the line cp, it will meet aB in 1,
which will be the point required ; that is to say, if 1e be
drawn from the point 1 a tangent to one of the circles, it
will be a tangent also to the other.

When the circles do not cut each other, the point 1 (fig.
18, n° 2) may happen to fall between them. To find it,
in that case, nothipg is necessary but to draw the radius
BD paralle} to Ac, and in a direction opposite to that of
fig. 18 0% 1. aB and cp will then intersect each other in
the point 1, which will have the same property as the
former,

REMARK.

We cannot here help observmg, that if any secant what-
ever, as 1ou or 1dh (fig. 18 n°. 1), be drawn from the
point 1, through the two circles, the rectangle of 1p and
1H, or of 1d and 14, will be always the same, that is, equal
to the rectangle of the two tangents 1k and 1r. In like
manner, the rectangle of 1c and 16, or of 1c and 1g, will
be equal to the rectangle of the same tangents. This
is a very remarkable extension of the well known property
of the circle, by which the rectangle of the two segments.
1p and 16 is equal to the square of the tangent 1E.

PROBLEM XIII.

A gentleman, at his death, left two children, to whom he be-
queathed a triangular field, to be divided equally. between

- them ; in the field is a well, which serves for watering it ;
‘and as 1t is necessary, that the line of division should pass
through this well, in what manner must it be drawn, so as
to intersect the well, and divide the field, at the same time,
into two equal parts?
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Let the given triangle be azc (fig. 19 pl. 8), and the
given point be E. From the point  draw the lines p
and Er, parallel to the base and the side Bc respectively,
and meeting them in » and & ; let the base ac be divided
into two equal parts in M ; and having drawn the line pm
from the point p, draw BN parallel to it, and divide cn
into two equal parts, in 1; on 1r describe the semicircle
IKR, in which apply Rk == rc; and, having drawn ix, if
1¥ be made equal to it, the points ¥ and & will determine
- the line rEa.

REMARK.

It is evident that ¢1 must be at least double of crj
otherwise cr could not be applied in the semicircle de-
scribed on 1r, which would render the problem impossible.

In numbers. Let aB = 48 fathoms, 8c = 42, ac = 30,
cp = 18, and DE or CR = 6; consequently cm will be
=15. Butcp:cM::cB:cN, that is to say 18: 15 ::
42:85; henceit follows that cx = 35, and c1 = 17} ; and
as cx is equal to 6, we shall have 1r = 11}. But the
triangle 1kR being right-angled, ik = ,/1r? — RK? =
V132§ — 86 = ¥/ 96}, or 9,82 fathoms, which gives cr
= 2754, fathoms,

* The demonstration of this construction is too prolix to
be given in this work; and there are even a variety of
cases, which it would be tedious to explain. We shall
therefore confine aurselves to one of the simplest ; that isy
- where the point E is in one of the sides (fig. 20 pl. 3).

The construction in this case is exceedingly easy ; for
haviug divided ac into two equal parts in M, and drawn
eM, and BN parallel to it: if the point N falls within, the
triangle, by drawing the line &N, the problem will be
solved ; but if the point N falls without the triangle, it
will be necessary to draw the line A ; then no parallel
to it, through the point N, and ox through the point o :
the last line, ok, will solve the problem. .
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For because Eu is parallel to BN, the triangle Mz =
MNE; and if the triangle cME be added to each, we shall
have the tviangles ceM and ceN equal to each other. But
the triangle ceMm is the half of the triangle aABc, because
AM = Mc; consequently ceN is the half of Asc also. In
like manner, because EA is parallel to No, the triangles
ANE and Aok are equal ; and therefore if the triangle AcE,
which is common to both, be taken away, the triangle
ANa will be equal to cox ; hence it follows, that if we
add to the space cack the triangle coE, we shall bave the
space CAOE = the triangle ckN, which we have already
shown to be equal to the half of asc.

But if the gentleman had left the field to be divided
equa]ly among three children, by lines proceeding from
the given point & (fig. 2} pl. 3); if we suppose one line of
“division £B already drawn, it would be necessary to pro-
ceed as follows:

Divide the base ac into three equal parts; and let' the
points of division be » and ¢; draw the line £p, aud BF
parallel to it ; then draw the line F from the point &, and
if the point ¥ does not fall without the triangle, the trape-
zium BEPAB will be one of the thirds required.

But if the point  falls without the triangle, we must
proceed as above directed ; that is to say, the line £a must
be drawn to the angle A, and ro parallel to it from the
point r, as far as the side as, which it meets, we shall
suppose, in o; the line Eo will give the triangle BoE,
equal to the third of the tfiangle proposed. BEICB, the
other third, may be found in like manner ; consequently
the remainder of the figure will be a thlrd also. The
three lines therefore, xo, E1, and g8, which proceed from
the point &, will divide the proposed mangle into three
equal parts.

By the same method a tnangle might be divided into 4,
or 5, or 6, &c, equal parts, by lines all proceeding from a

.
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given point; and this point may be assumed even without
the triangle. -

PROBLEM X1V,

Two points and a straight line, not passing through them,
being given: to describe a circle which shall touch the
straight line; and pass through the two given points.

Let the given line be aB (fig. 22 pl. 8), and the given
points ¢ and p. Join these two points, and on the middle
of the line cp raise the perpendicular ¥, meeting the
given stralgbt line in ¥ ; and on the same line let fall the
perpendicular En; draw ¥c, and from the point x, with
the radius' En, descnbe a circle intersecting Fe, continued,
in 1; draw 1E, and through the point ¢ draw cxk parallel
to it : the point x will be the centre, and kc the radius of
the circle required.

For if the perpendicular kL be let fall from the point K,
on the line B, it will be equal to xc, which is equal to
xp. But FE is to Fk, as EH is to KL, and as EI to KCj
therefore EH is to KL as EI to kC ; and consequently, as Ex.
is equal to En, kL will be equal to kc; therefore, &c.

It may be readily seen, that if the given line passed
through one of the given points, the centre of the re-
quired circle would be in the point x (fig. 23 pl. 3), where
¢k, drawn perpendicular to AB, intersects K, which is
perpendlcular to'cp, and divides it into two equal parts
in k.

In the first case, the problem might be resolved in a
different manner, viz, by continuing the line ¢p (fig. 22),
till it meets AB in M ; then taking a mean proportional be-
tween Mc and MD, and making ML equal to it ; if a circle
were then described through the points ¢, », L, it would
be the one required. But this solution would be attended
with difficulty, if the point M were at a great distance,
Whereas in the former case this is a matter of‘mdnﬂ”erence. '
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PROBLEM XV.

Two lines AB and cp (ﬁg 24 pl. 3), with a point between
them, being given ; to describe a circle which s/zall pass
through this point, and touch the two lines.

If the two lines mieet, as at ¥, draw the line rn dividing
the angle BFD into two equal parts ; or, if they are paral-
lel, draw one, such as ru (fig. 25), equally distant from
" . .both ; then from the point E draw EcI, perpendicular to

FH, and make 61 equal to 6E; the points 1 and E will be
50 situated, that if a circle, touching one of the given line#,
be described through them, it will touch the other given
line also; which reduces this problem to the preceding
one.

THFOREM 1.

Various demonstrations :f the forty-seventh proposztzon of
the first book of Euclid, by the mere transposition qf
parts.

The beauty of this elementary proposition, and the dif-
ficulty beginners often find to comwprehend the demonstra-
tion, have induced some geometricians to invent others of
a simpler natore. Some of these are very ingenious, and
worthy of notice, because it can be seen on the first view,
that the square of the hypothenuse is composed of the
same parts as the squares of the two sides: with this dif-
ference only, that they are dlﬂ'erently_arranged Some of
‘these demonstrations are as follow :

1st. Describe the right-angled triangle aBc (ﬁg. 26 pl.
4), and on the two sides of it, Ac and Bc, construct the
two squares cc and cp. On the base-AB raise the two
perpendiculars a1 and BH, the former meeting Gr conti-
pued, in 1; and the latter meeting Epin 1 ; and then draw
1. It may, in the first place, be easily demonstmted that
‘A1 and BH are equal to AB; so that a1uB is the square of
‘the base aB ; for it may be readily seen that the triangle

VOL. 1. , R
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BHD is equal and similar to the triangle BAc, as well as
the triangle 164 ; so that Bu and A1 are each equal to as.

It may be shown, with equal ease, that the small trie
angle ke is equal to 170 ; and lastly that the triangle
IXL is equal to aoc.

But the constituent parts of the two squares are, the
quadrilateral gpuK, the triangle BpH, the triangle KHE,
the quadrilateral caor, and the triangle aco, which we
shall show to be the same that compase the square aBui;
for the quadrilateral cBux is common, and the triangle
®HD is equal to Bca, and may be substituted for it, and
transposed into its place, In like manner, we may con-
ceive the triangle Aco transposed into 1kL; there will

~ then remain, in the square of the hypothenuse, the vacuity
1LA, and we shall bhave, to fill it up, the quadrilateral
YOAG, with the triangle xen: let the triangle xen be
transposed into oF1, which is equal to it, and it will com-
plete the triangle 1ac, which is egual and similar to 1aL;
hence it follows that the square of the hypothenuse is com-
posed of the same parts as the squares of the other two
sid>s. ‘

We may therefore cut these parts from a piece of card,
and first compose the two squares of the two sides, and
then that of the hypothenuse, which will form a sort of
amusement in combination. _

2d. The second method, which is nearly the same as the
preceding, will appear perhaps a little more evident. Let
cn and cF (fig. 27) be the squares of the two sides, which
contain the right angle of the triangle acB: having con-
tinued ¥aA until Ay is equal c, on the side ¥Fu construct
the square FuDG : and on aB, the hypothenuse, the square
AE. It may be easily proved that the angles & and N will
be in the sides of the former, and that A, 8, Ec, N¥ will
be all equal, as well as ra, BH, DE, GN.

But it may be readily seen that, by drawing the line N1
parallel to ru, the two squares co and ¢r will be com-

~
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posed of the parts 1, ¢, 3, 4, 5 ; and the square AE is com-
posed of the parts 1, 5, 6,7, 8. But the parts 1 and 5
are'common, and the parts 6 and 2 are cvidently equal : it
remaihs then that the parts 4 and 3 should be equal to the
parts 7 and 8. But this is also evident; for the part 3 is
equal to 9, and the part 8 to 5, consequently the parts 4
and 8, or 4 and 9, are equal to the parts 7 and 8, or 7 and
5, since the rectangle r1 is divided into two equal parts by
the diagonal. The squares of the sides thén are composed
of the same parts as the square of the hypothenuse, and
consequently they are equal. ’

3d. Retaining the same construction, it is evident that
- the square pp is equal to the squares of the two sides ac
and cB of the right-angled triangle acs, plus the two
equal rectangles cc and cx. But the square AE, of the
hypothenuse, is equal to the same square less the four
equal triangles ABu, BED, EGN, NFA, which taken together
are equal to the two rectangles above mentioned, since
each of the triangles is the half of one of the rectangles.
The quantity by which the square ¥p exceeds the squares
of the sides of the right-angled triangle acB, is the same
as that by which it exceeds the square of the hypothenuse :
" these squares and that of the hypothenuse are therefore
equal; for quantities which are less than a third by an
equal quantity, are themselves equal.

We shall now give a few propositions which are only
generalizations of the forty-seventh of the first book of
Euclid, and from which that celebrated proposition is de-
duced as a simple corollary.

THEOREM II.

If a square be described on each of the sides of any triangle
ABc (fig. 28 and 29, pl. 4), and if a perpendicular 8p be
let fall from one of the angles, as B, on the opposite” side
Ac ; if the lines BE and B¥ be drawn in such a manner
that the angles AxB and c¥B shall be equal to the angle

. R 2
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and lastly if E1 and vy be drawn parallel to cc, the side
of the square, the square of aBwill be equal v the rectangle
A1, and the square of Bc to the rectangle cL 3 consequently
the sum of the squares on AB and Bc will be equal to the
square of the buse less the rectangle Ev, if the angle B be
obtuse, and plus the same rectangle if the angle B be
-acute®, \

The demonstration of this theorem is as follows: the
triangle AEB is similar to the triangle ABC, because the
angle A is common, and the angle AEB equal to the angle
ABC; consequently Ac: AB :: AB : AE, whence it follows
that the rectang'e of Ac x AE, or of AE X AH, which is
the same since AH = Ac, is equal to the square of AB.

In like manner it may be proved that the square of Bc
is equal to the rectangle cr. ;

But it may be readily seen, that if the angle B be obtuse,
the line BE will fall between the points A and b, and the
line Br between c and p; the contrary of which is the
case if the angle B be acute; and that these two lines are
confounded with, or coincide with, the perpendicular Bp,
when the angle B is a right one.

In the first case then it is evident, that the sum of the
squares of the sides, is less than the square of the base by
the rectangle EL. .
~ Aud in the second case, that they exceed it by the rect-
angle EL.

Lastly, that if the triangle be right-angled at 5 ; as the
rectangle EL vanishes, the sum of the squares of the sides
is equul to the square of the base; which is a very inge-
nious generalization of the celebrated theorem of Pytha-
goras. :

« For this ingenious theorem, from which is deduced the famous problem of
the right-ancled triangle, we are indebted to Clairault, junior, who published
it at the age of six*'een, in a small work printed in 1731. This young man
would certainly have trodden in the steps of his brother, had he not been cut
off by a premature death,



GEOMETRICAL PROBLEMS. 245

THEOREM III.

Let aBc (fig. 30 pl. 4), be a triangle, and let any parallelo-
gram cE be described on the side ac, and any parallelo-
gram BF on the side Ap ; eontinue the sides pE and Kr
till they meet in the point u, from which draw the straight
line WAL, and make LM equal fo na ; if the parallelogram
co be then completed on the base Bc, by drawing Bo or

N parallel to um, this parallelogram will be equal to the
{wo CE and BF.

Continue o8 and Nc till they meet the sides of the pa-
rallelograms Br and ck, in p and &, and draw PR.

Then since cr and Ha are parallel, and comprehended
between the same parallels, viz. ca and pH, they are
equal ; consequently cr is equal to Lm. In like manner
it may be demonstrated that Bp is equal to Lm.” cr and
BP therefore are equal, and the figure BPRc is a parallelo-
gram equal to BN. '

Now it is evident that the parallelogram =1, on the base
RC, is equal to the parallclogram rcan, because it is on
- the same base and between the same parallels; and for the
same reason the parallelogram AcDE = ACRH; conses
quently the parallelogram AcpE = rcLe.

It may be demonstrated in like manner that the paral-
lelogram BkFA = BrGL; consequently the two parallelo-

grams CE, BF are together equa.l to BPRG Or to BCNO,
which is equal to it. :

COROLLARY.

The reader, if in the least acquamted with geometry,
may readiiy see, that this very ingenious propomlon is
“only a generalization of the celebrated proposition, by
which it is proved, that in every right-angled triangle, the
squares of the two sides, containing the right angle, are
equal to that of the hypothenuse, For if we suppose that
the triangle BAc is right-angled at a4, and that the twe
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parallelograms cE and Br are the two squares, it may be
easily conceived that the third parallelogram BN will be
also a square, viz. that of the hypothenuse; in conse-
quence of the preceding demonstration then, these twa
first squares will be equal to the third. This theorem is
extracted from Pappus. Alexandrinus,

THEOREM 1V,

In every parallelogram, the sum of the squares of the four
sides, 1s equal to the sum of the squares of the two diago~
nals,

Let aBcbp (fig. 31 pl. 4), be an oblique parallelogram, .
the diagonals of which are aAp and Bc. From one of the
angles A let fall, on the diagonal cB, the perpendicular
aF ; and by Euclid, book 11, prop, 12, the square of AB
will be equal to the square of AE, plus the square of Bx
plus twice the rectangle of re and 8 : the square of Ac
also will be equal to the sum of the squares of Ax and Ec,
minus twice the rectangle of FE and c, which is equal to
that of ¥z and EB, because EB is equal to Ec : the sum of
the squares of AB and Ac then is equal to twice the square
of Ax, plus the square of rs, plus the square of Ec, or
twice the square of AE plus twice that of BE.

But the squares of Bb and pc are equal to the squares
of AB and ac, because the lines c¢p and BD are respect-
ively equal to oB and ac; the four squares of the four
* sides, therefore, are equal to four times the square of BE
plus four times that of AE. But four times the square of
BE, is equal to the square of Bc, and four times the square
of AE is equal to the square of Ap: therefore, &ec.

'We shall terminate this series of theorems with the fol-
lowing one, respectmg any kmd of quadrilateral figures
whatever. ,

THEOREM V.

In every quadrilateral figure whatever, the sum of the
squares of the four sides, ts equal to the sum of the squares
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of the two diagonals, plus four times the square of the line
which joins the middle of these diagonals.

Let ancp (fig. 32, pl. 4) be a quadrilateral ﬁgure, the
two diagonals of which are Ac and Bp ; and let us suppose
them divided each into two equal parts in & and ¥, and
that the straight line ev has been drawn. It may be de-
monstrated, that the squares of the four sides, taken to-
gether, are equal to the squares of the two diagonals, plus
four times the square of Er. ,

We shall confine ourselves here to the enuntiation of
this elegant and very curious problem, for which, it is
said, we are indebted to the celebrated Euler. The de-
monstration of it, which is too prolix to be admitted into
this work, may be found in the New Memoirs of the Aca~
demy of Petersburg, vol. 1.

We shall only observe that, when the quadrilateral
ABCD becomes a parallelogram, the two diagcnals then
equally intersect each other, which makes the points & and
» to coincide, and by these means the line eF vanishes,
The preceding theorem, therefore, is only a particular case
of the preseut one.

PROBLEM %Vi.

The three sides of a rectilineal triangle being gzveu to de-

termine its superficial content, without measuring the per-

- pendicular let fall frem one of the angles un the appesite
side.

From half the sum of the three sides subtract each of
the three sides separately ; multiply the three remainders
together, and the product by the half sum of the sides; if
the square root of the last product be then extracted, it
will be the area required.

Let the three sides, for example, be 50, 120, and 150 -
yards; the half sum of which is 160 ; the first difference is
110, the second 40, and the third 10: the product of these
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four nurpbers is 7040000, the square root of whlch 13 2653
and % nearly, which is the area.

. It might easily be shown, that the usual method, that is
f(i sdy, by'ﬁhdihg the '])erpgn(liéular let fail from one of
the augles on the opnoslte slde, would require a much

mme tedious Lalcm ation.
A

"REMARK.

" By this method we have a very easy rule for finding the

radius of the circle inscribed in a triangle, the three sides
of which are given: nothing is necessary but to multiply
together the difference bet\\ een each side and the half
sum; to divide the product by this half sum, and to ex-
{ra,ct the square root of the quotxent the result will be the
radius required.

Thus, in the above example, the product of the differ-
ences is 44000 ; which divided by 160, gives 275; the
square root of thls quouent 1658, 1s the radius of the
circle inscribed in the given mausle. ' "

PROBLEM XVII. .

In surveying the side of a hill, ought its real surface to ba
measured, or onl_y the space occupied by its horizontal pro-
Jectwn’ . .

- It may be easnly proved that, in this case, the horlzontal
pro_)ectlon or base only ought to be measured ; for the ob-
Jject of surveying is nothing else than to determine the quan-
tity of any kind of production that land is capable of pro-
ducmg, or the number of the buildings that can be erected
pn’it. But it is evident that as trees and plants always
rise in a direction perpendicular to the horizon, an in-
clined plane can contain no more than the horizontal one
which corresponds to it as its base. In like manner, no
more buildings can be raised on inclined ground, than on
its horizontal projegtion ;. because - the walls of an edifice
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must always be vertical : a little more care only is required
in building on such ground than on horizontal.

Anotler reason is, that inclined ground, compa.red with
the horizountal ground in the neighbourhood, contains less
vegetable earth or mould, as part of it is always carried
away by the rains, and depomed on the lower grounds;
consequently it is not capable of supplying nourishment
to such a quantity of productions as the other.

It is therefore evident that the horizontal surface only,
and not the real or inclined surface, ought to be measured,
unless these considerations are thought to be of little value

e oan ~—v\..._...~._,.,..._.//

in adjusting the price. -~

REMARK.

It 15 in topographical descriptions of mountainous coun-
‘tries chiefly, that care should be taken to reduce the whole
to a horizontal plane ; forif we suppose that a country has
been surveyed, and that, in measuring the sides of pretty
stcep mountains, the redl and not the horizontal distances
of places have been taken, it will be inipossible, in con-
structing a map, to make the mcasures agree. This in-
deed would be the same thing as if one should attempt to
transfer to the plane or buse of a pyramid, the triangles
which form its inclined sides ; for if one of the triangles
were laid down on it, all the rest would be falsely repre-
sented.

PROBLEM XVIII,

To form one ééuare of five equal squares.

Divide one side of each of four of the squares, as a, =,

¢, p, (fig. 123 n°. 1 and ¢, pl. 15), into two equal parts,
and from one of the angles adjacent to the opposite side
draw astraight line to the point of division ; then cut these

four squares in the direction of that line, by which means.

each of them will be divided into a trapezium and a tri-
angle, as seen fig..123, n’. 1.
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Lastly, arrange these four trapeziums and these four
triangles around the whole square e, as seen fig. 128 n°.
2; and you will have a square evidently equal to the five
squares given.

REMARK.

By means of the solution to the following problem, one
square may be formed of any number of squares at plea.
sure ; for any number of squares may be transformed into
an oblong, and ‘we shall show, in the next problem, how
an oblong may be resolved into several parts, susceptible
of being arranged in such a manner as to form a square.

PROBLEM XIX,

A4ny rectangle whatever being given; to convert it, by a
simple transposition of parts, into a square.

Let the given rectangle be aABcp (fig. 124 pl. 15). To
cut it into several parts susceptible of being arranged ina
square, first find the geometric mean proportional between
the sides BA and Ap; make AE equal to that mean pro-
portional, and draw €F perpendicular to AE. E¥ will cut
AD in the point », which will either fall beyond b, in re-
gard to the point A, or on the point b itself, or between »
and A: this forms three cases, the last of which subdivides
itself into two, but if one of them be well understood,
there will be no difficalty in the rest.

Case 1st. In the first place then, let the point ¢ be be-
yond b, as seen fig. 124, n°, 1. As the line EF will inter-
sect cp in the point L, make A6 equal to pL, and draw
cH perpendicular to AE, by which means en will cut off
from the triangle ABx, the small triangle acn.

Then cut the given rectangle Ac into four parts accord-
ing to the lines AE, EL, and 6H, and the result will be the
trapezium AELD, the triangle Ecy, the trapezium cBEH,
and the small triangle acn, which we shall respectively
denote by the letters @, b, ¢, d; lastly, arrange these four
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parts, as seen fig. 124 n°. 2, and you will have a perfect .

square.

The demonstration may be easily found, by considering,
in fig. 124 1°. 1, the square constructed on AE, viz. AEKI;
but it is first necessary to show, that if a1 be drawn paral-
Jel to E¥, and k1, through the point b, parallel to Ak, the
rectangle AgkI, thence resulting, will be a square. Now
this is easy ; for if 1x be continued tillit meet Bc produced
in p, we shall evidently have the rectangle aEk1 equal to
the parallelogram axrp, which is equal to the rectangle
ABCD, or that of AB and Ap; hence it follows that AE
into A1 is equal to AB x Ap. But the square of Ak is
equal to A8 into AD, consequently AE into Ar is the same
thing as the square of AE~

This being demonstrated, draw rc parallel to ap, and

LM parall2l to AR ; then, from the points M and ¢, to ap
and A, draw the perpendiculars MN and 6H. It is here
evident that the triangle AMN is equal and similar to zLc:
in like manner the triangle AcH is equal and similar to

DLK ; and the trapezium BEHG is equal and similar to

NDIM, for BE is equal and parallel to N, BG to MN, b1
to £H, and M1 to gH. The four parts ABLD, ECL, BEHG,
AGH, which compose the rectangle ac, are therefore equal
to the four AELD, AMN, NDIM, and DLK, which compose
the square AEKi, or, its equal, that of the same figure, n°.
2, &c. ,

Case 2d. If the point r falls on the point b, the solution
of the problem will be exceedingly easy; for in that case
the triangle d vanishes, since D1 vanishes ; the square equal
to the rectangle, therefore, will be composed of the right-
angled isosceles triangle AEp (fig. 124 n° 8), and the
other two right-angled and isosceles triangles ABe and
CDE, equal to each other, and to the half of the former;
consequently these parts may be arranged in a square
without any difficulty. This case indeed can never exist
but when the side aB is exactly the half of Ap : the rect-

\



252 GEOMETRICAL PROBLEMS.

angle Ac is then composed of two equal squares. But the
manner in which two equal squares may be formed inta
one is well known.

Case 3d. Let us now sunpose that the paint ¥ falls be-
tween A and p (fig. 125), but in such a manner thut Fp is
less than 8. 1n this case.make £ equal to Fp, and draw
eH perpendicular to AE; by which means the rectangle
ac will be divided into four parts, viz, the triangle AEFy
the trapezium cDFE, the trapezium ABGH, and the triangle
EGH ; which we shall distiiguish by the letters, a, b, ¢, d.
If these four purts be arranged as seen fig. 125 n°. 2, we
shall have a perfect square, as may be easily demonstrated.

If Fp be exactly equal to B&, it is evident, that instead
of the trapezium ABGH, we shouid have a triangle ABA; so
that the square to be formed wouid consist of three tri-
angles, and a trapezium EcDr, as scen fig. 125 n°. 2.

If ¥p exceeds EB, and is exactly equal to AF, draw pM
parallel to EF, and if the rectangle be cut according to the
lines AE, EF, and mMD, there will be formed three triangles
and a parallelogram o, which if arrangcd as secn fig, 123
n°, 3, will compose the square AIxE.

Lastly, we may suppose the height Ap (fig. 126 pl. 16),
of the given rectangle to be such, that having the general
construction described in the first part of this problem,
the line ¥p exceeds the line AF, or is any multiple of it,
with or without a remainder. In that case, to resolve the
problem, set off the line A¥ as many times as possible on
Fp. For the sake of simplification, we shall here suppose
that the former is contained in the latter only once with
the remainder Lp. Draw LM parallel to £F, and by these
means we shall have the parallelogram LvEF, which may

_ be placed in FAND; then make EG equal to i, and draw

cH perpendicular to A& ; cut the rectangle ABcp accord-
ing to the lines AE, EF, ML'and GH, into five parts, viz,
the triangle AEF, the parallelogram FLME, the trapeziums
LDCM, AHGB, and the triangle 6RE ; which we shall dis®
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“tinguish by the letters a, b, ¢, d, e; these five parts can be
arranged into a perfect square, as A1kE, which is com-
posed of the triangle a, the purallelogram &, the trape-
ziums ¢ aud d, and the small triangle e.

If A¥ were contained twice in ¥, six parts would be re- |
quisite; two of them parallelograms, as b. .

By a sort of retrograde prourcss, the following problem
may be resolved.

PROBIEM XX.

To cut a given square into 4, or 5,0r 6, X¢. dissimilar parts,
which can be arranged so as to form a rectungle.

Let it be required, for example, to divide the square
AEKI (fig. 125, 1° 1, pl. 15), into four parts, susceptible
of such an arrangement. On the side Ex assume gp
greater than the halt of it, and draw AF; muke a0 equal
to EF, and draw ou parallel to AF ; lastly, from the point
M, where oM meets 1k, draw MN perpendicular to aF; the
four parts required will be the triangles AEF, oM1, and tue
two trapeziums AOMN, MNFK, which may be arranged in
such a manner, as to form the rectangle Ascp. To those
who have comprehended the solution of the preceding
problem this will appear evident.

If five parts be required, assuine EF (fig. 126 pl. 16) of
such a length, that it may be contained in EK twice, with
a remainder ; let these parts of the line ek be E¥ and ro,
and let the remainder be ok ; draw Ar, and, making AN
and np each equul to EF, draw No and pg parailel to aF,
the latter of which will meet the side k1 in ¢ ; from this
point draw QR perpendicular to No ; and we shall have
two triangles, a parallelogram, and two trapeziums, which
are evidently susceptible of being formed into an oblong
such as ABcD ; since they are the sume parts into which
that oblong might be divided, in order to form, by their
transposition, the square Agk1: theretore, &ec.

i

s
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PROBLEM XXI.

" 4 transposition, from which it seems to result that a part
' “may be equal to the whole.

-

Construct a right-angled parallelogram, baving its long
sides equal to eleven parts, and the short ones to three,
and divide it into equal squares, by parallel lines drawn
from each of the points of division, as seen fig. 127 n°. 1.
By these means we shall have 33 equal and similar squares.

Through the opposite angles draw the diagonal aB, and
if the parailelogram be then cut according to the lines Er
and ¢, and the diagonal B&, we shall have four pieces,
which when put together, as seen fig. 127 n". 1, will con-
tain 33 squares,

But if they be placed together in such a manner, that
the line An (fig. 127, 0°. 2 and 8), joins the line Br, and
that the two triangles Buc and era form a rectangle, we
shall have 34 squares instead of 33.

Here then we have 33 equal to 34 ; but this is only an
~ illusion, which may easily be dxscovered for it may be
readily seen-that all the squares traversed by the oblique
lines of union, Au and asB, are each less in height by y%
than the rest. But 11 squares are traversed in this man-
uner, consequently it needs excite no surprlse that there
should appear to be one more.

This deception, it must be allowed, is very puerile in
the eyes of a geometrician ; but it is still more ingenious
than that of M. G , for by making the long sides of
the rectangle to consist of ten parts, the squares traversed
by the line of union want exactly one fifth in height of .
their breadth, by which ‘means the most inexperienced
eye cannot take them for perfect squares, similar to the

others; but when they want only an eleventh part of
their just dimensions, it is difficult to observe the defi-
ciency.
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REMARK.

It was no doubt by a similar deception, that M. Liger
pretended to demonstrate, that twice 144 or 288 was equal
to 289, the square of 17; from which he concluded that
the square of 17 was equal to twice the square of 12, and
that 17 was the exact value of the diagonal of a square
‘having 12 for its side. It is hardly possible to believe
that any one could be so weak as to maintain such absurdi-
ties.

PROBLEM XXII.
To divide a line in extreme and mean ratio.

A line is divided in extreme and mean ratio, when the
whole line is to one of the segments, as that segment is to
the other. As a great many geometrical problems are re-
duced to this division, some of the geometricians of the six~
teenth century gave it the name of the divine section. But
without adopting so empbhatical a denomination, we shall
proceed to the solution of the problem.

Let the line, to be divided in extreme and mean ratio, be
AB (fig. 33 pl. 4). From its extremity B raise ths perpen-
dicular sc, and make it equal to the half of AB ; draw ac,
and make cp equal to cB; if AE be then made equal to
the remainder Ap, the line aB will be divided as required,
and we shall have this ratio: ABis to AE as AE is to EB.

REMARKS.

The line ab (fig. 34) being divided in extreme and mean
ratiq, if its greater segment be added to it, we shall have
the line b, also divided in extreme and mean ratio, in the
point a; so that bc will be to ba as ba is to ac.

2d. The line ba (fig. 34 n°. 2), being divided, in the
same maaner in ¢, if cd be made equal to the small seg-
ment bc, ca will then be divided in the same manner; that
is to say, ca will be to ¢d as ¢d to da.
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PROBLEM XXIII.

O d given base to describe a rz'gbt-angle\d trz'angle, the three
sudes of which shall be in continued proportion.

On the given base aB (fig. 35 pl. 5) describe a semi-
circle; divide AB in extreme and mean ratio in ¢, and
raise the perpendicular cp till it meet the semicircle in p;
then draw the lines ap and ps: the triangle ABp will be
the one required, and aB will have the same ratio to ap
as AD has to B, as :_night be easily demonstrated.

! . . PROBLEM XXIV. .

 Two men, who run equally well, propose for a bet to start
JSrom a, and to try who shall first reach B, after touching
the wall co, (fig. 36 pl. 5). What course must be pursued
in order to win? \

It may be readily seen that, to determine the course to
be pursued in order to win, it will be necessary to deter-
mine the position of the lines A€ and EB, of such a nature,
that their sum shall be less than that of all the others, as
Ae, eB, &c. But it may be demonstrated that this swm fs
the least possible, when the angle AEc is equal to the angle
BED. = For let us suppose ac drawn perpendicular to cp,
and continued till cr be equal to Ac, and that v and &8
have been drawn ;- in this case the angles arc and cer
will be equal. But AEc is equal to BED by she supposi-
tion, consequently the angles cer and BED will be equal
“ also; and it thence follows, that, as cp is a straight line,
FEB will likewise be one.- But BEF is equal to BE and 4
taken together, as Be and er are to Beand ea ; the course
BEA therefore will be shorter than any other Bea, for the
same reason that Br is shorter than the lines ne and er.

To find then the point €, we must draw ac and BD
perpendicular to the line ¢p, and then divide cp in E, in
such a manner, that cE shall be to £p as ca to ps.
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PROBLEM XXV.

4 point, a circle, and a straight line, being given in position,
to describe a circle which shall pass through the given
point, and touch the circle and straight line.

Through the centre of the given circle draw BE (fig. 37
pl. 5) perpendicular to the given straight line, and let it
cut the circle in B and r; draw also Ba to the given point
A, and take BG a fourth proportional to BA, BE, BF; if a
circle be then described through the points A and @, touch-
ing the line c¢p, it will touch also the given circle.

If the point a be within the circle (fig. 38), the construc-
tion will be the same: in this case it is evident that the
~line which ought to be touched by the.required circle,
must enter the given circle also; and there are even two
circles which will resolve the problem, as may be seen in
fig. 38.

PROBLEM XXVI.

Two circles and a straight line being given; to describe a
circle which shall touch them all.

This problem is evidently susceptible of several cases;
for the circle which touches the straight line may inclose
both the other circles, or only one of them, or may leave
them both without it; but, for the sake of brevity, we
shall confine ourselves to the last case, and leave the rest
~ to the sagacity of our readers, who, when they compre-
hend this solution, will find no difficulty to resolve the -
rest, ’ '

Let there be given two circles, whose radii are ca and
ca (fig. 39 pl. 5), and let the line pE be given in position.
In the present case, on the radius cA make a0 equal ca,
and with the radius co describe a new circle; draw also
beyond pE the line de parallel to pE, and distant from it
by a quantity equal to ca; then, by the preceding pro-
blem, describe a circle through ¢, which shall touch the

VOL. I s
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circle having for its radius co, and also the straight line
de; let the centre of this circle be 5 ; if its radius be di-
minished by the quantity Ao or ca, the circle described
with this new radius will evidently be a tangent to the two
given circles, as well as to the straight line pE.
PROBLEM XXVII,
Of mscribing regular polygons in the circle.

The following general method of inscribing regular po-
lygons in the circle is given in various books of practical
geometry. On the diameter aB (fig. 40 pl. 5) of the
given circle, describe an equilateral triangle ; and divide
this diameter into as many equal parts as the required po-
lygon is intended to have sides ; then from e, the summit
of the triangle, draw through ¢, the extremity of the se-
cond division, the line Ec; and continue it till it meet the
circumference of the circle in p: the chord Ap, they say,
will be the side of the required polygon to be inscribed.

.We have noticed this method merely to say that it is
erroneous, and could be invented only by a person igno-
rant of geometry, or else intended only as near the truth,
For it may be easily demonstrated that it is false, even
when employed for finding the simplest polygons, such,
for example, as the octagon. It will be found indeed, by
trigonometrical calculation, that the angle pca, which
ought to be 45°, is 48° 14'; whence it follows, that the
chord AD is not the side of the inscribed octagon.

None of the regular polygons can be inscribed geome-
trically and without trial, by means of a rule and com-
passes, except the triangle, and those polygons deduced
from it, by doubling the number of sides, as the hexagon,
the dodecagon, &c.

The square and those polygons deduced.from it in like
manner, as the octagon, the sedecagon, &c.

The pentagon and those deduced from it, as the deca-
gon, and the eikosiagon, &c.
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The pentedecagon and its derivatives, as the polygon of
thirty sides, &c.

The rest, such as the heptagon, enneagon, endecagon,
&c, cannot be described by means of the rule and com-
passes alone, without trial; and all those who have at<’
tempted this method have failed, or have produced ridi-
culous paralogisms:

The following, in a few words, is the method, of de-
scribing geometrically in a circle, the five primitive poly-
gons, which may be inscribed with the rule and com-
passes, :

- Divide the circle ApBE (fig. 41 pl. 5), into four equal
parts, by the two diameters AB and DE, intersecting each
other at rlght angles ; then divide the radius cp into two
equal parts in ¥, and draw ore parallel to AB: the line
Ec will be the side of the mscnbed triangle, 4s well as co
and oE.

The line En, as every one knows, will be the sxde of the

' square. ‘

If En be made equal to the radius, it is in like manner

evident that it will be the side of the hexagon. '

- Divide the radius ac into two equal parts in 1, and
draw E1; make Ik equal to 1c, and the chord EL equal to
the remainder Ex : EL will be the side of the decagon,
and by making the arc LM equal to the arc L, we shall
have the chord eM for the side of the pentagon.

Then divide the arc oM, which is the difference between
the arc of the pentagon and that of the triangle, into two
equal parts in N, and draw the straight line on, which will
be the side of the pentadecagon, or polygon of 15 sides.

REMARK.

The heptagon is susceptible of a construction, not geo-
metrical, butapproximated, which is pretty near the truth, .
and which on that account deserves to be known; it is as
follows: First describe an equilateral triangle, or at least.

52
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determine the side of one, the half of which will be the
side nearly of the insusceptible heptagon. It will be found
indeed by calculatlon, that the side of the triangle, radius
being unity, will be equal to 0:86602 ; the half of which
is 0°43301, and the side of the heptagon is 0-48887; the
difference therefore between it and half the side of the
triangle is less than a thousandth part. Whenever then
the thousandth part of the radius of the given circle is an
insensible quantity, the above construction will approach
very near to the truth. : / )
- It is much to be wished that methods of construction
equally simple, and as near the truth, could be discavered
for all other polygons; which indeed is not possible.

PBOBLEM XXVIII.

The side of a polygon of a given number of sides being
known ; to find the centre of the circumscriptible circle.

This problem is, in some measure, the reverse of the
former, and may be easily solved for the same polygons.
We shall say nothing of the triangle, the square and the
hexagon, because those who are acquainted with the first
elements of geometry know how to find the centre of an
equilateral triangle and a square, and that the side of the
* bhexagon is equal to the radius of the cxrcumscnptxblev v
circle. ‘
We shall begin therefore with the penfagon. Let as
(fig. 42 pl. 5) be the side of the required pentagon ; at the
-extremity of which raise the perpendicular ac, equal to
AB; draw mc, and cut off from it cE = ac, and make Br
= BE; then with the centre A, and the radius ar, describe
an arc of a circle, and from the point B, with the radius
BA, describe another intersecting the former in ¢ : the line
36 will be the position of the second side of the pentagon,
and the two perpendiculars on the middle of the sides a»
and ne will give, by their intersection, the position of the
centre H. :
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For the octagon. Let aB (fig. 43 pl. 6) be the given
side; on this line describe a semicircle,and raisé the radius .
ce perpendicular, and indefinitely continued ; draw the
side of the square BG, and make cr equal to ‘the half of
BG; draw r perpendicular to the diameter, and through
the point &, where it cuts the semicirole, draw A®, which
will meet ce continued in p: this point » will be the
centre of the circle required.

For the decagon. If aB (fig. 42 pl. 5) be the given side,
find, as if a pentagon were to be counstructed, the line s¥,
and from the points A and B with the radius AF, describe
the isosceles triangle A48 : the point A will be the centre
of the decagon.

For the dodecagon, and any other polygons whatever.
Let the line given for the side of the polygon be aB (fig.
44 pl. 6). With any radius whatever ¢p describe a circle,
and inscribe in it the required dodecagon or polygon, the
side of which we shall suppose to be p&: continue pE to 7,
if AB exceeds DE, so that pr shall be equal to o B, and then
draw ce, and its parallel re: the point where the latter
meets the diameter pH continued, will evidently be the
centre of the circle, in which the required polygen is in-
scriptible.

Though we have given particular methods for the
pentagon, octagon and decagon, it is evident that the last
method may be applied equally to them all.

We shall conclude this article, on polygons, with two
useful tables, one of which contains the sides of the poly-
gons, the radius of the circle being given, and the other
the length of the radius, the side of the polygon being
known. If the radius of the circle then be expressed by
100000, the side of the inscribed triangle will be within
anunitof . . . . . . . . . . 178205 ‘

that of the square . . . . . . 141421
that of the pentagon . . . . 117557
that of the hexagon : . . . . 100000
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. that of the heptagon . . . . 86737
- that of the octagon . . . . . 76536
‘that of the enneagon . . . . 68404
that of the decagon . . . . . 61803
that of the endecagon . . . . .56347
that of the dodecagon . . . . 51763
that of the tredecagon .. . . . 47844
that of the tesseradecagon . . . 44503
‘that of the quindecagon . . . . 41582
On the other hand, if the side of the polygon be 100000,
;he radius of the c1rcle will be, in the case
of thetriangle . . . . . . . 57135
of thesquare . . . . . . .. 70710
.- ofthepentagon . . . ... . 85065
- of the hexagon . . . . . . 100000
of the heptagon . . . . . . 115287
of the octagon . . . . . . . 130657
- of theenneagon . . . . . . 146190
- of the'decagon . . ... . . 161804
of the endecagon . . . . . . 177470
of the dodecagon . . . . . . 193188
of the tredecagon . . . . . . 209012
of the tesseradecagon . . . . 224703
of the quindecagon . . . . . 240488

PROBLEM XXIX. \
Method of forming the different regular bodies.

"It was long ago demonstrated in geometry that there
can be only five bodies, terminated by regular figures, all
equal to each other, and forming with one another equal
angles. These bodies are:

The tetraedron, which is formed by four equllateral
triangles. :
The cube, or hexaedron, formed of six equal squares.

The “octaedron, formed of elght equal equllateral tri-
angles, : .o
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‘The dodecaedron, formed of twelve equal pentagons.

The icosaedron, formed of twenty equilateral triangles.

Two methods may be employed to form any one of
these regular bodies. The first is, to construct a sphere,
and then to cut off the excess, so that the remainder shall
. form the regular boedy required; the other, which resembles
the process used in stone-cutting, consists in first tracing
out on a plane, made at hazard, one of the faces of the
body to be formed, and then cutting out the adjacent
faces, under the determinate angles.

To resolve then the problem in question, we shall first
answer the following questions.

1st. The diameter of a sphere being given, to find the
sides of the faces of each of the regular bodies.

2d. To find the diameters of the less circles of that
sphere, in which the faces of each of these bodies are
inscriptible.

3d. To determine the opening of the compasses, with
which each of these circles may be described on the sur-
face of the same sphere.

4th. To determine the angles which the contiguous
faces form with each other, in their common intersection,

1st. A sphere being given; to find the sides of the faces of
each of the five regular bodies.

Let aBc (fig. 45 pl. 6) be the half of a great circle of the

_ given sphere, and Ac one of its diameters. Divide ac

into three equal parts, and let A1 be two thirds; draw g1

erpendicular to the diameter, cutting the circle in & and

Join AE: this line will be one of the faces of the tetraedron,
and ce will be that of the cube or hexaedron.

Then, through the centre r, draw the radius rs, per-
pendicular to Ac, cutting the circle in B,and join aB: this
line B will be the side of the octaedron inscribed in the
same sphere.

The side of the dodecaedron will be found, by dividing
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EC, the side of the hexaedron, in mean and extreme ratio,
“and taking for the side of the dodecaedron the larger seg-
ment cK.

Lastly, from a, the extremlty of the dlameter, draw the
perpendicular ag, equal to ac, and from the centre F
draw the line re, intersecting the circlein m: AR will be
the side of the icosaedron.

The radius of the circle being 10000, the side of the
tetraedron will be found, by calculation, to be equal to
16829 ; that of the hexaedron or cube, 115463 that of the
octaedron, 14142; that of the dodecaedron, 77136; and
that of the icosaedron, 10514,

ed. To find the radius of the lesser circle of the sphere, in
which the face of the proposed regular body is inscriptible.

The method of determining the radius of the circle cir-
cumscriptible to the triangle, the square, and the pentagon,
which are the only faces of the regular bodies, has been
shown already, and consequently the problem is thus
solved. B

To express them in numbers, as we know that when the
side of the equilateral triangle is 10000, the radius of the
circumscribing circle is 5773, therefore, as the side of the
tetraedron is 16329, notbmg is necessary but to say, As
10000 is to 5713, so is 16329 to a fourth proportlonal
which will be 9426.

It will be found, in like manner, that the radius of the
lesser circle, in which the face of the octaedron can be
inscribed, is 8164. '

And it will be found also, that the radius of the circle
in which the face of the icosaedron can be inscribed, is
6070. . )

"The side of the square being 10000, the radius of the
circumscribing circle, as is well known, is 7071 which
will give for the radius of the face of the hexaedron, 8164.

Lastly, the side of the pentagon being 10000, we shall
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have for the radius of the circumscribing circle 8506, which
will give for the radius of the face of the dodecaedron,
6070.

3d. To determine the opening of the compasses, with which
the circle, capable of recetving the face of the regular
body, ought to be described on the sphere.

This is very easy; for if e¥ (fig. 46 pl. 6) be the radius
of the lesser circle of the sphere, capable of receiving the ~
given face, it is evident that £p is the opening of the
compasses proper for describing this circle on the surface
of the sphere. But Er is the sine of the angle rcp,
which will consequently be given; and ¥p is the double
of the sine of half this first angle: rp therefore may be
found by secking in the tables for the angle rcp, then
balving it, afterwards seeking for the sine of that half,
and then doubling this sine. This operation will give the
value of Fp, which in the case of the tetraedron will be
11742; in those of the hexaedron and octaedron, 9192;
and in those of the dodecaedron and icosaedron, 6408.

ath. To find the angle formed by the faces of the different
regular bodies. =~

Describe a circle (fig. 47 pl. 6) as large as possible, and
determine in it the side of the regular body required ; if a
perpendicular be then let fall from the centre on this side,
it will be the diameter of a second circle, which must also
be described. We shall here suppose that this diameter is.
AB. :

Describe then, on the side of the regular body found,
the proper polygon, or at least find the centre of the cir-
. cumscribing circle, and from this centre let fall a perpen-
dicular on the side which has been found; in the second
circle already mentioned make the lines Ap and Ac equal
to this perpendicular, and the angle pac will be equal to
the angle required.
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It will be found, by calculation, that this angle, for the
tetraedron, is 70° 32'; for the hexaedron, 90°; this is evi-
dent because the faces of the cube are perpendicular to
each other ; for the octaedron, 109° 28’; for the dodecaer
dron, 116° 84’ ; and for the icbsaedron, 138° 19",

We shall here collect all these dimensions in the follaw-
ing table, where we suppose the radius of the sphere to be
10000 parts,

R Sides |Radii of the] Distahees | Angles of
Names of the regu- ‘of the |circumscrib-] from the [the contiguous

lar bodies. faces. | ing circles.| poles. faces.
Tetraedron 16329 9426 | 11742 70°32
Hexaedron |11546| 8164 9192 90 00

Octaedron 14142 8164 9192 109 28
Dodecaedron [17336{ 6070 6408 116 34
Icosaedron 105141 6070 6408 138 10

A

It will now be easy to trace out, by either of the above
methods, any reqmred regular body whatever.

First method. Let it be required, for example, to form
a dodecaedron from a sphere. First describe a circle of a
diameter -equal to that of the sphere, and determine in it
the side of the dodecaedron, or the side of the pentagon,
which is one of its faces ; also the radius of the circle i in
which this pentagon can be inscribed, and the opening of
the compasses proper for descnbmg it on the sphere,
which may be easily done by the precepts before givem

Or, if we suppose the radius of the proposed sphere to
be 10000 parts, take upon a scale 6408 of these parts, and
with this opening of the compasses describe, on the sur-
face of the sphere, a circle on the clrcumference of which
the five angles of the inscriptible pentagon may be deter- °
mined ; from two neighbouring points describe, with the
same opening of the compasses, two arcs, the intersection
of which will be the pole of a new circle, equal to the
former ; continue in this manner, from every two points,
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end you will have the five poles of the five faces, which'
rest on the first. In like manner, you may easily determine
the other poles, the last of which, if the operation be
exact, ought to be diametrically opposite to the first.
Lastly, from these twelve poles, describe two equal circles,
which will both be cut into five equal parts, and these will
determine twelve segments of a sphere, which being cut
off, will give the twelve fuces of the dodecaedron re-
qunred ' »

Second nethod. Having first found out, on the pro-
posed block, a plane face, describe on it the polygon
belonging to the regular body required ; then cut out, on
each side of this pol) gon, a new plane, inclined according
to the proper angle, as determined in the above table, or
which has been traced out by means of the geometrical
construction before given and you will thus obtain so
many plane faces, on which new po]ygons, having one
side common with the first polygons, must be described.
If the same thing be done on these poly; gons, you will at
length arrive at the last, which, if the operation has been
exactly performed, must be perfectly equal to the first.

We must however observe, that perfect exactness will
be attained with much more certainty by the first method.

s5th. To Jorm the same bodies of a piece of card.

If you are deslrous of forming these bodies of a piece of
card or stiff paper, the following method will be the most
convenient.

" First trace out on the card all the faces of the required
body, viz four triangles for the tetraedron, as seen fig. 48
pl. 6, six squares for the cube, as fig. 49, eight equilateral
triangles for the octaedron, fig. 50, twelve pentagons for
the dodecaedron, fig. 51 pl. 7, and twenty equilateral
triangles for the icosaedron, fig. 52. If you then cut the
edges, it will be easy to fold up the faces soas to join, and if
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they be then glued together, you will have the regular
body complete. '

The ancient geometricians made a great many geos
metrical specylations respecting these bodies; and they
form almost the whole subject of the last books of Euclid’s
Elements. A modern commentator on Euclid, M. de Foix
Candalle, has even extended those speculations, by in-
scribing these bodies within each other, and comparing
them under different poiuts of view; but, at present, such
researches are considered as entirely useless. They were -
suggested to the ancients by their believing that these hodies
were endowed with mysterious properties, on which the
explanation ‘of the most secret phenomena of nature de-
pended. With these bodies they compared the celestial
orbs, &c. But since rational philosophy has begun to
prevail among mankind, the pretended energy of numbers,
and that of the regular bodies in nature, have been con-
signed to oblivion, along with the other visions which
- were in vogue during the infancy of philosophy, and the
reign of platonism. For this reason we shall say nothing
“farther of these speculations, and confine ourselves to a
very curious problem respecting the cube or hexaedron.

PROBLEM XXX,

To cut a hole in a cube, through which another cube of the
same size shall be able to pass.

If we conceive a cube raised on one of its angles, in such
a manner, that the diagonal passing through that angle
shall be perpendicular to the plane which it touches ; and
if we suppose a perpendicular let fall on that plane from
each of the elevated angles, the projection thence resulting
will be a regular hexagon, each side and each radius of
which may be found in the following manner.

On the vertical line aAB (fig. 53 pl. 7), equal to the
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diagonal of the cube, or the square of -which is triple to
that of the cube, describe a semicircle, and make Ac equal
to the side of the cube, and ap equal to the diagonal of
one of its faces; if from the point ¢ there be let fall, on
the horizontal tangent of the circle in B, the perpendicular
CE, passing through the point p, BE will be the side and
the radius of the required hexagon abcd fig. 54.

When this operation is finished, describe on this hex-
agonal projection, and around the same centre, the square
which forms the projection of the given cube placed on
one of its bases, so that one of its sides shall be parallel,
and the other perpendicular to the diameter ac: it may be
demonstrated, that this square can be contained within the
hexagon, in such a manner, as not to touch with its angles
any of the sides: a square hole therefore, equal to one of
the bases of the cube, may be made in it, in a direction

parallel to one of its diagonals, without destroying the

continuity of any side; and consequently another cube of
equal size may pass through it, provided it be made to
move in the direction of the diagonal of the former.

PROBLEM XXXI.

With one sweep of the compasses, and without altering the
opening, or changing the ccntre, to describe an oval.

This problem, as is the case with others of a similar
kind, is a mere deception; for it is not specificd on what
kind of surface the required curve ought to be described.
Those to whom this problem is proposed will think of a
plane surface, and thierefore will consider it impossible, as
it really js; while indecd the surface mcant is a curved
one, on which it may be easily performed.

If a sheet of paper be spread round on a cylindric sur-
face, and if a circle be described upon it with a pair of

1

' compasses, assuming any point whatever as a centre, it is

evident that, when the sheet of paper is extended on a
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plane surface, we shall have an oval figure, the shortest
diameter of which will be in the direction corresponding
to that of the axis of the cylinder.

We should however be deceived were we to take this
curve for the real ellipsis, so well known to geometricianss
The method of describing the latter is as follows:

. PROBLEM XXXII.
To describe a true oval or ellipsis geometiically.

The geometrical oval is a curve with two unequal axes,
and having in its greater axis two points so situated, that
if lines be drawn to these two points, from each point of
the circumference, the sum of these two lines will be alvays
the same.

Let aB (fig. 55 pl. 7) then be the greater axis of the
ellipsis to be described ; and let pe, intersecting it at right
angles, and dividing it into two equal parts, be the lesser
axis, which is also divided into two.equal parts in ¢ ; from
the point b as a centre, with a radius equal to Ac, describe
an arc of a circle, cutting the greater axis in r and f: these
two points are what are called the foci: fix in each of
these a pin, or, if you operate on the ground, a very.
straight peg; thea take a thread, or a chord if you mean
to describe the figure on the ground, having its two ends
tied together, and in length equal to the line a8, plus the
distance rf; place it round the pins or pegs F, f; then
stretch it as seen at egf, and with a pencil, or sharp
pointed instrument, make it move round from B, through
D, A, and E, till it return again to B: the curve described
by the pencil on paper, or on the ground by any sharp
instrument, during a whole revolution, will be the curve
required.

This ellipsis is called the Gardener’s Oval; because
when gardeners describe that figure they employ this
method.
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It is here seen that the geometric ellipsis, or oval, is, as
" we may say, a circle with two centres; for in the circle
the distance from the centre to any point of the circum-
‘ference, and from that point back to the centre, is always
equal to the same sum, viz the diameter. In the ellipsisy
where there are two centres, the distance from one of them
to any point of the circumference, and from that point to
the other centre, is always equal to the same sum, or to
the greater diameter.

A circle therefore is nothing else than an ellipsis, the
two foci of which, by (.ontmually approaching, have at
length been united and confounded with each other.

Another method of describing an ellipsis, which may be
also used some times, is as follows.

Let aBc (fig. 6 pl. 7) be a square, and Bu and BI the
two semi-axes of the ellipsis to be described. Provide a
rule, such as Ep, equal to the sum of these two lines, and
baving taken E¥ equal to BH, fix in the point r, by some
mechanism which may be easily invented, a pencil or
piece of chalk, capable of tracing out a line upon paper ;
then make this rule turn in the given right angle, in such.
a manner, that its two extremities shall always touch the
sides of that angle, and during this movement, the pencil
fixed in r will describe a real geometrical ellipsis.

It may be readily seen, that if the pencil or chalk were

~ fixed in the point ¢, which divides pe into two equal
parts, the curve described would be a circle.

REMARK.

Another sort of oval, very much used by architects and
engineers, when they intend to form a flat or an acute
arch, is called by the French workmen anses de paniers.
It consists of several arcs of circles baving different radii,
which mutually touch each other, and which represent
pretty nearly a geometrical ellipsis. But it has one fault,
which is, that however well these arcs touch each other, a
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nice eye wﬂl always observe at the place of junction an in-
equality, which is the effect of the sudden transition of one
curve to another that is larger. For this reason, any arch
which rises on its pier without an impost seems to form
* an inequality, though the arch at its junction with the pier
may touch it exactly
This inconvenience however is compensated by one
advantage, which is, that for the woussotrs of the arch,
there is no need but of two panneaur, or model boards, if
- the quarter of the oval be formed of two arcs, or of three
if it be formed of three ; whereas, if it were a real ellipsis,
it would have occasion for as many panneaux as woussoirs.
If any one however should have the courage, and it would
require no small degree of it, to surimount this difficulty,
we entertain no doubt that the real ellipsis would have
more beauty than this bastard kind of it.

PROBLEM XXXIIL

\

On a given base to describe an infinite number of triangles,
in which the sum of the two sides, standing on the ba:e,
+ shall be always the same.

This is only a corollary to the preceding problem. For
on a given base let there be described an ellipsis, having
the two extremities of that base at its foci: all the points
of the ellipsis .will be the summits of as many triangles on
the given base rof, rgf, (fig. 55 pl.7), and the sum of
their sides will be the same; consequently they will all
have the same perimeter, and the greatest triangle will be
that which has its two sides equal ; for it is that which has
* the summit at the most elevated part of the ellipsis.

THEOREM VI.

Of dll the isoperimetric figures,or figures having the same
perimeter, and a determinate number of sides, the greatest
4s that which has all its sudes and all its angles equal.

We shall first demonstrate this theorem in regard to
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triangles. Let A¢s (fig. 57 pl. 7) then be a triangle on
the base aB, the sides of which aAc and c¢B are unequal.
We have already shown, that if there be constructed a tri-
angle Az, the equal sides of which A and rs are together
equal to Ac and c3, the triangle ArB will be greater than
ACB.

For the same reason, if there be constructed, on ar as
a base, the triangle Abr, the sides of which Ab and b are
equal to each other, and together equal to AB and BF, the
triangle Adr will be greater than ars. Inlike manner, if
we suppose e and ab equal, and their sum equal to ra
and 4B, the latter triangle rab will be still greater than
4FB, which has the same perimeter, &c. But it may be
readily seen by this operation, that the three sides of the
triangle always approximate towards equality, and that,
by cenceiving it continued ad infinitum, the triangle would
at Jength become equilateral, and consequently the equi-
lateral triangle will be the greatest of all.

For example, if the three sides of the first triangle be 12,
13, 5, the sides of the second will be 12,9,9 ; those of the
third 9, 10}, 10} ; those of the fourth 103, 93, 93 ; those
of the £ifth 93, 10§, 10%; those of the sixth 10§, 913, 944 ;
thase of the seventh 943, 104%, 10+ ; and so on; by which
it is seen that the difference always decreases ; so that at
last the three sides become 10, 10, 10, and the triangle will
then be the greatest of all.

If we now take a rectilineal polygon, such as ABcpEF
(fig. 58 pl. 7), all the sides of which are unequal : draw the
lines Ac, cE,and EA. By what has been already shown it
will be seen, that if an isosceles triangle Abc be described
on Ac, in such a manuer, that b and bc shall be together
equal to ap and Bc, the polygon, though of the same pe-
rimeter, will become greater by the excess of the triangle
Abc above agc. If the same thing be done all around, the
surface of the polygon will be continually augmented ; all
s sides and its angles will more and more approach to

voL.I. T
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equahty, and consequently the greatest of all will be th:!‘t
‘which has all its sides and angles equal.

We shall now demonshate, that, of two regnlar poly-
gons, having the same perimeter, the greater is that which
has the greatest number of sides. For this purpose, let
any polygon, an equilateral triangle for example, be cir-
‘cumscribed round a circle, and let krn1 (fig. 59 pl. 7) be
an hexagon circumscribed about the same circle: it is evi-
dent that the perimeter of the latter will be less than that
of the triangle; for the parts g, 6H, and 1k, are common,
and the side GF is less than ¥B plus BG, &c; a hexagon,
‘conceuntric to the former, and equal in perimeter to the
triangle, which we here suppose to be mno, will therefore
be without the hexagon xru ; consequently the perpen-
dicular c? will be greater than crL. But as the triangle has
the same perimeter as the hexagon MNo, their areas will

“be as the perpendiculars ci, ¢/, let fall from the centre of
the circle; and therefore the hexagon, having the same
perimeter as the triangle, will be the greater.

. What has been demonstrated in regard to a triangle and
hexagon of the same perimeter, is evidently applicable to
any other two polygons, one of which has*a number of
sides double to that of the other ; consequently the more
sides a polygon of a determinate penmeter has, the greater
is its area,

REMARKS.

1st. This leads us to a consequence much celebrated
-in geometry, which is: that of al¥ the figures, having the
same perimeter, the circle is of the greatest capacity ; for
a circle is only a polygon of an infinite number of sides,
or, to use a more geometrical expression, is the last of the
polygons resulting from their sides being continually
doubled : consequently it is the greatest of all.

2d. We shall here remark also, that if upon any deter-
minate base, and with a determinate perieter, there be
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described several figures, the greatest will be that which
has the greatest number of sides, besides the base, and
which approaches nearest to regularity; hence it follows,
that if it be required to describe, with a determinate length,
on a given base, the greatest figure, that figure will be the
segment of a circle, viz, a segment having that base for its
chord, and for its arc the given length. '

All these things may be demonstrated by a mechanical
consideration. For let us suppose-a vessel, the sides of
which are flexible, and that any liquor is. poured into it;
the sides it is certain will arrange themselves in such a
manner as to coontain the greatest quantity possible, On
the other hand, it is well known that the vessel will assume,
the cylindric form; “that is to say, its base and the sections
parallel to the base will be circular; hence it follows that,
of all figures having the same perimeter, the circle is that.
which comprebends the greatest area.

By means of the above observations it will be easy to
solve the following questions,

I'

A has a field 500 poles in circumference, which is square; »
has one of the same circumference which s an oblong, and
proposes to A an exchange. Ought the latter to accept the
offer?

It is easy to answer that he ought not; and A would
sustain more loss by the exchange the greater the in-
equality is between the.sides of the field belonging to =.
This inequality might even be such, that the latter field
would be only the balf, or the fourth, or the tenth part of #
that of A. For let us suppose the field of A to be 100
poles on each side; and that the field of B is a rectangle,
one side of which is 190 poles, and the other 10, by which
means it will have the same perimeter as the other; it will
however be found that the surface of the latter will be
enly 1900 square poles, while that of the former will be

T2
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10000. I one side of the field belonging to ® were 195

poles, and the other 5, which would still make the perinve-

ter #00 poles; its surface would be only 975 poles, which

18 not even & tenth part of that of the field belonging to a.
I1.

A farmer borrowed & sack of wheat, measuring 4 feet in
length, and 6 feet in circumference; for which he returned
two sacks, of the same length, and each 8 feet in circum-
ference : did he return the same quantity of wheat?

He retarned only half the quantity ; for two equal cir-
cles, having the same perimeter, taken together, as a third,
do 1ot contain the same area ; the area of both is only the
half of the 'third, each of them being but a fourth of it.

1L, |

A green-grocer purchased for a certain sum, as many heads
of asparagus, as could be contained in a string a foot in
length ; being desirous to purchase double that quantity,
he returned-next day to the market, with a string of twice
the length, and offered double the price of the former
quantity, for as many us it would contain. Was his offer
veasoriable 2 :

No—the man was in an error to imagine that a string
of twice the length would contain only double the quan-
tity of what 'he purchased the preceding dayj; for a circle
which 'has its circiiinferétice double to that 'of anather, has
its diameter double also. 'Butt the area of acircle, the di-
ameter of ‘which is dotible to thdt of another, is ‘egual to
four ‘timies the irea of the other.

REMARK.

" 1t remains for us to observe here, ‘that as the circle, of
all the ﬁgurea 'tiaving an equal perimeter, is the gredtest ;

the sphere among the solills, is that which contains the
gredtest ‘volume. Thus, if ft wéfe required to makea ves-
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sel of a determingte capacity, but in such a manner as to
save the materials as much as possible, it ought to be in

the form of a sphere. But this will be better illustrated ,

by the following problem.
PROBLEM XXXIV,

A gentleman wishes to have a silver vessel of a cylindric
Sorm, open at the top, capable of containing a cubic foot of
lzquor but, being desirous to save the material as much
as possible, requests to know the proper dzmemwns of the
vessel.

If we suppose that the vessel onght to be 3 line in thick-
ness, for example, it is evidept that the quantity of the
matter will be proportional to the surface. The questlop
then is: Of all the cylinders, capable of containing a
cybic fogt, to determine that which shall have the Jeast
surface, exclysive of the top.

It will be foynd that the diameter of the base ought to
be 16 inches 4 lines; and the height 8 inches 2,,, lines,
which is the ratig of nearly 2 to 1 between the diameter
and the height.

If it were required to have the vessel in tbe form of 3
cask, close at both ends, the question would be : To find
P cylmder which shall have its whole sprface, comprehend-
ing the two bases, greater thap that of any other of the
same capacity. In this case the diameter of the base
ought to be 13 inches, and the height 12 inches 5§ lines.

PRO;LEM XXXv,
On the form in which the bees construct their combs.

The ancients admired bees on account of the hexagonal
form of their combs. They observed that, of all the regu-
lar figures which can be united, without Jeaving any va-
cuum, the hexagon approaches nearest to the circle, and
with the same capacity has the least perimeter; whence
they inferred that this animal was endowed wisth 3 sert of

-

A
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instinct, which made it choose this figure as that, which
containing the same quantity of honey, would require the
least wax to construct the comb; for it appears that bees
do not prepare wax on its own account, but in order to
construct their' combs destined .to be the repositories of
their honey, and receptacles for their young.

This however is far from being the principal wonder in
regard to the labour of bees, if we can give the name of
wonder to a labour blindly determined by a peculiar or-

- ganization ; for it may be remarked, in the first place, that
it is not absolutely wonderful that small animals, all en-
‘dowed with the same activity and the same force, pressing
‘outwards, from within, small cells all arranged close to
each other, and all equally flexible, should give them, by
a sort of mechanical necessity, a hexagonal form. If we
‘suppose indeed a multitude of circles, or small cylmders,
highly flexible and somewhat extensible, close to each
other, and that forces acting internally, and all equal, tend
'to make their sides approach each other, by filling up the

" vacuities left between them, the first form they will assume
will be the hexagonal ; after which all these forces re-
maining in equilibrium, nothing will tend to change that
form,

However, not to deprlve the bees of the admiration
which they have excited in the above respect, we shall re-
mark that this is not the manner in which they labour.
They do not first make circular cells, and then transform
‘them into hexagons by extending them in concert. The
cells, which terminate an imperfect comb, are composed
of equal planes inclined to each other, nearly in that angle
which the hexagonal form requires. But let us proceed
to another singularity, still more wonderful, in regard to
thé labour of bees.

- This singularity consists in the manner in whlch the
bottom of their cells is formed. We must not indeed
imagine that they are all uniformly terminated by a plane
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perpendicular to their axes; there is a method of termi-
nating them which émploys less wax, and even the least
possxble, still leavmg to the cells the same capacity; and
it is this method which these insects adopt ‘and which they
execute with great precision.

To exécute this disposition, it is necessary, in the first
place; that the two rows of cells, of which it is well known

“a comb consists, and which stand back to back, should not
be arranged so as to make their axes correspond, but in
such a manner that the axis of the one may be in a line
with the common juncture of the three posterior. As is
seen fig. 60 pl. 7, where the hexagon described with black
lines corresponds with the three formed of dotted lines,
which represent the plane of the posterior cells; and it is
thus that the cells of bees are arranged, to suit the dispo-
sition of their common bottowms.

In the second place, to give an idea of this dlsposmon,
let us suppose an hexagonal prism, the upper base of
which is the hexagon aBepkF (fig. 61 pl. 8), with a tri-
angle AEc inscribed in it. Let the.axis Fo be continued
to s, and through the point s and the side ac let a plane
pass, which shall cut off from the prism the angle B, so as
to form a rhomboidal face asct: such is one of ‘the, bot-
toms of the cell of a comb: if two other similar planes be
made to pass through s and the sides AE and Ec, they will
form the other two; so that the bottom is termmated by
a trlanaular pyramid, :

It may be readily seen, that wherever the point § may
be situatcy!, as the pyramid acos is always equal to acsT,
and as the case is the same with the rest, the capacity of the
cell will not vary, whatever be the inclination of that part
of the bottom turned towards ac. But the case is different
with the surface where there is such an inclination, that
the whole surface of the prism and of its bottom will be
less than with any other inclination. -It has been found
by the rescarches of geometricians, that, for this purpose,
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the angle formed by the bottonr with the axis ought to be
54° 44'; from which there results the smaller angle of the
rhombus ATc or asc, equal to 70° 32', and the other sar
or sct of 109° 28’.

But this is exactly the inclination of the sides of the pa-
rallelogram, formed by each of the three inclined planes
of the bottom of the cells of a2 comb, as appears by the
measurement of a great many of these cells, Hence there
is reason to conclude, that bees construct the bottom of
their cells in the most advantageous form, so as to have
the least surface possible, and in such a manner indeed, as
can be determined only by the modern geometry *. Who
can have given to these insects, so contemptible, not in
the eyes of the philosopher, who never despises the least
of the works of the Deity, but in the eyes of the vulgar,
that wonderful instinct, which directs them to perform so
perfect a work, but the supreme Geometrician, of whom
Plato said, what is verified more and more as we become
acquamted with the works of nature, that he does every
thing numiero, pondere et mensura.

PROBLEM XXXVI.

What is the greatest polygon that can be formed of gzbmf
lines 2

It may be demonstrated that the greatest po]ygon that
can be formed with given lines, is that about which a
cnrcle can be circumscribed.

* But it may be still asked, whether there be any particu-
lar order, in regard to the sides, capable of giving a greater
polygon than any other arrangement. We can answer,

® The Abbé Delisle says improperly, in the notes to the fourth book of
his Translation of the Georgics, that Reaumer having proposed this problem
o Keenlg, the latter, gfter a great many calculations, at length found the angle
‘of the inclination of the pianes whieh form the bottom of these cells. Nothing
bowever is easier than the solution of this problem by means of fluxions:
two lines of calculation are sufficient, and a solution may even be given with-
out that assistance.
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that there is not; and that whatever be the arrangement,
if the polygon can be inscribed in a circle, it will be
always the same ; for it may be easily demonstrated, that
whatever be this order, the size of the circle will not vary;
the polygon will always be composed of the same trian-
gles, having their summits at its centre : the only differ-
ence will be, that they will be differently arranged.

PROBLEM XXXVII.

What is the largest triangle that can be inscribed in a circle ;
and what s the least that can be circumscribed about it?

The triangle required in both these cases is the eqmla-
teral.

+ The case is the same with the other polygons. The
greatest quadrilateral figure that can be inscribed in the
circle, is the square; this figure also is the least of all
those that can be circumscribed about a circle.

The regular pentagon is likewise the greatest of all the
five-sided figures that can be inscribed in the circle ; and
the same figure is the least of all the pentagons that can be
circumscribed about the circle. And so on.

PROBLEM XXXVIIIL.

AB (fig 62 pl. 8) is the line of separation between two plains ;
one of which AciB consists of soft sand, in whick a vigor-
ous horse can scarcely advance at the rate of a league per
hour ; the other aBDK s covered with fine turf, where the
same horse, without much fatigue, can proceed at the rate
of a league in half an hour; the twe places c and » are
&tven in position, that is to say the distance cA and s of
each from the line of boundary A, as well as the position
and length of AB, are known ; now if traveller has to go

Jrom p to c, what route must he pursue, so as to employ
the least time possible on his journey 2

Most people, judging of this question according to com-
mon ideas, would imaginesthat the route to be pursued by
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the traveller ought to be the straight line, In this how-
ever they would be deceived; as may be easily shown ; for
if the straight line ckp be drawn, it may be readily con-
ceived that it will be gaining an advantage to perform, in
the first plain, where it is difficult to travel, the part of the
journey cr, which is somewhat shorter than ck; and to
perform in the second, where it is much easier to travel,

the part rp, longer than DE, that is to say, than the space
which would be passed over by going directly from_c to

D; so that less time would really be employed to go from
¢ to , by cr and ¥p, than by c¥ and £p, though the road
by the latter is shorter.

This indeed may be demonstrated by calculation, For
if He be drawn perpendicular to AB, through the point ¥,
it will be found that one can go from c to p, in the least
time possible, when the sines of the angles cre and brn,
are to each other respectively in the inverse ratio of the
velocity with which the traveller can pass over the planes
acie and ABDK, that is to say, in the present case, as 1 to
2; and therefore the sine of the angle cre ought to be
half only of that of the angle prs.

. PROBLEM XxXxXxix.

On a given base to describe an infinite number of triangles,
m such a manner, that the sum of the squares of the sides
shall be constantly the same, and equal to a given square.

Let aB (fig. 63 and 64 pl. 8) be the given base, which
must be divided into two equal parts in ¢; then from the
points A and B, with a radius equal to half the diagonal of
the given square, describe an isosceles triangle, of which F
is the vertex ; draw cF, and from the point ¢, with the ra-
‘dius cr, describe a semicircle on AB, produced if necessary:
‘all the triangles having 3 for their base, and whose ver-
tices are at F, f, ¢, in the circamference of the circle, will
be of such a nature, that the sum of the squares of their
sides will be equal to the square given, .
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REMARK.

Every one knows that when the sum of the squarcs of
the sides is equal to the square of the base, the triangle is
right-angled, and has its vertex in the circumference of
the circle described on that base. Here it is seen, that if
‘the sum of the squares of the sides is greater or less than
the square of the base, the vertices of the triangles, which
in this first case are acute-angled, and in the second obtuse-
angled, are always in a semicircle also, having the same
centre, but on a diameter greater or less than the base of
the triangle ; which is a very ingenious generalization of
the well-known property of the right-angled triangle,

PROBLEM XL.

On a given base, to describe an infinite number of triangles,
tn such a manner, that the ratw of the two sides, on that
- base, shall be constantly the same.

Divide the given base aB (fig. 65 pl. 8) in such a man-
ner in p, that Ap may be to pn, in the given ratio, which '
.we shall here suppose to be as 2to 1. Then say, as the
difference between ap and pB is to pB, so is AB to Bx:;
and if Ap exceeds DB, BE must be taken in the direction
ABE; then divide pE into two equal parts in ¢, and from
c as a centre, with the radius ¢p or cE, describe a semi-
circle on the diameter pt: all the triangles, as AFB, AfB,
APB, &c, having the same base AB, and their vertices F, f,
¢, in the circumference of this semicircle, will be of such
a nature, that their sides AF, ¥B; Af, fB; Ag, ¢8, will be
In the same ratio, viz, that of Ap to DB, or of AE 10 B,
which is the same thing.

But the centre ¢ will be found much easier by the fol-
lowing construction; on AD describe the equilateral tri-
angle aep, and on pB the equilateral triangle pum;
through their summits, & and_ u, draw a straight line,
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which being continued will cut the continuation of aB in

the point c, and this point will be the centre required.

THEOREM VII. k

In a circle, if two chords, as AB and co (fig. 66 pl. 8), 7n-
tersect each other at right angles; the sum of the squares
of their segments, CE, AE, ED, and EB, will alwa_ys be
equal to the square of the diameter.

The demonstration of this curious and elegant theorem
is exceedingly easy ; for it may be readily seen, if the lines
8D and aAc be drawn, that their two squares are together
equal to the squares of the four segments in question.
Moreover, by making the arc rc equal to Ap, we shall
have the arc rp equal to Ac, and consequently the angle
FDC equal to AcE, which is itself equal to ABp; the angle
rpB therefore will be a right angle, since it is equal to
EDB and DBE, which together make a right angle ; hence
the squares of ¥p and pB are equal to the square of the
hypothenuse B, which is the diameter. -

It must here be remarked, that the result would be the
same, if we suppose the point ¢, where the chords meet, to
be without the circle ; in that case the four squares, viz,
those of ea, eb, ec and ed would still be together equal to
the squa.re of the diameter.

REMARK. .

Circles being to each other as the squares of their diame-
ters ; it is evident that if on Ea, EB, EC, and ED, as dia-
meters, four circles be described, these circles will be toge-
- ther equal to the circle Acep. And they will also be pro-
portional ; for we know that BE is to Ec as ED is to EA.
But if four magnitudes are proportional, their squares are
so also. Moreover, it is evident that whatever be the po-
sition of these two chords, their sum will always be equal,
at the most, to two diameters if they both pass through the
centre, or at least to one, if one of them passes through the

-
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. cent;'e, and the other almost at the distance of a radius.
By means of this theorem therefore, it will be easy to
solve the following problem.

v

PROBLEM: XLI.

T find_four proportional circles, which taken together shall
be equal to a given circle, and whieh shall be of such a na-
ture, that the sum of their diameters shall be equal to a
gven line.

It is evident, for the above reasons, that the given line
must be less than twice the diameter of the given circle,
and greater than once that diameter; or, which is the '
same thing, that the half of this line must be less than the
diameter of the given circle, and greater than its radius.

This being premised ; let the given line, or the sum of
the diameters of the required circles, be ab (fig. 67 pl. 8),
the half of which is ac; let ApBE be the given circle, the
two diameters of which are aB and DpE, perpendicular to
each other. On the radii ca and cE continued, make the
lines cr and ce equal to ac, and draw rc, which will ne-
cessarily intersect cn, the square of the radius of the circle.
In the part 1k of that line comprehended within the square,
assume any point L, from which draw the lines Lmg, and
LNr, the one parallel and the other perpendicular to the
diameter A B ; through the points M and N, where they in-
tersect the circumference of the circle, draw Mr and ng,
the one parallel and the other perpendicular to as: the
chords Ns and Mt will be the two chords required.

For it is-evident that No and MR are equal to Ly and 17,
which are together equal to cG or c¥, or to the half of ab;
the whole chords then are together equal to ab; conse-
" guently, by the preceding theorem, they solve the pro-
blem, and the four circles described on'the diameters no,
oy, os, and oT, will be equdl to the circle ApBE.
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REMARK.

The line Fe¢ may happen only to touch the circle ; in
which case any point, except the point of ‘contact, will
equally solve the problem.

But if Fo intersect the circle, as seen (fig. 68), the pomt
L must be assumed in that part of the line 1x, which is
without the circle, as seen in the same figure,

This solution is much better than that given by M. Oza-
nam; for he tells us to tuke on ac (fig. 67) a portion less than
the radius,and to set it off from c to ¢ ; then to draw the lines
¢M and MR, and to set off the remainder of ac from ¢ tor;
but it is necessary that the point r should fall beyond r,
otherwise the two semi-chords would not intersect each
other. In the last place, according to the magnitude of
ag, in regard to the radius, there is a certain magnitude
which must not be exceeded, and which M. Ozanam does
not determine: this therefore renders the solution.des
fective.

PROBLEM XLII
Of the Trisection and Mu.ltisectzbn of an Angle.

This problem is celebrated on account of the fruitless
attempts made, from time to time, to resolve it geometri-
_aally, by the help of a rule and compasses, and of the pa-
ralogisms and false constructions given by pretended geo-
metricians, But it is now demonstrated, that the solution
of it depends on a geometry superior to the elementary,
and that it cannot be effected by any construction in which
a rule and compasses only, or the circle and straight line,
are employed, except in a very few cases; such as those
where the arc which measures the proposed angle is a whole
_ circle, or a half, a fourth, or a fifth part of one, None
" therefore but people ignorant of the mathematics attempt
at present to solve this problem by the common geometry.
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But though it cannot be solved by the rule and com-
passes alone, without repeated trials, tiere are some me-
chanical constructions or methods, which, on account of
their simplicity, deserve to be known, - They are as fol-
low : ~ ‘

Let it be proposed, for example, to divide the angle
Azc (fig. 69 pl. 8) into three equal parts. From the point
A let fali, on the other side of the angle, the perpendicular
Ac, and through the same point A draw the indefinite
straight line a® parallel to Bc; if from the point B you
then draw to AE a line BE, in such a manner, that the part
FE, intercepted between the lines ac and AE, shall he
equal to twice the line aB, which may be done very easily
by repeated trial, you will have the angle FBc equal to
the third part of asc..

If ¥E indeed be divided into two equal parts in b, and if
ADp be drawn.; as the triangle Fae is right-angled, p will
be the centre of the circle passing through the points ¥,
A, E; consequently paA, DE, and pF will be equal to each

_other, and to the line aB; the triangle aApE then will be
isoscelcs, and the angles pak and pEa will be equal ; the
external angle anr, which is equal to the two interior
ones DAE and DEA, will therefore be the double of each of
them. But as the triangle BAD is isosceles, the angle ABp
is equal to Apn, and the angle Aep, or its equal ¥ac, is

_ half of the’angle ABD ; consequently the angle ase is di-
vided by BE, in'such a manner, that the angle eBc is the
-third part of it.

Another method. Let the given angle be acs (fig. 70 pl.
9): from the vertex of it as a centre, describe a circle, and
continue the radius Bc indefinitely to £; then draw the
line AE in such a manner, that the part pE, intercepted be-
tween BE and the circumference of the circle, shall be
equal to the radius Bc; if cu-be then drawn through the
centre c, parallel to AE, the angle scu will be the third
part of the given angle acs. )
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If the radius cp be drawn, it may be readily seen that
the angle Hca is equal, on account of the parallel lines, to
cAD or cpA. But the latter is equal to the angles pce
and pEc, or to the double of one of them ; since cp and
DE are equal by construction ; and as the angle ucs is
equal to DCE or DEC, the angle AcH is the double of HcB,
and consequently acs is the triple of ncs.

PROBLEM XLIIL
The Duplication of the Cube.

To double a rectilineal surface, or any curve whatever,
as the circle, square, triangle, &c, is easy; that is to eay,
ene of these figures being given, it is easy to construct a
similar one, which shall be the double or any multiple of it
whatever, or which shall be in any given ratio to it at
pleasure ; nothing is necessary for this purpose, but to
find the mean geometrical proportional between dne of
the sides of the given figure, and the line which is to that
side in the given ratio; this mean will be the side homolo-
gous to that of the given figure. Thus, to describe a
circle double of another, a mean proportional must be
found between the diameter of the former and the double
of that diameter; this proportional will be the diameter of
the double circle, &c. The case is the same with every
other ratio.

All this belongs to the elements of geometry. But to
constract a double solid figure, or a figure in a given ratio
to another similar figure, is a much more difficult problem,
which cannot be solved by means of the cirele and straight
line, or of the rule and compasses, unless a method of re-
peated trial, which geometry rejects, be employed. This
at present is clearly demonstrated ; but the demonstratidn
is not susceptible of being comprehended by every one.

Respecting the origin of this problém, a very curious
circumstauce is related. Dunng the plague at Athens,

_\;_/ ! which made a dreadful havoc in that city, some persons

/
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being sent to Delphos to consult Apollo, the deity pro- .
mised to put an end to the destructive scourge, when an
altar, double to that which had been erected to him, should
be constructed. The artists who were immediately di-
spatched to double the altar, thought they had nothing to  *
do, in order to comply with the demand of the oracle, but
to double its dimensions. By these means it was made oc-
tuple; but the god, being a better geometrician, wanted . |
it only double. As the plague still continued, the Atheni=~
ans dispatched new deputies, who received for answer, \;\
that the altar was more than double. It was then thought [ ™
proper to have recourse to the geometricians, who endea~ |

i
voured to find out a solution of the problem. There is ‘\

i
?
1
!
i
!
i

reason to think that the god was satisfied with an approxi-
mation, or mechanical solution; had he required more,
the situation of the people of Athens would have deservei//
pity indeed. -

There was no necessity for introducing a deity into this
business. What is more natural to geometricians than to
try to double a solid, and the cube in particular, after hav-
ing found the method of doubling the square and other
surfaces ?- This is the progress of the human mind in
geometry.

Geometricians soon observed that, as the duplication of
any surface consists in finding a geometrical mean between
two lines, one of which js the double of the other, the du-
plication of the cube, or of any solid whatever, consists in
finding the first of two continued mean proportionals be-
tween the same lines. We are indebted for this remark
to Hippocrates of Chios, who from being a wine merchant,
ruined by shipwreck or the officers of the excise at Athens,’
became a geometrician. Since that time, all the efforts of
geometricians have been confined merely to the finding of
' two continued geometrical mean proportionals between
two given lines, and these two problems, viz, that of the
duplication of the cube, or, more generally, of the con-

VOL. 1. v

-
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struction of a cube in a given ratio to another, and that of
the two continued mean proportlonals, have become syno-
nimous.

© 'The different methods of solving this problem, some of
which require repeated trial, and some no other instru-
ments than a rule and ¢ompasses, are as follow :

- 1st. Let the two lines, between which it is required to
find two mean proportionals, be As and ac (fig. 71 pl. 9).
Form of them the rectangle Bacp, and continue the sides
AB and Ac indefinitely ; draw the two diagonals of the rect-
- angle intersecting each other in £ ; and we shall then have
the solution of the problem, if the lme FDG, terminated by
the sides of the right angle rag, be drawn through the
point p, in such a manner, that the pomts G and F shall be
equally distant from the point e; for in that case the
lines s, ce, BF, and Ac, will be in contmued propomon,

Or, with £ as a centre, describe an arc of a circle, as
¥16, in such a manner, that by drawing the line rg, it shall
pass through the point b ; we shall then have a solutlon of
the problem.

Another method is as follows: Circumscribe a circle
about the rectangle Bacp; then through the point p
draw, the line rg, in such a manner, that the segments FD
and cu shall be equal: the lines cc and B will be gonu-
nued mean proportionals between AB and Ac.

-2d. Form a right angle of the two given lines A8 and
Bc (fig. 72 pl. 9); and having continued Bc and AB indefi-
nitely, from the point B, as a centre, describe the semi-
circle peEA ; draw also the line Ac, and in the continuation _
of it find a point 6 of such a nature, that by drawing the
line peu1, the segments en and nt shall be equal to each
other : ‘the line Bu will be the first of the two means.

8d. Let ca (fig. 73 pl. 9) be the first of the given lines:
from the point ¢, with the radius ¢B, equal to the balf of
€A, describe a circle, and in this circle make the chord 3p
equal to the second of the given lines, which must be con-
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tinued indefinitely ; draw the indefinite line Apg, and from

the point ¢ draw the line ckr, in such a manner, that the -
part EF, intercepted within the angle EDF, shall be equal

to cB; the line pr will then be the first of the required

mean proportionals, and ce will be the second. This con-

struction is that of sir Isaac Newton.

PROBLEM XLI1V,

Jn angle, wlm‘h is not an-exact portion of the czrcumfermcc,
- being given, to find 1ts value with great accuracy b_y means
of a pair of compasses only.

From the vertex of the given angle, with as great a ra-
dius as possible, describe a circle, and mark its principal
points of division, as the half, third, fourth, fifth, sixth,
eighth, twelfth, and fifteenth parts of the circumference ;
then by means of the compasses take the chord of the
given arc, and set it off along the circumference, from a
determinate point, going round it once, twice, thrice, &c;
and counting the number of times that the chord is applied
to the circumference, until you fall exactly on one of the
points of division, which cannot fail to be the case after a
certain number of revolutions, unless the given arc be in-
commensurable to the circumference ; then examine what
the point of division is, or how many and what aliquot
parts of the circumference it is distant from the first point ;
add the number of degrees which it gives to the product
of 360 degrees multiplied by the complete number of turns
made with the compasses, and diyide the sum by the num-

- ber of times that,the compasses were applied to the cir-
cumference: the quotient will be the number of degrees,
minutes and seconds required.

Let us suppose for example, that the compasses, with an
opening equal to the chord of the given arc, have been
applied to the circumference seventeen times, and that
after four complete revolutions they have coincided ex-
actly on the second division of the circle divided inta fivg

: v2
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equal parts. The fifth part of the circumference is 72°,
‘and two fifths are 144°; if 144 then be added to the pro-
duct of 360° by 4, which is the number of the:-complete
revolutions, and if the sum 1584° be divided by 17, the
quotient 93° 10’ 35" will be the value of the required arc.

PROBLEM XLV.

A straight line being given; to find, by an easy operation,
and without a scale, to a thousandth, ten thousandth, hun-
dred thousandth, ¥c part, nearly, its proportion to an-
other,

.. Let the first or least of these lines be called a4, and se-
cond B. \

+ Take with a pair of compasses the extent of the line a,
and set it off as many times as possible on B: we shall here
suppose that A is contained in the latter 3 times, with a
remainder.

Take this remainder in the compasses, and set it off, in
like manner, on the line B, as often as possible: we shall
suppose that it is contained in it 7 times, with a remain-
der.

~Take the second remainder, and perform the same ope«
ration on the line B, in which we shall suppose it to be
contained 18 times, with a remainder; and, in the last
place, let us suppose that this third remainder is contained
in B exactly 24 times.

Then form the following series of fractions; ¥, +%,
‘719 377777 and reduce them to decimal fractions,
which will be 0883338, 0:047619, 0-003663, 0-000152.
The given line is in decimals equal to the first of these
fractions, minus the second, plus the third, minus the
fourth, which’ gives 0289225, without the error of one of
these parts entirely, that is to say of a miilionth part.

It may be easily seen that no scale, however small the
divisions, could give so approximate a ratio ; and even if
we suppose such a scale to exist, there would still remain
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.
an uncertainty in regard to the division on which the ex-
tremity of the given line would fall ; whereas, a line ap-
plied with the compasses along a greater one, can never
leave any uncertainty in regard to the number of times it
4s contained in it, with or without a remainder.

If the above fractions be added, in the usual manner,
we shall find that the given line is equal to ;§;3 of the
second.

PROBLEM XLVI.

To make the same body pass through a square hole, a round
hole, and an elliptical hole.

We give a place to this pretended problem, merely be-
cause it is found in all the Mathematical Recreations
hitherto published ; for nothing is easier to those who are
in the least acquainted with the simplest geometrical
bodies. :

Provide a right cylinder, and suppose it.to be cut
through its axis; this section will be a square or a rect-
angle; if cut through a plane perpendicular to the axis,
the section will be a circle; and if cut obliquely to that
axis, the section will be an ellipsis. Consequently, if
three holes, the first equal to this rectangle, the second to
the circle, and the third to the ellipsis, be cut in a piece of
wood or pasteboard, it is evident that the cylinder may be

- made to pass through the first of these holes, by moving
it in a direction perpendicular to its axis ; it will also pass
through the circular hole when moved in the direction of
its axis; and through the elliptical hole, when held with
‘the proper degree of obliquity ; in all these cases it will
exactly touch the edges of the hole, so that if the hole

- were smaller it would be impossible to make it pass through
it. -

This problem might be solved by means of other bodies;
but it is so simple that nothing farther needs be said on
‘the subject.
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PROBLEM XLVIIL

Yo measure the circle, that is to say, to find a rectilineal space
equal to the circle, or more generally, to find a strayght
line equal to the circumference of the circle, ar to a given
arc of that circumference.

We are far from pretending to give an exact and per-
fect solution of this problem: it is more than probable
that it will ever baffle the efforts of the human mind ; but
it is allowed in geometry, that when a problem cannot be
completely solved, it is some merit to approach near to it,
and the more so when the unknown quantity is circum-
scribed within the nearest limits. But though - geometri-
cians despair of ever being able to find the exact measure
of the circle, they have accomplished things highly worthy
of notice ; for they have found means to approach so near
to it, that even if the radius of a circle were equal to the
distance between the sun and the first of the fixed stars, it
is certain that its circumference. might be found from the
‘radius, without the error of a hair’s breadth. This is
doubtless more than sufficient to answer the nicest pur-
poses in the arts; but it must be allowed that it would
give great pleasure to a geometrical genius, to be able to
tell exactly the measure of the circle; that is to say, to
know it with the same preclsmn that we know, for example,
that a parabolic segment is equal to two thirds of a paral-
lelogram having the same base and the same altitude.

§ L

The diameter of a circle being given; to find in approvimate
. numbers, the circumference; or vice versa.

When moderate exactness only is required, we may em-
ploy the proportion of Archimedes, who has demonstrated
that the diameter is to the circumference, nearly as 1 to
34, or as T to 22. '

If we tberefore make this proportion : as 7 is to 22, 0
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is the given diameter to a fourth term ; or if'we triple the
diameter and add to it a seventh, we shall have the circum-
ference very nearly.

The circumference of a circle, the diameter of which is
equal to 100 feet, will be found therefore to be 314 feet
3 inches 54 lines: the error in this case is about 1 inch 6
lines: ' ' '

If we are desirous of approaching still nearer to the
truth, we must employ the proportion of Metius, which is
that of 113 to 355 : we must therefore say, as 115 to 355,
so is the given diameter to the required circumference.
The same diameter as before being supposed, we shall find
the circumference to be 314 feet, 1 inch, 1033$ lines: the
difference between which and the real cxrcumference is
less than a line.

If still greater exactness be reqmred we have only to
employ the proportion of 10000000000 to 31415926535 ;
the error in this case, if the circumference were a great
circle, such as the equator of the earth, would be, at inost,
half a line. .

To find the diameter, the circumference being given, it
is evident that the inverse proportion must be employed.
We must, therefore, say as 22 is to 7, or as 355 to 113, or
- as 314159 is to 100000, or as 31415926535 to 10000000000,
30 is the given circumference to a fourth term, which will
be the diameter required.

§ 1L
The diameter of a circle being given ; to find the area. .

‘Archimedes has demonstrated, that a circle is equal to
the rectangle of half the radius by the circamference.
Find therefore the circumference, by the preceding para-
graph, and multiply it by half the radius, or the fourth
part of the diameter: the product will be the area of .the
circle, and the more exact, the nearer to truth the circum-
ference has been. found.,
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By employing the proportion of ‘Archimedes, the error,
in a circle of 100 feet diameter, will be about 3% square
feet.

That of Metius would give an error less than 25 square
‘inch¢s, or about a sixth of a square foot. As the circle in
question would contain about 7854 square feet, the error,
at most, would be only one 47124th part of the whole
area.

But the area of a circle may be found, w:thout deter-
mining the circamference; forit follows, from the propor-
tion of Archimedes, that the square of the diameter is to
the area, as 14 to 11 ; from that of Metius, that it is as 452
to 355 ; from the proportion of 100000 to 314159, that it
is as 100000 to 78589, or with still greater exactness as
1000000 to 785398.

The area of the circle therefore will be fonud by making
this proportion, as 14 is to 11, or as 452 to 855, or as
1000000 is to 785398, so is the square of the given dia-
meter, to a fourth proportional, which, if the last propor-
tion has been employed, will be very near the truth.

§ IIL.

Geometrical constructions for making a square very near(y
equal o a given circle, or a straight line equal to a gwen
_ circular circumference. , : 4

Having shown some methods for ﬁndmg numerically,
and very near the truth, the proportion between a circle
and the square of its diameter, we shall now give some
geometrical constructions, exceedingly simple and ingeni-
ous, for accomplishing the same object.

1st. Let BaDc (fig. 74 pl. 9) be a circle, of which ac is
the diameter, and AB a quadrant; let Ak, kD, and pc be
chords equal to the radius ; from the point B, draw to the
.points & and D the lines BE and B, intersecting the dia-
‘meter in F and ¢ ; the sum of the lines ¥ and re, will be
equal to the quadrant of the circle, within a five thousandth

part.
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2d. Let ap (fig. 75 pl. 9) be the diameter of the circle,
¢ the centre, and cs the radius perpendicular to that dia-
meter. - In ap continued, make pE equal to the radius;
then draw BE, and in AE continued make E¥ equal to it; if
to this line EF, its fifth part rc beadded, the whole line ac
will be equal nearly, within a 17000th part, to the circum-
ference described with the tadius ca.

For if pa be supposed equal to 100000, A will be found
equal to 314158, with less than an unit of error: but the
circumference corresponding to this diameter is, with the
difference of nearly an unit, 314159 ; the error therefore
at most is yyoS5sw Of the dlameter, or about the 17000th
part. -

8d. If the semicircle Anc (fig. 76 pl. 9) be given ; from
the extremities A and c of its diameter, raise two perpen-
diculars, one of them ck equal to the tangent of 30°, and
the other Ae equal to three times the radius; if the line
6E be then drawn, it will be equal to the semi-circumfe-
rence of the circle, within a hundred thousandth part
nearly.

For it will be found by this construction, the radius be-
ing supposed to be 100000, that the line ¢, within a unit
nearly, is equal to 814162, and the semi-circumference
would be, with the difference of nearly an unit, 814159 ;
the error therefore is about yyo3yws Of the radius, or less
than a hundred thousandth part of the circumference.

4th. Let a (fig..77 pl. 9) be the centre of the given cir-
cle, and pE and cB its two diameters, perpendicular to
each other. On any radius, such as Ap, make ar equal
to half the side Ec of the inscribed square; draw BF1 in-
definitely, and to the point 1, draw ru dividing Ac in ex-
treme and mean ratio, AR being the lesser segment ; if c1
be drawn parallel to rFu through the point. ¢, the square
BLK1, constructed on BI, will be nearly equal to the circle
of which Bc is the diameter.

. For it will be found by calculation, that Bx and sy are
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respectively equal to 69098 and 61237, the radius being
100000; 1 therefore will be found equal to 88623, the
square of which is 78540 &c, the square of the diameter
being 100000 &c, while the circle is 78539 &e.

5th. Inseribe in the given circle a square, and to three
times the diameter add a fifth part of the side of the square;
the result will be a line which will differ from the circume~
ference by about a 17000th part only.

, §Iv.
Several methods for making, either numerically or geome-

trically, and very near the truth, a straight line equal to.
the given arc of a circle.

. Ist. Let the given arc, which ought never to exceed 30°,
be B (fig. 78 pl. 9). To obtain the length of it very
‘nearly in a straight line, draw »u perpendicular to the
diameter AB, and continue the diameter to b, so that Ap
shall bé equal to the radius; if pu be then drawn, it will
cut off from B the line BE somewhat less, but very nearly
equal to the arc Be.

But if the line dfce be drawn in such a manner, that
the segment df, intercepted between the circle and the
diameter continued, shall be equal to the radius, the:
straight line me will then be somewhat greater than the
arc BG; but very near it,‘ if the arc does not exceed 30
degrees ,

For this theorem we are indebted to qnelhus but it
was first demonstrated by Huygens. We shall show
hereafter, that it is very useful in trigonometry.

2d. It has been demonstrated also by Huygens, that
twice the chord of balf an arc, plus the third of the differ-
ence between that sum and the chord of the whole arc, is
nearly equal to the arc itself, when it does not exceed 30°.

For if we suppose the arc to be $0° the chord will be
25882 parts, the diameter being 100000; that of half the
same arc, or of 15° will be 18053, the doulsle of which is
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26106 ; if from this we subtract 25882, the difference will
be 224, the third of which, 743, added to 26106, will give
26180% for the arc of 80° Twelve times this arc ought
to give the whole circumference ; but 261803, mulnphed
by 12, is equal to 814168, and the circumference is 314159,
the difference, therefore, is only the nine hundred thou-
sandth part of the radius.

REMARK.

As we prgmised to give a short account of the different
attempts made respecting the quadrature of the circle, we
shall here discharge our promisc. What we are going to
say on the subject is only an abstract from a very curious
work, published by Jombert in 1754%.

It will first be proper to divide those who have employed
themselves on this problem into two classes. The first,
consisting of able geowetricians, were not led away by
illusions. Being aware of the difficulty or impossibility of
the problem, they confined themselves merely to the find-
ing out methods of approximation more and more exact ;
and their researches have often terminated in discoveries
in almost every part of geometry.

The other class cousists of those who, though scarcely
acquainted with the elements of geometry, and scarcely
knowing on what principles the problem depends, have
made every effort to solve it, by accumulating paralogisms
on paralogisms. Like the unfortunate Ixion, condemned
to roll up a heavy burden eternally, without being able to
bring it to the place of its destination, we find them twist-
ing and turning the circle in every direction, without ad-

- vancing ove step further. 'When a geometrician has con-
vinced them of an error in their pretengded demonstrations,
we see them returning a few days after, with the same
demonstration in a new form, but equally contemptible.

® The author of that curious little work was Montucla himself.
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Very often they do not hesitate to contest the best establishs
ed truthsin the elements of geometry,and in general sensible
of the weakness of their knowledge in this department of
science, they consider themselves as specially illuminated
by Heaven to reveal truths to mankind, the discovery of
which it has withheld from the learned, in order to confer
the honour of it on idiots. Such is the ridiculous but real
picture of this sort of men. ~ It may be readily conceived
thatin the short history we are about to give of the quadra-
ture of the circle, we shall not be so unjust towards the
eminent geometricians, as to couple them with such vision-
aries. The singular flights of the latter will only furnish

‘us, towards the end of this article, with matter for an
amusing addition to it.

Geometry -had scarcely been introduced amoug “the
Greeks, when the quadrature -or measure of the cirele
began to give employment to all those who possessed a
mathematical genius. Anaxagoras, it is said, exercised
himself upon it while in prison; but with what success we
‘are not informed.

The question had already become celebrated in the
time of Aristophanes, and perhaps had made some geo-
metrician lose his senses ; for in order to ridicule the cele-
brated Meto, that comic writer introduces him on the
stage, promising to square the circle.

Hippocrates of Chios certainly made it an object of his
research; for it could be only by endeavouring to square
“the circle that he discovered his famous lunules. Some
“even ascribe to him a certain combination of lunules, from
which, as they pretend, he deduced the quadrature of the
“circle; but in our opinion without any foundation ; for as
he held a distinguished place among the geometricians of
his time, he could not be a dupe to the paralogism of a
‘school-boy : ‘his object was only to show, that if the lunile.
described on the side of an inscribed hexagon could be

]
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made equal to a rectilineal space, the quadrature of the
circle could be thence deduced ; and in this he was per-
fectly right.

It is very probable that geometncnans were not long
ignorant that the circle is equal to the rectangle of balf
the circumference by the radius. Before the time of Plato,
geometry had been enriched with more difficult discoveries,
yet this truth is first found in the writings of Archimedes.
Something more however was necessary: the proportion .
between the circumference and the diameter, or the radius,
remained to be détermined ; and this discovery occasioned,
no doubt, many a sleepless night to that profound geome-
trician. Not being able to succeed with geometrical pre-
cision, he had recourse to approximation, and found, by
calculating the length of an inscribed polygon of 96 sides,
and that of a similar one circumscribed, that the diameter
being 1, the circumference would be more than 33¢, and
less than 318, or 31. For he showed that the inscribed
polygon is somewhat greater than 34%, and that the cir-
cumscribed is somewhat less than 331, -

Since that time, if great exactncss be not required, to
find the ratio of the diameter to the circumference, the
proportion of 1 to 3%, or of 7 to 22, is employed; thatis .
to say, the diameter is tripled and { of it is added: this»
th is never neglected, but by the most ignorant work-
men.

This object, we know, engaged the attention of several
more of the ancient geometricians; among whom were
Apollonius, and one Philo of Gadara; but the exactest
approximations which they found have not reached us.

The first of the modern geometricians, who made any
additions to what the ancients had transmitted to us, re- ;
specting the measure of the circle, was Peter Metius, a |
geometrician of the Netherlands, who lived about the end
~of the 16th century. Being employed in refuting the
pretended quadrature of one Simon A Quercu, he found
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this very remarkable proportion, which approaches ex-
ceedingly near to the truth, between the diameter and the
circumference, viz, as 118 to 355. The error is scarcely
the ten millionth part of the circumference.

After him, or about the same time, Vieta, a celebrated
French analyst and geometrician, expressed the ratio of
the circumference to the radius by the proportion of
10000000000 to 31415926535, and showed that the latter
number was too small, but that if its last figure were aug-
mented by only one unit, it would be too great. About
the same period also Adrian Romanus, a geometrician of
the Netherlands, carried this approximation to 16 figures;
but all these were far exceeded by Ludolph van Ceulen, a
native of the Netherlands likewise, who carried this pro-
portion to 35 figures, and showed that, if the diameter be
unity followed by 35 ciphers, the circumference will be
greater than 3141592635358979323846264338327950288,
and ]ess‘ than 314159265358919323846264333827950289.
He was so proud of this labour, which however required
less sagacity than patience, that, like Archimedes, he re-
quested it might be inscribed on his tomb-stone : his desire
was complied with, and this singular monument is still to
be seen, it is said, in one of the towns of Flanders.

Willebrord Snell, another countryman of Metius, made
several important additions to what had been done on this
subject, in his book entitled Cyclometria. He discovered
the method of expressing, by a very approximate propor-
tion, and an exceedingly simple calculation, the magnitude
of any arc whatever ; and he made use of it to verify the
calculation of van Ceulen, which he found to be correct.
He then calculated a series of polygons, both inscribed and
circumscribed, always doubling the number of sides, from
the decagon to that of 5242880 sides; so that, when a
proportion between the diameter and circumference of the
circle, pretendéd to be exact, is proposed, one may refute
it by means of this table, and show which is the circum-
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scribed polygon greater than the supposed value of the
circumference, and what circumscribed polygon it sur-, -
passes: in either case this will serve to prove the falsity of
the pretended rectification of the circular circumference.
The celebrated Huygens, when very young, enriched
the theory of the measure of the circle with a great many
new theorems. He combated also the pretended quadrar
ture of the circle, which father Gregory Saint Vincent, a
jesuit of the Netherlands, announced as discovered, and
requiring only a few calculations, which he dexterously
forgot to make. Gregory Saint Vincent, however, was an
able geometrician; he wrote an answer to Huygens, and
the latter replied; some of Gregory’s pupils entered the
lists also, and another jesuit, a geometrician, combated on
the same side. But it is certain, whatever father Castel
may have said, that Gregory was mistaken, and that his
large work, which contains some very ingenious things,
ended with an error, or something unintelligible. As he
pretended to have found the quadrature of the circle, why
did he not perform those calculations which are necessary
to express it numerically? But this was never done, either
by him, or by any of his pupils, who carried on the dispute
with a great deal of asperity.
James Gregory, a celebrated geometrician in Scotland,
“undertook, in 1668, to demonstrate the absolute impossi-
bility of the quadrature of the circle. This he did by a
very ingenious method of reasoning, which deserves per-
haps to be better examined. However, it did not meet
with the approbation of Huygens, and this produced a very
warm dispute between these two geometricians. But it
must be confessed that Gregory gave severdl very in-
genious methods for approaching nearer teo'the measure of
the circle, and even to that of the hyperbola.
- The higher geometry supplies us* with a great number
of different methods for finding, by approximation, the
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measure of the circle, and the greater part of them are
easier than the preceding ; but this is not a proper place
for entering into an explanation of them. We shall con-
tent ourselves with observing, that by means of these me-
thods the approximation of Ludolph van Ceuler has been
carried as far as 127 figures or decimals. Sharp, an En-
glish geometrician, first carried it to 74 figures; Mr. Machin -
extended it to a hundred, and M. de Lagny continued it
to 127: it is as follows. If the diameter be unity, followetd
by 127 ciphers, the circumference will be greater than
3141592653589793238462643383279502884197169399817-
510582097494459230781740620620899862803482534211-
710679821480865132723066470938446, and less than the
same number, when the last figure is increased only by
unity. The error therefore is less than a portion of the
diameter expressed by unity, divided by unity followed
by 127 ciphers. If we suppose a circle, the diameter of
which is a thousand million of times greater than the
distance of the sun from the earth, the error in the cir-
cumference would be a thousand millions of times less
than the thickness of a hair.

- It is even possible to-go still further; and Euler has
pomt,ed out the method, in the Transactlons of the Imperial
Academy of Sciences at Petersburg; but it must be con-
fessed that it would be superfluous labour.

We cannot conclude better this short history of the
~ quadrature of the circle, than by an account, which will
no doubt amuse some: of our readers, of those who have
- miscarried in their attempts to solve this problem, or who
bave fallen into ridiculous errors on the subject.

The first, among the moderns, who pretended to have
found the quadrature of the circle, was cardinal de Cusa.
One of his methods was, to roll a circle or a cylinder over
a plane, till the point which first touched it should touch
it again ; and he then endeavoured, by a train of reason-
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ing, which displayed nothing geometrical, to determine
the length of the line thus described, He was refuted by
Reglomomanus, in 1464 or 1465.

After him, vig, about the middle of the 16th century,
Orontius Finzus, though professor royal of the mathema-
tics, rendered himself ridiculous by his paralogisms, not
only in regard to the quadrature of the circle, but also in
regard to the trisection of an angle and the duplication of
the cube. Peter Nonius however, 3 Portuguese geome-
trician, and J. Borelli his former pupil, clearly exposed -
the fallacy of his reasoning. The same Orontius Fingus
published also a work on Gnomonics, which .is nothing
hut a series of paralogisme.

We are astonisbed to find the celebrated Joseph Scahger
fcll soon after, into the same error. As he bad no great
esteem for geometricians, he was desirous to show them
the superiority of 2 man of letters, in solving, by way of
amusement, what had so long difficulted them: be at-
tempted the quadrature of the circle, and seriously ima~-
. gined he had discovered. it, by giving, as the measure of
it, a quantity which waa ounly & little less than the ibscribed
dodecagon. It was therefore no great difficuity for Vieta,
Clavius, and others; to refute his reasoning: this threw
him into a viclent passionsuend, according to the practice
of that period, exposed the latter in particular to a great.
many epithets not very decent, while it confirmed Scaliger
more and more in his opinion, that geometricians were
destitute of common sense.

We are sorry to include, amoung this class, the cele-
brated Danish astronomer, Longomontanus, who pretended
to prove that the diameter of a circle is to the circumfer-
ence, exactly as 100000 is to B14185. 8oon after, the
famous Hobbes imagined also that he bad found the qua.
dratare of the circle, and being refuted by Dr. Wallis, he
undertook to prove that the whole system of geometry
before tanght was mthmg but a series of pauloglsm.

voL. 1.
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This forms the subject of a work entitled,' De ratiocimis
et fastu Geometrarum, ;

Olivier de Serres, the agriculturist, by weighing a circle
and a triangle, equal to the equilateral ‘triangle inscribed,
believed he bad found that the circle was exactly the
double of it. This weak man did not see that this double
is exaetly the hexagon inscribed in the same circle.

- A. M. Dethlef Cluver pretended, in 1695, to have
squared the circle; and he reduced the problem to one
much easier, which he announced in the following manner :
Invenire mundum Menti divine analogum. He unsquared
the parabola, and endeavoured to prove that Archimedes.
bad been deceived in regard to the measure of that figure..

Leibnitz endeavoured to engage him in'a dispute with
M. Nieuwentyt, who then started a great mapy difficulties -
against these new calculations; but the attempt.did not.
succeed. :

Though, these ridiculous attempts, as appears, onght to.
have prevented others, men were seen, and are still seen-
daily, falling into errors of ‘the like kind. About thirty:
years ago a M. Liger pretended that he had found out the
quadrature of the circle, by demonstrating that the square .
root of 24 was the same as that of 25 ; and that of 50 the
same as that of 49: this he demonstrated, according to his
own terms, not by geometrical reasoning, which he ab-
horred, but by mechanism combined with figures.

- A certain Sieur T de N—— found out something not
less curious, viz, that curves ought not to be measured by
comparing - them with straight lines, but by comparing
them with curves. This being once demonstrated, the
quadrature of the circle is merely children’s amusement.

M. Clerget made another discovery no less interesting,
viz, that the circle is a polygon of a determinate number
of sides: and he thence deduced, which is very curious,.
the magnitude of the point where two unequal spheres
touch each other. He demonstrated also the impossibility .
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of the motion of the earth. No one-before him had been-
able to suspect the least affinity between these questions.
But what shall we say of the complex calculations of the
late M. Basselin, a professor in a university, who, after as
much labour almost as van Ceulen, found a proportion
between the diameter and circumference beyond the limits
even of Archimedes? This weak man, who had so happily
discovered the quadrature of the circle, was ignorant, till
some days before his death, that Archimedes had squared
- the parabola. He proposed also, had he recovered from
his malady, to examine the process of Archimedes, being
fully convinced that the geometrician of Syracuse had
been deceived.
But if these men incurred only ridicule, and ridicule
“confined to the circle of a small number of geometricians,
we are now going to introduce one to whom the ambition
of squaring the circle cost much dearer. We allude to
the Sieur Mathulon, who, from being a manufacturer of
stuffs at Lyons, commenced geometrician and mechanist ;
but with less success than Hippocrates of Chios, who,
from being a wine merchant at Athens, became an illustri-
ous geometrician. Sieur Mathulon, about 40 years ago, .
deposited the sum of 1000 crowns at Lyons, and having
" announced to geometricians and mechanists the discovery
of the quadrature of the circle and the perpetual motion,
declared he would give the above sum to the persen who
should prove that he was in an error. M. Nicole, of the
Academy of Sciences, proved that his knowledge of geo-
metry was very limited; that his pretended quadrature
was a mere paralogism ; and demanded the 1000 crowns,
which were adjudged to him. * The Sieur Mathulon de-
murred, and maintained that he ought to prove also the
falsity of his perpetual motion ; but he lost his suit, and
M. Nicole gave up the 1000 crowns to the general hospital
at Lyons, to which they were delivered.
Had the Chatelet of Paris been equally severe, a sxmxla.r
) X2
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folly would have cost much more to a man of some pro-
perty, who, about 30 years ago, announced the quadrature
of the circle; defied the whole world to refute him; and
at last, by way of challenge, deposited 10000 livres to be
adjudged to the person who should prove that he was
mistaken. It is impossible, without lamenting.the weak-
ness of the human mind, to see this grand dlscovery re-
duced to dividing a circle into four equal parts, by per-
pendicular diameters, turning these quadrants with their
four angles ountwards, so as to form a square, and then
pretending that this square is equal to the circle. Accord-
ing to the principles of this pretended mathematician, for-
two figures to be equal, it is not necessary that they should
touch each other throughout their whole extent; it is
sufficient that they touch or can touch. Thus the square
is not only equal to the inscribed circle, but even to any
figure included in the circle, the salient angles of which
touch the circumference.

It would not have been difficult to show to any other
person than the author, that this was absolute nansense.
Three persons appeared as claimants of the 10000 livres ;
the cause was tried at the Chatelet, bat this tribunal was
of opinion that a man’s fortune ought not to suffer for the
errors of his judgment, when these errors are not preju-
dicial to society. On the other hand, the king decreed
that the bet should be considered as void ; and that both
parties should take back their money. The author ex-
torted from the Academy of Sciences a sentence, by which
he was desired to study the clements of geometry ; but he
was still convinced that future ages would blush for the
injustice done to him by that in which be lived. Before
we conclude this article, we must say a few words respeot-
mg M. le Rohberger de Vausenville, who in a work called
' Consultation sur Ja Quadrature du Circle, asks geome-
tricians, whether the quadrature of the ¢ircle would not
be found, if mesus could be devised for determining the
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centre of gravity of a sector of a circle, in common parts
of the radius and the circumference of the same circle.
We do not rightly understand what the author means by
common parts of the radius and the circumference. If he
means those parts of the radius in which it is usual to ex-
press the circumference, as when it is said that if the radius
be 100, the circumference will be 314, we can answer, in
the name of all geometricians, that the quadrature of the
circle would, in that case, be found. We will even not
hesitate to tell him, that in whatever manner he determines,
in the axis of a sector or arc of a circle, its centre of
gravity, provided that in this determination the arc itself
1s not employed as one of the data, he will have solved
this famous problem; for who does not know that the
distance of the centre of gravity of the semi-circumference,
for example, from the centre, forms a third proportional
to the fourth part of the circle and the radius? But this
~ determination of the centre of gravity of the sector, ar arc

of a circle, is a discovery rather to be wished than hoped
for. ' : '

M. de Vausenville had no need to challenge, either
individually or in general, all the geometricians of Europe,
and even those of Turkey and Africa, where the meaning
of the words centre of gravity is certainly not known; and
be had still less occasion to inform them that if they did
not refute him, he would cousider their silence as a sign
of their defeat, and that his quadrature was acknowledged
as resting on a solid foundation. This bravado will cer~
tainly excite neither the Eulers, the d’Alemberts, nor the
Bernoullis, &c, to attack his quadrature. Either M. de
Vausenville is right, and in that case mathematicians will
acknowledge his discovery, and bestow on him every just
praise ; or his pretended quadrature is a mere paralogism,
aud of course it will meet with as little attention as that of
Henry Sullamar, a real Bedlamite, who found it in the
number 666, inscribed on the forehead of the beast in the
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tevelations, or those of many others which deserve, in
like manuer, to be consigued to obliyion.

PROBLEM XLVIIL.
Of the Length of the Elliptical Circumference.

* We have spoken in a pretty full manner of the circular
circumference, the exact determination of which in length
would give the quadrature of the circle. But no author,
as far as.we know, has said any thing satisfactory, or use-
ful in a practical view, respecting the circumference of
the ellipse. It is however necessary, in many cases, and
even in practical geometry, to know the length of that
curve; in the higher geometry there are also a great many
problems, the solution of which depends on the same know-
ledge: a few observations therefore on this subject may
be of utility.

Some authors, who have written on practical geometry,
arc of opinion that the circumference of an ellipse is an
arithmetical mean between the circumference of the circles
described on the two axes as diameters; but this is a mis-
take; and had they possessed a little more of the spirit of
geometry, they would have readily perceived it; for it
may be easily demonstrated that this is false in an ellipse
much elongated, as in that which has the greater axis g0,
and the lesser 2. The circumnference of this ellipse indeed
will certainly be greater than 40, while the mean propor-
-tienal between the circumferences of the circles described
on its axis, as diameters, will be only 343.

The rectification of the elliptical circumference is a pro-
blem which is almost the same, in regard to the quadrature
of the circle, as the latter is to a common problem in geo-
metry. John Bernoulli is the only person who has given
a method susceptible of being reduced to practice for
measuring the length of the elliptic line. He shows indeed
in an cxcellent memoir, published in his works, how to
determine the circular circumferences which are limits
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“alternately less and greater than the circumference of a
given ellipse: and by this methud we have calculated the
following table. We have supposed a series of ellipses,
_.one half of the common greater axis of which is 10 parts,
while the balf of the less axis becomes successively 1, 2,
8, &c, as far as 10, the last value given by a circle; and
we have found that the length of the circumferences of the
ellipse is as here expressed.

Common length of the greater axis 20*
Length of the Length of the mean cir-

e e peir
2 40°63245 34°5579
4 42'01968 376990
6 4968526 408406
8 4602506 439822
10 4844215 471238

) 12 51:05407 502654 .
14 53:8238717 534070
16 5672739 . 56°5486
18 59:81022 596902
20 162:83185 6283185

1t here appears, that the c)rcumference of the circle,
which forms a mean between those described on the greater
and less axis, is always less than the. elliptic line, and the
.more sensibly so, the more the ellipsis differs from a circle:
. in the first of the above ellipses the error is the 7th part.
By the help of this table all the mean lengths of the
ellipsis between the preeeding may be calculated : nothing
is necessary but to take the proportional parts. Let us

"
® Sir Jonas Moore also calculated a like table for the elliptic circumfer-
ences, extending ten times as far, that is to a hundred different ellipses, the
"conjugate axes gradually increasing from 1 to 100, which is the constant
transverse. The numbers indeed are set down to four decimals, but they
are not eommonly true to more than twe. EpiToRr. -

~
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suppose, for example, that the greater axis of a setui-

ellipse is 20 feet, and that the half of its less axis is 7}

-feet; it is evident that, in this case, the whole of the less

axis will be 15 feet. This ellipsis then will hold a mean -
place between that in which half the less axis is 3¢ of the

greater, and another in which the less axis is }$. But by

dividing the difference between the lengths of these two

ellipses into two equal parts, 1t will be found, without any

considerable error, that the length of the circumference of
the mean ellipse will be 5527558 parts, the axis being 20;

consequéntly the half of the proposed - ellipsis having its

transvérse diameter equal to 20 feet, and its conjugate to

7%, will be 27 feet 6 inches and 8 lmes the error being

scarcely a line.

PROBLEM XLIX.

To describe geometrically a circle, the circumference of .
which shall approach very near to that of a given ellipse.

It is to Mr Jobn Bernoulli also that we are indebted
for this simple and i mgemous method of describing a circle
isoperimetrous to a given ellipse. As it may serve as a
supplement to what we have said on the rectification of
the ellipse, we shall here give it a place.

Form the two axes of the given ellipsis into one strajght
line, as ap (fig. 130 pl. 16), in which AB is equal to the
greater axis, and BD to the less: let this line A8 be the di-
ameter of a semi-circle AED, which must be divided into 4,
8, 16, or 32 parts, &c, at pleasure, and according as greater
precision may be required. We shall here suppose the
number of equal parts to be 16. From the point B, draw
to each point of division straight lines ; then take the 16th
part of the sam of all these lines B4, B 1, B 2, B.3, &c,as
far as Bp inclusively, and if with the line hence arising as
radius, a circle be described, you will bave a circular cir-
cumference so nearly equal to that of ‘the given ellipse,
that it will not differ from it one hundred thousandth part,
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- even in the most unfavourable case, such as that, for ex-
ample, where the ratio of the axes of the ellipse is as 10
to 1.

It may be readily seen, that if the semicircle had been
divided into 8 parts, it would have been necessary to take
only the 8th part of the sum of all the lines drawn to the
points of division, including the points » and A. And so
for other numbers of parts.

If this operation were performed with a circle of a foot
radius, thie precision of the result would approach very
near the truth; and by means of a geometric scale, with
exceedingly minute divisions, a very satisfactory numerical
approximation might be found without calculation*.

/

PROBLEM L.

To detérmine a straight line nearly equal to the arc qf any
curve whatever.

We shall suppose that the amplitude of the given arc is
not very considerable, as not more than 20 degrees; that
is to say, if tangents be drawn at the extremities of the
arc, and then perpendiculars to these tangents, the angle
included between these perpendiculars shall be at most 20
degrees.

* It is noticed above, by Montucla, that an arithmetical mean between
the two axes of an ellipse, has been often taken as the diameter of a circle of
-equal circumference with the ellipse. It may be added that this tule alwayl
gives the perimeter in defect, or less than just,

Another rule, almost as easy, which gives the perimeter alw:ys in excess,

~or more than just, is this: Square each axis, and take the arithmetical mean
between these squares, that is, add the squares together, and take half the
sum; then extract the square root- of this mean, and it will be nearly the
diameter of a circle of equal circumference.

As this ldtter rule is nearly as much in excess as the former is in defect,
if an arithmetical mean between them be taken, that is half their sum, it
will be the diameter of a circle of equal circumference, within the fifty thou-
sandth partof the whole, and is the nearest approximating rule yet given.
These rules are taken from my treatise on Mensuration, where several
others may also be seen, both for the whole circamference and also for any
part of it. Ep1iTor. :
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‘This supposition being made ;-draw the chord of ‘the
arc; and then find, either by calculation, or by means of
the compasses, the third of the tangents comprehended
between the place where they meet and the points of con-
tact; if we then add to this third two thirds of the chord,
we shall have a straight line so nearly equal to the arc, that
in the present case the difference will be but a ten thou-
sandth part. But if the amplitude be only about 5 degrees,
the error will not be a millionth part, as has been shown
'by M. Lambert, member of the Academy of Sciences at
_ Berlin, in a very interesting work, published in German,

which is highly worthy of being translated. : '

If the amplitude of the given arc be greater, as about
50 degrees for example, nothing will be necessary but to
“divide it into three parts nearly equal, and to draw tan-
gents to the extremities of the arc and to the points of
section, which will give a portion of the polygon circum-
scribed about the curve ; if the three chords of the three
parts of the arc be then drawn, and if two thirds of these
three chords be added to the third of the tangents, forming
the circumscribed polygon, the result will be a line equal,
within a hundredth thousandth part, to the length of the
given arc.

PROBLEM LI..

A circle, having a square inscribed in it, being given; te
JSind the diameter of a circle in which an octagon of a
perimeter equal to the square can be inscribed.

Let aB (fig. 79 pl. 10) be the diameter of the given
circle, and Ap the side of the inscribed square. Divide
AD into two equal parts in B, and raise EF perpendicular
to AD, meeting the given circle in F; if AF be then drawn,
it will be the diameter of a circle, in which if an octagon
be inscribed, it will be equal in perimeter to the given
square. :

A
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Forit is evident that the circle described on the diameter
Ar, will pass through the point E, since the angle Axr isa
right angle. It is also evident that the line drawn from 1,
the centre of the second circle, to the point E, will be
parallel to pr, because the sides Ap and Ar of the triangle
DAF are bisected in the points  and 1. But the angle
- arp is half a right angle, being half of nca, whichis a
right angle, since the chord of the inscribed square sub-
tends an arc of 90°: consequently the angle A1k is equalt
to 45°; whence it follows that AE is the side of the octagon
inscribed in the circle having a¥ for its diametér. And it
is evident that 8 times AE is equal to 4 times ADp.

REMARK.

If Ax be, in like manner, divided into two equal parts in
6, and if ca be drawn perpendicular from the point ¢,
till it meet the second circle ;' by drawing AR, that line
“~will be the diameter of a third circle, in which if a polygon
of 16 sides be inscribed, it will be isoperimetrous to the
above square or octagon.

Hence it follows, that if this operation were infinitely
continued, we should obtain a circle or polygon of an
infinite number of sides, isoperimetrous to a given square.
The circumference of this circle therefore would be equal
to the perimeter of the square, and we should thus have
the quadrature of the circle.

We have seen a very ingenious attempt to discover the
quadrature of the circle on this principle. The author M.
Janot, professor of mathematics in the Royal Military
School, reduced the problem to a very exact equation,
but complex, by the solution of which he expected to
obtain this last diameter ; but when be seriously tried to
reduce it, he found the two members of his equation to be
composed of the same terms, which of course gave him no
solution. .



316 GEOMETRICAL PROBLEMS.

PROBLEM LI1I.

\The three sides of a rightangled triangle being given; to

find the value of its angles without trigonometrical tables.

We shall first suppose that the ratio of the hypothenuse

to the least side is greater or not less than 3 to I, in order

that the angle opposite to that side may be at most about

30°; -for the error will be less the more that angle is below
30°,

This being premised ; let us suppose, for example, that
the hypothenuse of the triangle is equal to 13, the greater
side comprehending the right angle 12, and the less 5.
We must then make this proportion: as twice the hypo-
thenuse, plus the greater side, or 38, is to the less side or
5, so is three times unity or 8, to a fourth proportional,
which will be £§. But 1§ reduced to a decimal fraction
is 0°39473: if this number be divided by 01745, the

- quotient will be the number of the degrees and parts of a
degree contained in the angle opposite to the less side.
This quotient is 22,5%%;, which makes 22° 37° 15”. By the
tables it will be found to be 22° 37 28",

If the sides of the triangle are nearly equal, such for
example as 3, 4, 5, we must suppose in the triangle a line
¢ (fig. 80 pl. 10), dividing the angle opposite to the side
AB, or that represented by 3, into two equal parts. But
it is known that in this case the opposite side aB will be
divided in the same ratio as the adjacent sides; conse-
quently the segment Bp may be found by the following
analogy : .

As the sum of the two other sides or 9, is to 3, the third
side, 8o is cB or 4, to 8D, which will be %? or.4; if the
squares 4 and 4, or of cB and BD, be then added together,
by extracting the square root of the sum, which in decimals
is 17171, we shall have for the square root 421637, which
will be the value of cn. In the last place, by applying
the above rule to the triangle B¢, we shall find the angle

!
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»cD to be 18° 26’ 7%, and consequently its double, or the
angle acs, 36° 52’ 14", By trigonometrical tables the
latter will be found to be 36° 5¢' 15”; so that the differ~
.ence is only one second.

PROBLEM LIII.

An arc of a circle 6eiﬁg given, in degrees, minutes, and
seconds ; to find the corresponding sme, without the help
of tngonametrzcal tables.

. The solution we are going to give of this problem, is
not so simple and short as the preceding; but it appears
to be the best hitherto proposed, especlally as it is easy,
and may be readily remembered by means of an observa-
tion we shall make at the end, and which will show its
source as well as the demonstration of it,

In this problem there are three cases, which require
three different methods of operation. The given arc may
exceed 60°, or it may be less or at most. not more than_
30°; and in the last place it may be greater than' 30°, but
less than 60°.

Ist. We shall suppose that the arc exceeds 60° and that
its sine is required. Take its complement to 90°, and
reduce that arc into parts of the radius, which we shall
suppose to be 100000 ; for this purpose, nothing is neces-
sary but to multiply the degrees it contains by 1745.%,
and the minutes by 29°09, and then to add the products.
Square this arc thus reduced, and raise it also to the 4th
"power ; divide the square of it by 2, and from the quotient
subtract unity or the radius: divide the 4th power of it
by 24, and add the quotient to the above remainder: the
number. thence resulting will be nearly the sine of the
given arc.

Let the given arc, for example, be 70° 30’ ; its comple-
ment to 90° is 19° 30', which reduced to parts of the
radius, as beforesaid, will give 34025. The square of this
number, suppressing the five last figures, which are use. |

\
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less, because we have no occasion for more than 100000
parts of the radius, is 11583, and its half 5792, which
taken- from 100000 leaves 94208. Square 11583, which
will give the 4th power of 34035 ; and if five figures be
© suppressed, as useless for the reason before mentioned,
we shall have 1341, which must be divided by 24. The
quotient, which is somewhat less than 56, bemg added to
94208, will make 94264, which will be the sine of 70° 30",
And this is exactly what it will be found to be in the
tables of sines.

2d. Let us now suppose that the given arc is at most
30°. Find the cube and 5th power of that arc reduced to
parts of the radius; then divide the cube by 8, and the 5th
power by 120; if the first quotient be subtracted from
the arc, and the sccond be added to the remainder, we
shall have the value of the sine, a very small error ex-
cepted. :
1 Let the given arc, for example, be 30°. When reduced
to 100000th parts of the radius it will give 52362, the cube
of which, suppressing the last ten figures, will be 14354.
The 6th part of. this number is 2392, which taken from
the arc 52362, leaves 49970. The 5th power of the same
number 52862, suppressing the last twenty figures, is
3935, which divided by 120 gives 32; if 32 be added to
the above remainder, we shall have 50002 for the sine of
30°; which it is well known is exactly 50000; conse-
quently the error is only two units in the last figure,

3d. If the arc be between 30° and 60°, for example 45°;
take the difference between that arc and 60° which is 15°,
and add it to 60°; the sum will be 75°, the sine of which
must be found by the first rule. Then find that of 15° by -
the second; and subtract it from that of 75°; the re-
. mainder will be the sine of 45°; for, according to a theorem
in trigonometry, the sines of two arcs, equally distant
from 60°, have for difference the sine of that arc by which
each of these two arcs differs from that of 60°.

-
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If, instead of the sine of an arc, that of its complement
be required, the same rules may be employed : the sine of:
the complement of 20°, for example, is the right sine of
70°; and, on the other hand, the sine complement of 70°,
is the right sine of 20°; by which it may be readily seen,
that to find the sine complement of an arc, nothing is
necessary but to ﬁnd the right sine of the complement of
the arc. -

When the right sine and the sine complement of an arc
are known, it will be easy to find the tangent by the follow-
ing proportion: As the sine complement, or cosine, is to
the sine, so is radius to the tangent: nothing therefore is
necessary, but to divide the sine, increased with any num-
ber of ciphers at pleasure, by the cosine.

REMARK. -~ -

We have here given a method for supplying the place
of tables, so necessary in practxcal trigonometry, or of
forming them very expeditiously, in cases when they are
not at hand, or cannot be procured. I was once myself
in such a situation, having lost my baggage, which was
taken from me by a party of the Iroquois Indians, when
posted at Oswego in Canada. In that dreary abode, I en-
deavoured to amuse mysclf by the study of geometry. An
opportunity of performing some trigonometrical opera-
tions occurred ; but, being destitute of books, I fortunately
remembered the theorem of Snellius, which serves as a
basis for the solution of the preceding problem: in short,
I recollected two expressions, in infinite series, which give'
the value of the sine and cosine, the arc being given. The
first, asis well known, a being made to represent the arc, is

ab a? a%
a—- s+ 5()“) 8c, and the second 1 — > + oo — =
&c. But when the arc{a is very much below the value
of the radius or unity, it is evident that the three first.
terms of each will be sufhicient, because all the followmg,
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terms become excessively small. After what has been said,
the demonstration of these rules may be easily discovered.

PROBLEM LI1V.

A circle and two points being given; to describe another
circle, which shall pass through these points, and touch
the former circle.

It is here evident, that these two points must be both
within, or both without the given circle.

. LLet the two given points then be A and B, asin the two
figures 81 and 82, pl. 10. Join these points by a straight
line AB; and through one of them, for example A, and
the centre of the given circle, draw the straight line a1n,
intersecting it in the two points 1 and 1; then take ap a
4th proportional to AB, AH, A1,and from the point p, draw
the two tangents pE, pe; lastly, from the point a, through
the two points of contact draw the two lines Ea¥, eaf,
intersecting the circle in ¥ and f: the circle described
through the two points A and B, and through F, will touch
the given circle in r; and if one be described through
the points A, B, and f, it will touch the given circle in f.

PROBLEM LvV.

Two circles and a point being given; to describe a third
circle, whick shall pass through the given pomt and touch
- the other two circles.

Let the centres of the two given circles be the points A
and c, (ﬁg 83 pl. 10) and their radii AB, cp. In the line
which joins their centres continued, find the point r, the
tangent from which to one of the circles shall be the tan-
gent to the other, (by Prob. x1), and join the point F to
the given point E: then make r& a 4th proportional to
PE, FB, FD, and by the preceding problem, through the
points ¢ and  describe a circle which shall touch one of
the two circles AB or cp: this third circle will touch also
the other circle.
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PROBLEM LVI.

Three circles being given; to describe a _fourth, whick shall
touch them all.

It may be readily seen that this problem is susceptible
of a great number of differént cases and solutions ; for the
required circle may contain tlie three given circles, or
only two of them, or even oné, or the given circles may all
be without it. But, for the sake of brevity, we shall con-
fine ourselves to orie of these cases, that where the circle
to be described must leave the other three without it.

Let the three given circles then be denoted by a, B, c,
(fig. 84 pl. 10) and let their radii be ag, B, cc; let 4 alsd
be the greatest, 8 the mean one, and ¢ the least. In the
radius Aq make ad equal to c¢, the radius of the least circle,
and from A as a centre, with the radius Ad describe a new
circle. In the radius B, make be equal to ¢c also, and
from B as a centre, with the radius Be describa another
circle ; then, by the preceding proposition, through the
centre ¢ describe a circle, which shall touch the two new
circles; let its centre be E, and its radius Ec; diminish
this radius by the radius cc, and from the same centre =
describe another circle, which will evidently touch the
three first circles given.

For since the circle described from the centre A with
the radius ad, is within the proposed circle a, by the
quantity ad or cc, it is evident that if the radius e be
diminished by that quantity, the circle described with this
_ new radius, instead of touching the interior circle, having
. ad for its radius, will touch the proposed circle, the radius

of which is aa. ~ )
It may be seen also that the same circle described with
the radius e, less ce, will touch externally the circle
which has for its radius 8. Lastly, it will touch externally
the circle having cc for its radius; consequently it will
touch them all three externally.
YOL. L 4
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REMARK.

This problem had some celebrity among the ancients;
and indeed it is attended with a certain degree of diffi-
culty. It terminated a treatise of Apollonius, entitled De
Contactibus, which has been lost, but which Vieta, a cele-
brated geometrician who lived about the end of the 16th
century, restored, and which may be found in his works,
printed in Latin, at Leyden, in 1646, in folio, with the
title of Apollonius Gallus, seu exsuscitata Apollonii Pergzi
de Tactionibus Geometria.

Newton has given a beautiful and ingenious soluticn of
‘this problem; but.that of Vieta appedred to us preferable
for the present work, being founded on easier principles.
‘We cannot omit this opportunity of observing, that the
above work of Vieta is a most elegant piece of geometry,
treated in the manner of the ancients.

PROBLEM LVII.

What bodies are those, the surfaces of which have the same
ratio to each other as their solidities ?

This problem was proposed, in the form of an enigma,
in one of the French Journals, entitled the Mercury, of
the year 1773.

Reponds-moi, d’Alembert, qui découvre les traces
Des plus sublimes vérités ;
Quels sont les corps dont les surfaces

Sont en méme rapport que leurs seolidités ?

We do not find that d’Alembert ¢ondescended to an-
swer this problem, for it may be readily seen, by those in
the least acquainted with geometry, that two bodies well
known, the sphere and the circumscribed cylinder, will
solve it. Archimedes demonstrated long ago, that the
sphere is equal to two thirds of that cylinder, both in sur-
face and solidity, provided the two bases of the cylin-
der are comprehended in the former; and this is the an~
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swer which was given to the enigma in the following Mer-
cury.

But we may go a little further, and say, that there area
great number of bodies which, when compared with each
other, and with the sphere, will answer the problem also :
such are all solids formed by the circumvolution of a plane
figure circumscribed -about the same sphere, and even all
plane-faced solids, regular or irregular, that can be cir-
cumscribed about the same sphere; for the solidity of all
these bodies is the product of their surfaces by the third
of the radius of the inscribed sphere, while the solidity of
the sphere is the product of its surface by the third of its
radius.

Thus, the equilateral cone is to the inscribed sphere,
both in surface and solidity, as 9 to 4.

The case is the same in regard to the sphere and the cir-
cumscribed isosceles cone; except that the ratio, instead
of 4 to 9, will be different according to the elongation or
oblate form of the cone.

If the sphere and the circumscribed cylmder possess this
property, it is because the latter is a body produced by
the circumvolution of the square circumscribed about the
great circle of the sphere, on an axis perpendicular to two
of the parallel sides.

If the square and inscribed circle revolved around the
diagonal of the square, the surface and solidity of the
body, thus produced, would be to each other as +/2 is
to 1.

We shall here propose a similar prob]em

What are those figures, the surfaces and perimeters of which
are to each other in the same ratio ?

The answer is easy : the circle and all polygons, regular
er irregular, circumscriptible of it.

Y2
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THEOREM VIII,

The dodecagon inscribed in the circle is % of the square of
the diameter, or equal fo the square of the side of the in-
scribed triangle.

This theorem, which is exceedingly turious, was first
remarked by Snellius, a Dutch geometrician.

Let ac (fig. 85 pl. 10) be the radius of a circle, in which
is inscribed the side AB of the hexagon; and if Ap and
pB be the sides of the regular dodecagon, it thence fol-
lows that, by drawing the radius pc, it will cut the side
aB perpendicularly, and divide it into two equal parts.
- But it is evident, that the area of the dodecagon is equal
. to 12 times one of the triangles Apnc, or ncs; and as the
triangle Apc is equal to the product of the radius by the
half of aF, or by the 4th part of the radius, that is to say,

is equal to a 4th of the square of the radius, the twelve
will be equal to 8 times the square of the radius, or to 3 of
the square of the diameter.

On thie other hand, the side of an equilateral tnangle in-
scribed in a circle, the diameter being unity, is equal to
v%; consequently its square is also equal to $ of the

,square of the diameter, or to the dodecagon.

REMARK.

Two of the inscribed polygons, viz. the square and do-
decagon, possess the property of having a numerical ratio
to the square of the diameter ; for the inscribed square is
exactly the half; but of the regular polygons circum-
scribed, this property belongs only to the square.

Irregular polygons however, and even a great variety
of them, commensurable to the square of the radius, mlght
be inscribed in a given circle. .

Let the diameter of the circle, for example, be 1 ; ; and
let the four sides of the inscribed quadrilateral be %, %
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%4 +'s: its surface will be rational, and equal to §23% of
the square of the diameter, '

PROBLEM LVIII.

If the diameter as (fig. 86 pl. 10) of a semicircle acB, be
divided into any two parts whatever, Av and oB ; and if
on these parts as diameters there be described two semi-
circles AED and D¥B, a circle is required equal to the re-
mainder of the first semicircle.

From the point b raise pc perpendicular to as, till it
meet the ‘semicircle’ acs: if a circle be then described
having pc for its diameter, it will be that required.

The demonstration of this problem, so well known, is
deduced from a theorem in the 2d book of the Elements of
Euclid, viz. that the square of A3, is equal to the squares of
Ap and pB and twice the rectangle of Ap and pB; a rect-
angle to which the square of nc is equal by the property -
of the circle. Instead of these squares, if we substitute
semicircles, which are in the same ratio, the problem will
be demonstrated. '

PROBLEM LIX.

A square being given ; to cut off its angles in such a manner,
that it shall be transformed into a regular octagon.

Let the given square be aBco (fig. 87 pl. 10). In the
two sides nc and pa, which meet in b, take any two equal
segments whatever, o1 and pk, and draw the diagonal 1x;
make pL equal to twice pK, plus the diagonal 1k, and
draw L1; if cm be then drawn parallel to L1, through the
point, c, it will cat off from the side of the square the
qua.ntity pM, to which if p~ be made equal, by drawing
the line Nm, we shall have the side of the octagon re-
quired. If A®, a¥, BG, BH, cN and co be made equal to
the line pm, by drawing EF, au and on, the required oc-
tagon will be completed.
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'REMARK.’

The solution above given is an example of what often
happens in employing the algebraic calculus in the solu-
tion of geometrical problems ; for there is a solution much
more simple, and that of a nature to be self-evident even
to a beginner. It is as follows:

Draw the diagonal ac (fig. 131 pl. 17) of the square, and
also EF bisecting the opposite sides in & and 7, and the
diagonal in ¢. Draw cH so as te bisect the angle cGE;
so shall £u be half the side of the octagon. Therefore
make c1, BK, BL, AM, AN, Do, DP each equal to cu, and
the angles of the octagon will be found.

PROBLEM LX.

A triangle Asc being given ; to inscribe.in 1t a rectangle, in
such a manner, that ¥u or G1 shall be equal to a grven
square.

On the base 'Bc (fig. 88 pl. 11) describe the rectangle
BD, equal to the given square, and let & be the point where
Ac is intersected by the side of this rectangle parallel to
Bc. On ac describe a $emicircle, and having raised the
perpendicular Ex, till it meet the circumference, draw cr;
on cK, the half of ac, describe also a semicircle, in which
make cu equal to cr: if k¥ and k6 be then made equal to
KM, we shall have the points ¥ and 6, through which if
two lines be drawn parallel to the base till they meet az,
and also two other lines perpendicular to the base, they
will form the rectangles ru and 1, equal to each other,
as well as to the rectangle pB, which was equal to the
given square: therefore &c. '

PROBLEM LXI.

Through a given point o (fig. 89 pl. 11) within an angle
BAC, fo draw a line u1, in such a manner, that the tri-
angle 114 shall be equal 0 a given square.

" Through the point p draw L parallel to one of the sides
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of the given angle, and make the rhombus LEGA, equal to
the given square. On the line pE describe a semicircle,
in which apply pr equal to bL, and draw Er; lastly, if cu
be made equal to EF, and npi1 be drawn through the point
M, the line'np1 will be the one required.

PROBLEM LXII.
Of the Lunule of Hippocrates of Chios.

Though the quadrature of the circle be in all probabi-
lity impossible, means have been devised to find certain
portions of the circle which are demonstrated to be equal
to rectilineal spaces. The oldest instance of a circular -
portion, which may be thus squared, is that of the lunules
of Hippocrates of Chios; the construction of which is as
follows:

Let aBc (fig. 90 pl. 11) be a right-angled triangle, on
the hypothenuse of which describe the semicircle aBc,
touching the right angle B: if semicircles be then described
on the sides AB and Bc, the spaces in the form of a cre.
scent, AEBHA and BpcGB, will together be equal ta the
triangle ABc.

For it is well known that the semicircle on the base ac
is equal to the two semicircles AEB and BDC, because
circles are to each other as the squares of their diameters:
if the segnents anB and Bec, which are common to both,
be taken away, there will remain, on the one hand, the
. triangle ABc, and on the other the two spaces in the form
of a crescent, AEBH and BDCG, and these remainders will
be equal : therefore &c.

If the sides ab, ¢ are equal, as in fig. 91, the two lu-
nules will evidently be equal, and each will be half of the
triangle abc, that is to say, equal to the triangle &fa or
bfc. .

Hence we obtain a simpler construction of the lunule of
Hippocrates. Let arc (fig. 92) be a semicircle on the
diameter ac, and AFc an isosceles right-angled triangle,
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If from the point F as a centre, there be described through
A and ¢, the arc of a circle ABc on the base ac, the lu-
nule aABcp will be equal to the triangle car.

Since the square of r¢ is double the square of Ec, or of
EF, the circle described with the radius rc will be double
that described with the radius £c: consequently a 4th part
of the former, or the quadrant rapc, will be equal to the
half of the second, or to the semicircle asc. If the com-
mon segment ADCEA therefore be taken away, the re-
mainders, viz, the triangle Arc, on the one hand, and the
lunule ABCDA, on the other, will be equal,

REMARKS.

We shall take this opportumty of making the reader ac-
quaintetl with several curious observations, added by mo-
dern geometricians to the discovery of Hippocrates.

1st, From the centre r (fig. 93) if there be drawn any
straight line whatever rE, cutting off a portion of the lu-
nule AEGA ; that portion will still be quadrable, and equal
to the rectilineal triangle ARE right-angled at u.' For it
may be easily demonstrated, that the segment AE will be

equal to the semi-segment AGH.

2d. From the point &, if er be let fall perpendicular on
Ac, and if F1and ¥E be drawn, the same portion of the lu,
nule AEGA will be equal to the triangle Ar1. For it may
be easily demonstrated, that the triangle AF1 is equal ta
the triangle aAHE.

3d. The lunule therefore may be divided in a given ra-
tio, by a line drawn from the centre r: nothing more is
necessary than tp diyide the diameter Ac in such a man-
ner, that a1 shall be to c1 in that ratio ; to raise £1 perpen-
dicular to Ac, and to draw the line Fk: the two segments
of the lunule AGE and ‘GEc will be in the ratio of aAx
to 1c.

All these remarks were first made by M. Artus de Li-
onne, bishop of Gap, who published them in a work en-~
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" titled Curvilineorum Amanior Contemplatio, 1654, 4°, and
afterwards by other geometricians.

4th. If the two circles, forming the lunule of Hippo-
crates, be completed, the result will be another lunule,
which may be called Conjugate, and in which mixtilineal
spaces, absolutely quadrable, may be found. (

From the point F, if there be drawn any radius rm, in-
tersecting the two circles in r and mM; we shall have the
mixtilineal space RAME, equal to the rectilineal triangle
LAR: which can be easily demonstrated ; for it may be
readily seen that the segment AR, of the small circle, is
equal to the semi-segment LAM of the greater.

* Hence it follows, that if the diameter mo touch the small

circle in ¥, the mixt triangular space ArRFma, will be

equal to the triangle As¥, right-angled in s, or to half the
.lunule Accra.

5th. There are also some other portions of the lunule
of Hippocrates that are absolutely squarable; which, as
far as we know, were never before remarked. Let ABcra
(fig. 94) be a lunule, and let AB be a tangent to the inte-
rior arc. Draw the lines A and ea making with A equal
angles ; if from the point B there be then drawn the chords
BE, Be, which will be equal, we shall have the mixtilineal

- space, terminated by the two circular arcs, EBe, AGF, and
the straight lines ae and rE, equal to the rectilineal figure
€AEBe.

This would be true, even if the figure ABcra were not
absolutely quadrable ; that is to say, though aBc should
not be a semicircle, provided the two circles were always
in the ratioof 2 to 1. -

Y

PROBLEM LXIII.

To construct other lunules, besides that of Hippocrates, which
are absolutely squarable.

The lunule of Hippocrates is absolutely’ squarable, be-
cause the chords a8, Bc (fig. 92) and Ac are such, that
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the square of the last is equal to the squares of the ather
two; so that by describingson the last an arc of a circle,
similar to those subtended by a8 and Bc, the two segments
AB and BC are equal to Apc.

This method of considering the lunule of Hlppocrates
conducts us to more general views ; for we may conceive
in a circle any equal number of chords at pleasure, for ex-
ample four, as AB, BC, cp and DE, (fig. 95) of such a pa-
ture, that by drawing the chord Ak, the square of it shall
be quadruple of one of them ; or more generally, the num-

ber of these chords being 7, the square of AE may be ta
" that of AB,as nto 1. Thus, if we describe on AE an arc
similar to those subtended by the chords aB, BC, &c, the
segment AE will be equal to the segments a8, Bc, &c, to~
gether : if from the rectilineal figure ABcpE therefare, we
take away the segment AE, and add to it the segments A=,
BC, &c, the result will be a lunule formed of the arcs Ace
" and AE, which will be equal to the rectilineal polygon
ABCDE.

The question then is, to resolve the following geome-
trical problem:

In a given circle to inscribe a series of equal chords, A8, BC,
cp, &c, in such a manner, that the square of the chord
AE, by which-they are all subtended, shall be to the square
of one of them, as the whole number of them is to unity;
triple, if there are three; quadruple, if there are four,
¥e. '

But we shall confine ourselves to cases that can be con-
structed by the elements of geometry, which will still give
us two lunules, similar to those of Hippocrates, the one
formed by circles in the ratio of 1 to 3, and the other by
two circles in that of 1 to 5, besides two other lunules,
formed by circles in the ratio of 2 to 3 and of 3 to 5.

Construction of the first lunule,
Let aB (fig. 96) be the diameter of the lesser circle, with
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. which the lunule is to be constructed. Continue AB to b,
so that Bp shall be equul to the radius,and on Ap asa
"diameter describe the semieircle AED, cutting BE, drawn
perpendicular to Ap, in E; draw pE, and make pr equal
toit: on AF describe also a semicircle AnF, intersecting
the radius ce, perpendicular to A, in 1 j draw AH, and
in the given circle make the chords a1, 1% and kL equal
to Al ; then draw AL, and on that chord, with a radius
equal to Dk, describe an arc of a circle aAL; by these
means we shall have the lunule AeBLA, equal to the recti-
lineal figure A1RLA.

Construction of the second lunule, where the circles are as
1 ¢to 5. "

-Continue the diameter of the given or less circle, till the
part pp (fig. 97) be equal to half the radius; and draw
the indefinite line DE perpendicular to Ap; then from the
point s, which divides the radius Ac into two equal parts,
with a radius equal to 3 times ac, describe an arc of a
circle, cutting the before-mentioned perpendicular in & :
make EF equal £ of Ac, and pu equal to the radius; di-
vide HF intotwo equal parts in 6 ; and from G as a centre,
with a radius equal to ¢H, describe an arc of a circle cut-
ting the straight line Ap in 1 : then make bk equal to ur,
and draw kr perpendicular to the diameter, intersecting
the semicircle described on Ac in L; lastly, draw AL, and
let the chords Am, MN, No, op, PQ, be made equal to it:
if an arc of a circle be then described on A, with aradius
equal to pE, the lunule ANrga will be equal to the recti-
lineal figure AMNOPQA.

Lunules absolutely squarable may therefore be formed
with circles, which are to each other in the ratios of 1 to
2,1 to 3, and of 1 to 5. But there are no others formed
by circles in simple multiple or. sub-multiple ratio, which
can be constructed merely by the rule and compasses.

. Those which might be formed with circles in the ratio of
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1to 4,1 to 6, or 1 to 7, &c, would require the assistance
of the higher geometry. The trisection of an angle, or
the finding of two mean proportionals, is a problem of the
same nature, and of the same degree, and to be solved only
by the same means. But there are still two, which may be
constructed by the help of simple geometry, and which
are formed by circles in the ratio of 2 to 3 and of 3 to 5.
For the sake of brevity, we shall confine ourselves to show-
ing the method of construction.

For the first. Let there be any circle, the radius of

which is supposed to be 1; inscribe in it a chord aB (fig.
98 pl. 12), equal to v 2 — +/34, and let it be twice re-
peated, from B to c, and from ¢ to p: draw the chord
Ap, and on AD describe an arc similar to the arc aBc; if
the two equal chords A E and kb be then drawn, the lu-
nule ABcpEA will be equal to the rectilineal polygon
ABCDEA.

For the second. In a circle, the radius of which is 1, in-

scribe a chord equal toJ% —tVE-Yi 15, and

carry it round five times ; draw the chord of the quintuple
arc, and describe on it an arc with a radius = +§; in
this arc inscribe the three chords of its three equal parts,
which may be done by common geometry, because each
of these thirds is similar to a fifth of the first arc already
given. We shall then have a lunule equal to a rectilineal
figure, formed by the five chords of the small circle and
the three chords of the greater.
PROBLEM LXIV.
A lunule being given ; to find in it portions absolutely qua-
druble, provided the circles by which it isformed are to each
other in a certain numerical ratio.

Let aBcpa (fig. 99, 100, 101) be a lunule, formed by
two circles in any of the above ratios, ABc being a portion
of the lesser circle, and apc of the greater. Draw aAE the
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tangent of the arc Apc, and then draw the line a¥ in such
a manner, that the angle eac shall be to the angle rac in
the same ratio as the less circle is to the greater ; then one
of the three following things will take place : ar will be a
tangent to the circle a=sc, fig. 99 ; or it will cut it, as in f,
-fig. 100; or as in ¢ fig. 101.

In the first case, the lunule will be absolutely squarable,
and equal to the rectilineal figure xaLc (fig. 99).

In the 2d, this lunule, minus the circular segment Af,
will be equal to the rectilineal fizure AfkcLa, or the space
AKCL, plus the triangle Ak f (fig. 100).

In the 3d, the same lunale, plus the circular segment
a ¢ will be equal to the rectilineal space agKcla or the
space aKcl minus the triangle aKp (fig. 101).

We omit the demonstration, both for the sake of brevity,
and because it may be easily conceived from what has
been already said.

Hence it may be readily seen, that if the given circles
have to each other a certain ratio, which will admit of the
angle rac (fig. 99, 100) being constructed with the rule
and compasses, in such a manner as to be to the angle eac,
in the reciprocal ratio of these circles, we may draw the
line »a, which will cut off from the lunule the portion
ADCBfA, equal to an assignable rectilineal space. Now
this will always be the case when the less circle is to the
greater in the ratio of 1 to2,0or1to 3,0or 1to 4, or 1 to 5,
&c; for the angle Fac must then be double, triple, qua-
druple, or quintuple of EAc: in this there is no difficulty.
The case will be the same if the less circle is to the greater
in the ratio of 2 to 8, or ¢ to 5, or 2 to 7, &c; or the arc
ADc, being susceptible of geometrical trisection, as is
often the case, if the greater circle be to the less as 3 to 4,
or 3to 5, or 3 to 7, &c.

Another Method. Let ar (fig. 102) be a tangent to the
circle ABC in A, and AE a tangent to the arc ADc in the

~same point, Draw the line Ac in such manner, that the
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angle FAc may be to the angle eac, as the greater circlé
is to the less; that is; that the angle raE shall be to sae,
as the greater circle minus the less is to the latter : the line
A will then fall either on ac, or above it, asin AG, or
below it, as in ag.

Now, in the first case, it may be easily demonstrated,
that the lunule is absolutely squarable.

In the 2d, it may be shown that the same lunule, minus
the mixtilineal triangle Macm, is equal to an assignable
rectilineal space.

In the 3d, it may be proved that the same lunule, if the
mixtilineal trlangle cmg be added will be equal to the
same rectilineal space.

Lastly, let there be drawn, in each of the precedmg
figures, between Ac and Ae (fig. 99, 100, 101, 102), any
line whatewer AN, forming with the tangent AE any angle
NAE; then, in the angle rax, draw another line an, in
such a manner, that the angle naE shall be to EAN, as FAR
to cAe. It may still be demonstrated, that the mixtilineal
-figure formed of the two arcs nn, a®, and the two lines
An, pN will be equal to a rectilineal space ; which may be
found, by dividing the arc Nz into as many parts, similar
to the arc Ap, as the number of times that the less circle
is contained in the greater: this may be performed geo-
metrically, if the ratio of the one circle to the other be as
1to 2, or 1 to 3, or 1 to 4, &c. If we here suppose it, for
example, to be as 1 to 3, we shall have three equal chords
no, 0E, EN, and the portion of the lunule in question will
be equal to the rectilineal figure aAnorNa, since the three
segments 70, 0F, &ec, are together equal to the segment
AP.

ReMaRrk 1. We have also proposed and solved the fo!.
lowing problem :

A lunule, not squarable, but formed by two circles in the
ratio of 1 to 2, being given ; to intersect it by a line parallel
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to ils Imse,‘ whick shall cut off from it a portion absolutely
squarable,

Remark 2. The following method for dividing circles,
&ec, is so curious, that it is well deserving of a place here,
in addition to the foregoing ways of dividing them into
certain portions.

To divide Geometrically Circles apd Ellipses into any Num-
ber of Parts at pleasure, and in any proposed Ratios,

Although the learned labours of all ages have failed in
their attempts at the geometrical quadrature of the circle,
and even of the division of the circumference into any
number of equal parts at pleasure; yet our own time has
furnished the solution of a problem but little less curious,
and heretofore esteemed almost, if not altogether, as diffi-
cult as it ; namely the division of the circle into any pro-
posed number of parts whatever, of equal perimeter, and
the areas either equal or in any proportion to each other.
The solution of this seeming paradox was first published by
Dr Hutton, in his quarto volume of Tracts, in 1786. That
curious solutlon was, in substance, as fo"ows . .

Divide the diameter aB (fig. 132 pl. 17) of the given
circle‘into as many equal parts as the circle itself is to be
divided into, at the points ¢, p, £, &c. Then, on the
lines ac, Ap, Ak, &c, as diameters, describe semicircles on
one side of the diameter a8, and also on the lines sx, Bp, -

.-B¢, &c, on the other side of that diameter; then will these
semicircles divide the whole given circle in the manner
proposed viz, into parts which are all equal to each other,
both in area and in perimeter.

For, the several diameters of the dividing semicircle
being in arithmetical progression, and the diameters of
circles being in the same proportion. as their circumfe-
rences, these will also be in arithmetical progression. ~ But,
in such a progression, the sum of the extremes being equal
to the sum of each pair of terms that are equally distant
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from them ; therefore the sum of the circumferenceson a¢
and cB, is equal to the sum of those on Ap and ps; and to
the sum of those on.ax and B, &c, and each sum equal
to the semicircumference of the given circle on the whole
diameter AB, Therefore all the parts have equal peri-
meters; and each perimeter is equal to the whole circum-
ference of the first given circle. Which satisfies one of
the conditions in the problem.

Again, the same diameters being in proportion to each
other as the numbers, 1, 2, 8, 4, &c, and the areas of
circles being as the squares of their diameters, the semi-
circles will be as the square numbers 1, 4, 8, 16, &c, and
consequently the differences between all the adjacent
semicircles are as the terms of the arithmetical progression,
1, 3, 5,7, &c : and here again the sums of the extremes and
of every two equidistant means, make up the several equal
parts of the circle. Which is the other condition of the
problem.

But this subject admits of a still more geometrical form,
.and is capable of being rendered very general and exten-
sive, and is moreover very fruitful in curious consequences.
For first, in whatever ratio the whole diameter is divided,
whether into equal or unequal parts, and whatever be the
number of the parts, the perimeters of the parts will always
be equal. For since the circumferences of circles are in
the same proportion as their diameters, and because AB
(fig. 123 pl. 17) and Ap + DB, and Ac + cBare all equal,
therefore the semicircumferences ¢, and b + d, and a + ¢
are all equal, and constantly the same, whatever be the ratio
of the parts, oD, pc, cB, of the diameter. We shall pre-
sently find too that the spaces Tv, ®s, and »Q, will be uni~
versally as the same parts, Ap, pc, cB, of the diameter.

The semicircles having been described as before men-
tioned, erect CE perpendicular to aB, and join BE. Then
will the circle on the diameter BE, be equa.l to the space
rg. For, join AE. Now the space P is = semicircle on
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AB — semicircle on Ac: but the semicir. on AB = semicir.
on AE 4 semicir. on BE, and the semicir. on Ac = semicir.
on Ar — semicir. on CE, therefore semic. AB — semic. AC
= semic. BE 4 semic. CE, that is, the space v is = semic.’
BE + semic. CE; to each of these add the space g, or the
semicircle on Bc, then p + @ = semie. BE 4 semic. cE +
- semic. Bc, that is, » 4 ¢ = double the semic. BE, Of =
the whole circle on BE.

In like manner, the two spaces pQ and rs together, or
the whole space rqgs, is equal to the circle on the diameter
BF. And therefore the space rs alone is equal to the
difference, or the circle on Br minus the circle on BE.

But, circles being as the squares of their diameters,
BE’, BF*, and these again being as the parts or lines sc,
BD, therefore the spaces pg, PQRS, RS, TV, are respectively
as the lines B¢, BD, cD, AD. And if BC be equal to cp,
then will pg be equal to ®s, as in the first or simplest
case.

Hence, to find a circle equal to the space rs, where
the points p and c are taken at random: From either end
of the diameter, as a, take Ac equal to pc, erect GH per-
pendicular to A8, and join A ; then the circle on an will
be equal to the space rs. For, the space pg is to the space
RS, as BC isto CD Or AG, that is as BE? to AH?, the squares
of the diameters, or as the circle on BE to the circle on’
AH. But the circle on Bz is equal to the space rQ;
therefore the circle on An is equal to the space rs.

Hence, to divide a circle in this manner, into any pro-
posed - pumber of parts, that shall be in any ratio to one
another : Divide the diameter into as many parts, at the
points b, ¢; &c, and in the same ratios as those proposed ;
then on the several distances of these points from the two
ends A and B, as diameters, describe the alternate’ semi-
circles on the different sides of ghe whole diameter aB;
and they will divide the whole circle in the manner pro-

VOL. I z
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posed. That is, the spaces Tv, Rs, PQ, will be as the lines
AD, DC, CB.

But these properties are not confined to the circle alone.
They are to be found adso in the ellipse, as the genus of
which the circle is only a species. For if the annexed
figure be an ellipse described on the axis A (fig. 131 pl.
17) the area of which is, in like manner, divided by similar
semiellipses, described on ap, ac, BC, BD, as axes, all the
semiperimeters f; ae, bd, ¢, will be equal to ene another,
for the same reason as before in the circle, namely, because
the peripheries of similar ellipses are in the same propor-
~ tion as their diameters. And the same property would
still hold good, if AB were any other diameter of the
ellipse, instead of the axis; describing on the' parts of it
semiellipses which shall be sumla,r to those into which the
diameter Ap divides the given ellipse.

And further, if a circle be described about the elhpse, on
the diameter A B, and lines be drawn similar to those in
the second figure; then, by a process the very same as
before in the circle, substituting only semiellipse for semi-
circle, it is found that the space
rp = the similar ellipse on the diameter BE,
ryQrs = the similar ellipse on the diameter sr,
®s = the similar ellipse on the diameter AH, or to the
difference of the ellipses on Br and BE; also the elliptic
spaces PQ, PQR3, RS, TV, are respectively as the lines

B€, BD, DC, AD; being the same ratios as
the circular spaces. And hence an ellipse is.divided into
any number of parts, in any assigned ratios, after the same
~ manner as the circle is divided, namely, dividing the axis,
or any diameter, in the same manner, and on the parts of
it describing similar semiellipses.

To dwide a Circle by other Concentric Circles.
“This is another Vasiety of the same problem, and which
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has been originally proposed in this manner. A certain
number of persons purchased a grinding stone among
them, in equal shares; and they agreed that they should,
one after another, grind down an equal portion of it, or
an equal part of the area of its plane surface.

Let apse (pl. 17 fig. 135) represent the flat or plane
circular surface of the grindstone ; and suppose the num-
ber of persons to be 5; then the problem is, to divide this
circle into 5 equal portions, by means of smaller circles,
concentric with the given circle, or having the same centre
- ¢. This question was proposed in the Ladies’ Diary for
‘the year 1709, and the solution of it, in the following
manner, was first given by Dr Hutton.

Divide the given radius ac into the given number (5) of
equal parts ; at the points of division erect perpendicalars,
to meet the semicircle described on the diameter ac, in
the poiats ¢, f, £, & ; then through these points, from the
centre ¢, describe as many circles; and they will divide
the given circle in the manner required.

For the areas of the several included surfaces are pro-
portional to the squares of their radii, ce, cf, cg, ck; but
the squares of these radii, by the principles of circles, are
as the versed sines cd, cc, cb, ca; therefore the circles are
as these versed sines; but these versed sines, by the con-
struction, are in arithmetical progression; therefore the
areas of the circles are also in arithmetical progression;
consequently their differences, or the intervals between
their circumferences, are all equal.

PROBLEM LXV.
Of rarious other Circylur Spaces absolutely Squarable.

1st. Let there be two concentric circles, through which

is drawn the line bz (fig. 103 pl. 12), a tangent or secant

to the interior circle. PDraw ca and cs, forming an angle

acp,’'and make the arc pr in proportion to the arc pa, as

the square of cp is to the difference of the squares of ¢»
z9
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and ¢ : if ce be then drawn, .we shall have the mixtilineal
space ABEF equal to the rectilineal triangle acs.

It is evident that, to render the position of ce determin-
able by common geometry, the ratio between the arcs Ap
and pr must be that of certain numbers,as 1to1,1t02,1
to 3, &c, or 2to 1, 2 to 8, &. Consequently, the differ-
ence of the squares of the radii of the two circles, must be

to the square of the less, as,1to 1,or2to 1,0r3to 1, &c.
~The sectors of the different circles being then in the com-
- pound ratio of the squares of their radii and of their ampli-
“tudes, we shall have the sector BCE equal to acF; if the
‘common sector pcF therefore be: taken away, and the

space ApB be added to both, the rectilineal tnangle ACB
will be equal to the space arEB. -
2d. Let there be any sector, as acBca (fig. 104), of

“which aB is the chord. In a double, or quadruple, or

‘octuple circle, take a sector acbga, the angle of which
“ shall be the half, or the fourth, or the eighth part of the
angle Acs, which it is possnble to do with the rule -and

" compasses ; let this second sector be disposed as seen in

“the figure, that is to say in such a manner, that the arc
agb shall stand on the chord AB. We shall then have the
" space AagbBaa, equal to the rectilineal figure ECFC, minus
the two triangles Aak and bBF, »
This is.almost evident ; for, by the above construetion,

"' the sector ACBG is equal«to acbg ; if the part therefore
‘which is common be takenaway, there will be an equality

between what remains on the one hand, viz, the kind of

* lunule acBbga, plus the two triangles aaE, and Bbr, and

what remains on the other, or the rectilineal figure rcrc:
this kind of lunule therefore is equal to the above recti-
lineal figure, diminished by these two triangles.

8d. If two equal circles cut:each: other in a and = (fig.

* 105), and if any line ac be drawn,intersecting the interior
“arc in E, and the exterior in ¢, it is evident that the arc
-8E will be equal to the arc Be; and consequently the’
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segment EB will be equal to the segment Bc. Hence it
follows, that the triangle formed by the two arcs £s and
Bc and the straight line Ec, will be equal to the rectilineal
triangle EBc. Lastly, that if Ap be a tangent in a to the.
arc AEB, the mixtilineal figure AEBcDA Will be equal to.
the rectilineal triangle ‘Ap=.

4th. If two equal circles touch each other in ¢ (fig. 106),
and if ‘a third equal circle be described through the point
of contact; the curvilineal space ArcEpea will be equal
to the rectilineal quadrilateral aAspc. For, if cs be drawn:
a tangent to the first two circles, the space comprehended.
by the arcs cFa and aB and the straight line c¢B, is equal
to the rectilineal triangle cas, as has been shown already.
The case is the same with the mixtilineal space cEpB in
regard to the triangle cvs : therefore, &c. ,

5th. The above remark was made by M. Lambert, in
the Acta Helvetica, vol. iii. But other spaces of the same
form may be found equal to rectilineal figures, though’
bounded by circular arcs, two of which only are equal.

- Let aBcp (fig. 107) be a circle, from which it is re-
quired to cut off, by two other- circular arcs, a space of
the above kind absolutely squarable. On an indefinite.
right line make the parts cx, EF, FH, each equal to the,
side of the square inscribed in the given circle; and let
the third part ¥u be divided into two equal parts in 6:.
on the extremity of cE raise the perpendicular &1, and let
it be intersected in 1, by a circle described from ¢ as a.
centre with the radius ¢c. Draw c1, and make ck equal
© to it; lastly, on pe describe a semicircle, cutting, in L,
the line kL perpendicular to re; draw HL, and in the:
given circle make the chords a8 and Ap equal to it. If
with a radius equal to cE, there be then described arcs,:
passing through the points A and 8, A and b, with their
convexity ‘turned towards c; we shall have the space
bounded by the arcs AB, Ap and BCD, equal to the recti- -
lineal space formed Dy the chords AB, AD, and the four

!
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chords pm, Mc, cx and N3, of the four equal portions of
the arc BCD.

But, as enough has been said on this sub}ect we shall
only add one reflection, which is, that these quadratures
ought not to be considered as real quadratures of a curvi-
lineal space.. All the marvellous in these operations, as
M. de Fontenelle has very properly remarked, cousists in
a kind of geometric legerdemain, by means of which as-
much is dexterously added on the one hand, to a rectilinea}
space, as is taken from it on the other. It was not in this
manner that Archimedes first squared the parabgla, and in
which modern geometricians have given the quadrature of
so many other curves. All these things however appeared
to us sufficiently curious to entitle them to a place in a
work of this nature.

PROBLEM LXV{i.

Of the measure of the Ellipse or Geometrical Oval and of
its parts.

It may be easily demonstrated, that the ellipse (fig. 109
pl- 18) is to the rectangle of its azxes o8 and DE, as the
circle is to the rectangle of its axes, or to the square of its
diameter A B, since each axis is equal to the diameter.

Thus, as the circle is }2 nearly of the square of its
diameter, the ellipse is also ;£ of the rectangle of its axes,

Nothing then is necessary, but to multiply the rectangle
of the axes of the given ellipse by 11, and to divide the
product by 14; the quotient will give the area.

We shall here add, that each segment or sector of the
ellipsis is always in a given ratio to the sector or segment
of a circle, as is easy to be determined. Let the elliptical
sector Fce, (fig. 110) for example,.or the segment rag,
be given: on the axis A8 describe a circle from the centre
c ; and if ¢F be continued to p and g, we shall have the
elliptical sector ¥cG » to the circular sector ncEs, as rG to /
DE, or as the less axis of the ellipsis is to the greater: the
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«lliptical segment Brc will also be to the circular segment
PBE, as FG to BE, or as the less axis of the ellipsis to the
greater.

Let there be likewise, in an ellipsis, any segment what.
ever,asnop. On the axes let fall two perpendiculars from
# aud p, and continue them till they meet the circle in N
and p; if NP be then drawn, we shall have the segment
#0p to the circular segment Nop, in the same ratio as the
less axis is to the greater. From this is deduced the salu-
tion of the following problem.

*

- PROBLEM LXVIL.
To divide the sector of an ellipsis into two equal parts.

Let it be required, for example, to divide the elliptical
sector pcs (fig. 111) into two equal parts, by a line as
6. :
On the diameter a B describe a circle; and having drawn

o1 perpendicular to AB, continue it to E, and draw xc,
which will give the circular sector xcs ; divide the arc .
into two equal parts in ¥, and draw #u perpendicular to
the axis aB; then from the centre c, to the point ¢,
where that perpendncular cuts the ellipsis, draw the line
cc: the elliptical sector BcG will be equal to GCD., as the
circular sector BCF is to FCE.

The case would be the same if the sector were equal to:
the 4th part of an ellipsis, or any higher part; and also if .
the sector were .comprehended between any two semi-
diameters of the ellipsis, as nc and dc. ,

~In this case, from the points p and 4, let fall on the axis
the perpendiculars p1 and di, which when continued will

cut the semicircle AEB in E and.¢; divide the arc Ec into
two equal parts in f, and draw f% perpendicular to am,
cutting the ellipsis in g: the line ¢g will divide the sector
- ped into two equal parts,
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PROBLEM LX\ III.

A carpenler has a triangular piece of: tzmbcr, and, wulzmg

*" to make the most of it, s desirous to know by what means

" he can cut from it the greatesi‘ right-angle quadrangular
l‘able posszble In what manner must he proaeed9

Let the given trlangular piece of timber be asc (ﬁg.
112 pl- 13). Divide the two sides AB, BcC into two equal.
" parts, in ¥ and G, and draw .FG; then from the points »
and ¢ draw Fu and 61 perpendicular to the base: the
rectangle r1, will be the greatest possible that can be in-
scribed in the triangle, and will be exactly the balf of it.

If the trxangle beright-angled at a (fig. 113) the question
may be solved, in two different ways, by which there may
be obtained. the two rectangular tables ¥t and r1, which
~will each be the greatest inscriptible in the given trlangle, A
and both equal.

When the triangle has all its angles acute, the solution
will be different according to the side assumed as base.’
There will consequently be three, and each will give a
table more or less elongated, and always of the same area,
otherwise the greatest would exclusively solve the pro-
blem: such are the rectangles r1, cL, and xm (fig. 114).

But the carpenter having consulted a geometrician, the
Jatter observed that it would be most advantageous to
convert this piece of timber into an oval table: in what
manner then must he proceed to trace out on it the greatest
oval pos51ble.

“Let the given triangular piece of wood, as before, be
asc (fig. 115). First divide each side into two equal parts
in ¥, p, and E; these three points will be the points of
contact where the ellipsis touches the sides of the tri-
angle; if the lines AE, cr and Bp be then drawn, inter-
secting each other in ¢, the point ¢ will be the centre of
- the ellipsis, -
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,Then make 6L equal to 6E, and through ¢ draw go,’
parallel to Bc, and through the point p draw pg parallel
to aE; then take ¢p a mean proportional between ¢ and
co: if the trlang]e BAC be isosceles, the lines L and 6p
will be the semi-axes of the ellipsis ; and we have already -
shown in what manner an ellipsis may be described when
the two axes are given.

- But if the angle Lo be acute or obtuse, the ellipsis may
be traced out at once by means of an instrument, described
in Prob. xx11; for it is of little importance whether the
angle of the two given diameters be a right angle or not.
This method will always be equally successful ; with this
ounly difference, that when the above angle is not a right
angle, the portions of the ellipsis, described in the two
adjacent angles, L¢P and Lew, w1ll not be equa] and
similar, I

The two axes may he determined also dlrectly the
method may be found in books on conic sections, and to
these we must refer, as the nature of this work will not
admlt of entering deeply into the subject.

~

PROBLEM LXIX.

The points B and c (fig. 128 pl. 16) are the adjutors of two
basons in a garden, and A s the point where a conduit is
introduced, and to be divided into two parts, in order to

supply B and c with water. Where must the point of
separation be, that the sum of the three conduits Ap, pB
and pc, and consequently the expence in pipes, shall be the
least possible?

This problem, which beloncrs to that branch of civil ’
" engineering that relates to the conveyance of water, when
reduced to geometrical language, may be enounced as
follows: In a triangle a®¥c to find a point, from which if -
three lines be drawn to the three angles, the sum of these
Jines shall be the least possible. . Now it is  evident that .
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there must be such a point, and that its position being
found, the expence in pipes will be less than if the point of
separation were assumed in any other place.

It would be tedious to explain the reasoning by means
of which this problem is solved; and it would be im-
possible to employ calculation: without great prolixity.
We shall therefore only observe, that it may be demon-
strated, that the required point p must be so situated, that
the angles Apc, Aps, and Bpc shall be equal to each
other, and consequently each equal to 120°

To construct this problem, on the side Ac as a chord
describe an arc of a circle Apc, capable of containing an
angle of 120°, or equal to one third of the circle of which
it forms a part; if the same thing be done on another of
the sides, as Bc, the intersection of these two circular
arcs will determine the required point p; and it is from
this point that the conduit must be divided, in order to be
conveyed thence to B and to c. :

Such, at Jeast, would be the solution of the problem, if
the three pipes Ap, pc, B, were all to be of the same
bore. But an intelligent engineer will not make the pipes
equal in size; he will be sensible that to give greater
‘height to the jet, it will be proper that the pipes pB and
pc should not together admit a greater quanuty of water
than the pipe Ap, otherwise the water in these pipes, after
coming from the pipe b, would be in a state of stagnation,
and would not receive the impulse necessary to make it
rise to its greatest height. ,

The solution of the problem, in this new case, is as
follows: We shall suppose that the bore of the pipe ap,
or its capacity, is exactly double that of the other two;
that is to say, that the diameters are in the ratio_of 10 to
7 nearly; for by these means the water will always sustain
an equal pressure in the former and in the two latter. We
shall supposealso, that the price of the foot of each kind
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«f these pipes is in the same ratio, because, in economical
problems of this sort, it is the ratio of the prices that ought
«<hiefly to be considered.

These things. being premlsed we shall find that the
point of separation of  the pipes ought to be in d, so
-situated, that the angles cda and Bda shall be equal, and
of such a nature, that the sine.of each shall be to radius as
10 is to 14; or more generally, as the price of the foot of
the larger pipe, is to double that of the smaller. Hence it
will be easy, according to this hypothesis, to determine
the angle, which will be found to be 132° 56’ or near’
138°,

If on the sides aAs and ac then, of the triangle Anc,
there be described two circular arcs, each containing an
.angle of 133°, their point.of section will be in d, where
the main pipe ought to be ‘divided, to convey water to »
and c, so as to incur the least possible expence in pipes.

REMARK.

By extending this problem, we may suppose that the
main pipe is to convey water to three given points B, c, &
Kfig. 129). In that case it may be demonstrated, that if
the four pipes were equal, the point of separation could
not be placed more advantageously, at least for diminish-
ing the quantity of the pipes, than in the place where the

lines AE and BcC intersect each other; but this perhaps
would not be the most advantageous disposition for making
the water to' be thrown up with the greatest force.

The same observation, made in regard to the first solu-
tion of the problem, may be made here also. To give
greater force to the jet, the main pipe ought to be nearly
triple in size to each of the rest. Let us suppose then that
the price of a foot of the former, is to that of a foot of the
others, as m is to #; and in the last place, to simplify the
problem, the solution of which would be otherwise ex-
ceedingly complex, we shall suppose that the lines Az and
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Bc cut each other at right angles: this being the case,
it will be found, that the angle £rc ought to be such,
that, radius being unity, the cosine of it shall be § n x
4/ 4 nn — (m — 1), or, what amounts to the same thing,
the sine of the angle ncr must.be equal to the above
expression,

If we suppose then, for example, that m is to n as 5 to
3, we shall have the above expression equal to 0°71496,
which is the sine of an angle of 45° 38'. If the angle ncr
therefore be made equal to from 45° to 46° the point ¥
will be that where the principal pipe ought to be divided.

If m were to 7 as 2 to 1, the above expression would
‘become equal to 0°86600, which is the sine of an angle of
60°; in this case therefore the angle pcr ought to be made’
equal to 60°, or each of the angles prc and nrs equal to
30",

It is here evident that, to render the problem susceptlble,
of a solution, m and n must be such, that the above ex-
pression shall not be imaginary, nor greater than unity.
In either of these cases there could be no solution ; and
this would indicate, at most, that the division ought to be
made at the point A, or at as great a distance as possible
from the Jine Bc. This expression also must not be =0:
in that case we ought to conclude that the division should
be made at the point ».

PROBLEM LXX. -

Geometrical paradox of lines which always approach each
other, without ever being able &o meet or to coincide.

- Every person, in the least acquainted with geometry,
krows, that if twa straight lines, in the same plane, ap-
proach each other, they will necessarily meet in a common:
point of intersection, We say, in the same plane; for if
they were in different planes, it is evident that they might.
approach till a certain term, without cutting each other,
and that they would then diverge from each other more and
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more., If we suppose, for example, two parallel and
vertical planes, on one of which is drawn a horizontal
line, and on the other one inclined to the horizon, it may
be readily conceived that they will not be parallel, and yet
they can never intersect each other, their least distance
being necessarily that of the two’planes, Here then we
have two lines, not parallel, which never meet: bat this is
not the sense in which the problem is understood.

It may be demonstrated that there are many lines, and
in the same plane, which continually approach each other,
and which however can never meet. They are indeed
not straight lines, but a curve combined with a straight
‘line, or two curved lines together. We shall here give a
few examples of these lines, which are very familiar to
.those who are versed in the higher geometry.

In the indefinite straight line ag, (fig. 116 pl. 18) take
the equal parts aB, BC, cD, &c; and from the points B,
¢, b, &c, raise the perpendiculars Bb, cc¢, nd, e, &c,
~which decrease, according to a progression no term of
which can become 0, though it may become indefinitely
small; let these terms decrease, for examp]e, according to
the progression, 1, 3, ¥, %, 4, %, &c: it is evident that the
curve passing fhrough the summits of the lines, decreasing
according to this progression, can never meet the line g,
however far continued, since its distance from that line
‘can never become 0: it will however approach it more
and more, and in such a manner, as to be nearer it than
‘any quantity, however small. This curve, in the present
"case, is that so well known to geometricians under the
name of the hyperbola; which has the property of being
contained between the branches of two rectilineal angles,
having their vertices opposed to each other, towards
- which it approaches more and more, without ever touch-
ing them,

If the progression, according to which these lines nb ce,
pd, &c, decrease, were 1, '}, 4, ¥, %, &c, the line passing
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through the points b, ¢, d, e, &c, would still approaetr
more and more to the straight line ac, without ever meet-
ing it; for whatever might be the distance of any term of
this progression, it could never become = 0.

Another Example. Without the indefinite line &F, (fig.
117) assume any point P, from which draw pA perpen-
dicular to Ar, and any other lines at pleasure ¢, pc, D,
&c, more and more inclined; in the continuation of which
make the lines ag, b, cc, &c, always equal: it is evident
that the line passing through the points g, b, c, d, &c, never
can meet the line A, though it may approach it more and
more, and nearer than any determinate quantity; because
¥f becomes more and more inclined. This curve is that
known to geometricians by the name of the conchoid, and
was invented by Nicomedes, a Greek geometrician, to
serve for the solution of the problem respecting two mean
proportionals. ,

A 'great many other examples might be found in the
higher geometry ; but these will be sufficient for our pur-
pose.

PROBLEM LXXI.

[n the island of Delos, a temple consecrated to Geometry
was erected, on a circular basts, (fig. 118 pl. 14), and
covered by a hemispherical dome, having four windows in
its circumference, with a circular aperture at the top, so
combined, that the remainder of the hemispherical surface
of the dome was equal to a rectiineal figure; and in the
cylindric part of the temple was a door, absolutely qua-
drable, or equal to a rectidineal space. What geometrical
means did the architect employ in the construction of this
monument ¢ : ‘

Every person, acquainted with the principles of geome-
. try, knows that the measure of a hemispherical surface de-

.pends on that of the circle, which is equal to the surface

 of a cylinder having the same base and the same altitude.
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The ingenuity of this construction then was, 1st. To have
cut from the dome, by the apertures above mentioned,
spherical portions of such a nature, that the remainder
should be equal to a figure purely rectilineal. 2d. To
bave described in the cylindric part, or circular wall of
the temple, another figure which was squarable. The
method that might have been employed is as follows:

Let us first suppose a 4th part of ‘the hemispherical
dome, having for its base the quadrant acs (fig. 119).
Take the arc BD, equal to £ of the arc AB, as the breadth
of the arc that ought to separate the windows ; and draw
AD the chord of the remainder. Now let sce be any sec-
tion whatever, through the axis of the dome sc, and let
its intersection with Ap be r; make cE, cF, ce continually
proportional ; in the axis cs make the line cn equal to kg,
and draw m1 parallel to cE, which will intersect the qua-
drant sE in 1: then will 1 be one of the points of the win-
dow required; and the series of points 1, determined in
this manner, will give the contour of that window, the
surface of which will be equal to double the segment
AxD, while the spherical portion saips will be equal to
double the rectilineal triangle cap.

The whole surface of this 4th part of the dome will be
equal then to double this triangle, plus the spherical sec-
tor spB, which is equal to double the circular sector cps,
or to the 4th of the spherical sector saEs; if from this
sector therefore, there be cut off the 4th part sLm by a
plane parallel to its base, and distant from the vertex s by
the 4th part of the radius sc, the remainder of this hemi-
spherical quadrant, that is to say the surface AIpBM™MLA,
" will be equal to double the rectilineal triangle can. If
the other quadrants of the hemispherical dome be then
made similar to the present one, the whole dome, the
apertures deducted, will be equal to 8 times the triangle
ACD.

In regard to the aperture to be made in thecxrcular wal
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of the temple, and which must be equal to a rectilineal
space, nothing is easier, though it be a part of a cylindric
surface. Let ABDEF (fig. 120) represent one half of this
surface ; assume, as the breadth of the door to be formed,
the chord GH,, parallel to the diameter Ap; make eI and
HK, which are perpendicular to the base, of such a size,
that the door may have that proportion which good taste
and the character of the work-require ; if through the
points 1, k, and the line A p, a plane be then made to pass,
which by its intersection with the cylindric surface will
determine the curve 1Lk, we shall have the cylindric aper-
ture GBHKI, a little arched at the top, which will be to
the rectangle of c» by cH, as the sine of the angle Lcs is
to the sine of half the right angle. ‘The problem of the
Greek geometrician therefore is solved.

This problem might be varied a great many ways.
During my dreary residence, in 1758, at a post in Canada,
I amused myself with these variations, and I resolved the
problem by making the whole of the surface of the temple
absolutely quadrable. I left only one aperture in the
dome, viz, a hole at the top, like that of the Pantheon at
Rome, and I made the four windows in the cylindric part
of the temple, &c. All this however will be easy to any
one versed in geometry.

REMARKS.

1st. This problem is nearly the same as that proposed
by Viviani, in 1692, under the title of Znigma Geome-
tricum, which was easily solved by Leibnitz, Bernouilli,
and the Marquis de 'Hopital. An account of it may be
seen in my Hlstory of the Mathematics, Vol. II. Book 1.
Viviani’s solution is ingenious and elegant; but as the
dome, according to this solution, would not be susceptible
of construction, because it would bear upon four points,
which in architecture is absurd, we have made some
changes in the enunciation, by adding the circular aper=
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ture at the top. By these means the dome will bear upon
parts that have some solidity, each window being sepa-
rated fromn the other by an arc which forms a 6th part of
the whole circumference.

2d. Father Guido-Grandi has remarked, that if a poly-
gon, for example the triangle amc, (fig. 121) be in-
scribed in the circular base of a cone, and if on each side
of this polygon a plane be raised perpendicular to the
" base, the portion of the conical surface, cut off towards
the axis, is equal to a rectilineal space. For it may be
easily demonstrated, that this surface is to that of the
rectilineal polygon aBc, which corresponds to it perpen-
dicularly below, as the surface of the cone, is to the circle
of its base; that is, as the inclined side of the cone sbp, is
to Ep the radius of that base.

The portions also of the cone cut off by the above
planes, towards the base, are evidently in the same ratio
with the segments of the circle on which they rest. In
fact, whatever figure be inscribed in the base, if we con-
ceive a right cylindric surface raised from the circum-
ference of the figure, it will cut off from the conical sur-
face a portion which will be to it in the same ratio.

This Italian geometrician, who was of the order of the
Camaldules, thought proper to give to this conical por-
tion absolutely quadrable, the name of Velum Camaldu-
lense. Inlike manner, a Franciscan took it into his head
to construct a sun-dial on a body which resembled a san-
dal, and to print a description of it, under the title of
Sandalion Gnomonicum.

PROBLEM LXXII,

If each of the sides of any irregular polygon whatever, as
ABCDEA, (fig. 122 pl. 14), be dvvided 1nto two equal parts,
asina, b, c, d, e; and if the points of division in the con-
tiguous sudes be joined; the result will be a new polygon
abcdea : if the same operation be performed on this poly-

VOL.I. S AA
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Zon; then on the one resulting from it; and so on ad in~.

Jinitum ; it és required to find the point where these divi-

stons will terminate,

This problem, impossible to be resolved perhaps by
considerations purely geometrical, is susceptible of a very
simple solution, deduced from another consideration, and
which shall be given in the next volume.

* In the mean time our readers may exercise their inge-
nuity upon it, as we shall only add, that it was proposed
in 1750 by M. D » who said he had it from M.
Buffon. g '




A COLLECTION

Of Various Problems, both Arithmetical and Geometrical ;
the solution of whick is proposed by way of exercise to
mathematical readers.
TuosEe who study mathematics cannot begin too early

to exercise their talents with the solution of the problems

presented by that science; for it is by such exercise that
the inventive faculty is called forth and strengthened. We
have therefore thouglt it our duty to subjoin to this parf
of the Mathematical Recreations a selection of problems
proper for exercising and amusing young mathematicians.

They are of different degrees of difficulty, that they may

be suited to the different capacities of those who read this

work. Some curious theorems have been inserted among
them; and, as the demonstration of these is required, they
may serve also to exercise their ingenuity.

It may be here observed, that, as the most of these pro-
blems are far from being difficult if the resources of alge-
braic calculation be employed, it is therefore proposed
that the solutions of them should be found by means of
pure geometry ; as it is well known that algebraic analysis
gives, for the most part, complex solutions, while those
which arise from analysis purely geometrical are far more
simple and elegant.

ARITHMETICAL AND GEOMETRICAL PROBLEMS AND
THEOREMS, .

prRoOBLEM I In aright-angled triangle, given the base,
the sum or difference of the other two sides, and the area‘,
to determine the triangle ?
AA2
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PROB. 11. Given the base, the ratio of the other two
sides, and the area, to determine the triangle.

proB. 111. The base, the angle comprehended by the
two other sides, and the area being given, to determine
the triangle.

PROB. 1v. Three lines being given in position, on a

plave, to draw another line through them, which shall be

“cut by them into two parts, in a given ratio.

PROB. V. Four lines being given in position on a plane,
to draw another line through them, which shall be cut into
three parts, in a given ratio.

PROB. V. What is the probablhty of throwmg an ace,
or any one of the faces of a die, in three throws; that i is
either at the first, second or third throw ?

PROBE. viI. Atthe game of Piquet, A is first in band,
and has no ace ; what probability is there that he will take
in from the pack either one, or two, or three, or four
aces ?

PROB. viil. What is the probability of throwing one
ace, and no more, in four successive throws?

PROB. 1X. In a lottery, where the number of blanks is
to that of the prizes as 39 to 1, as was the case in the year
11720, how many tickets must be purchased that the buyer
may have an equal chance for one or more prizes?

PROB. x. If a man has in his hand a certain number of
pieces of money, as for example 12, how much may be
betted to 1 that in tossing them all up at once, or sepa-
rately, there shall be as many heads as tails ?

PROB. XI. Four lines being given of such a nature, that
any. three of them are together greater than the fourth, to
construct of them a quadrilateral figure inscriptible in a
circle, or which can be circumscribed about it ?

THEOREM 1. If from the three angles of any right
lined triangle, three lines be drawn perpendicu]ar to the
opposite sxdes, they will all eut each other in the same
point.

3

A
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~THEOR. 11. If lines be drawn from these angles, divid-
ing each of them into two equal parts, or cutting the op-

- posite sides into two equal parts, these three lines will all

-

pass through the same point.

PROB. XII.A trapezmm bemg given, to divide it into two
equal parts, or in any given ratio, by a line passing
through a given point, either in one of the sides, or within
the trapezium, or without it. :

PROB. x111. In a given circle to inscribe an isosceles
triangle of a given magnitude.—~It is evident that this
triangle must be less than the equilateral triangle inscribed
in the given circle; for the latter is the greatest of all
those that can be macnbed in it.

PROB. xIv. To circumscribe about a given circle an
isosceles triangle of a given magnitude.~This triangle
must be greater than the circumscribed equilateral tri-
angle ; since the latter is the least of all those that can be
circumscribed.

PrOB. xv. In an isosceles triangle to describe three
circles, each of which shall touch two sides of the trlangle,f
and which all three shall touch each other. ,

PRrOB. xv1. To do the same thing in a scalene tna.ng]e. .

PROB. xVil. What is the value of this analytical ex-

pression, ¥, v 2 v/ 2 &c, in infinitum >—The answer is

2; but a demonstration is required. In like manner the

value of v 8 4/ 3 & 3 &c, in infinitum, is 3; and so of

any other number.

PROB. xviiL. In a pyramid, of four tnangular faces, if
the sides of these four triangles be given ; required the
angles formed by the faces of this pyramid, the perpen-
dicular let fall from any of the angles on the base, and the
solidity of the pyramid.

PROB. XI1X. To cut a given trapezium into four equal
parts, by lines intersecting each other at right angles.

PROB. XX: A gentleman has an irregular quadrangular
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piece of ground, from which he is desirous, for the pur-
pose of making a parterre, tp cut the largest oblong pos-
sible, with its angles touching the sides of the quadn-
~ lateral : how is this to be done ?

PROB. xx1. Given the area of a right-angled triangle,
and the sum of the three sides, to determine the triangle.

PROB. xx11. If from a pack, consisting of 52 cards, 13
of each suit, 5 cards be dealt to one person; what is the
chance that two of them shall be trumps, or of any suit
that is proposed?

PROB. xx111. About a given circle to circumscribe a tri-
angle, of a given perimeter; provided this perimeter be
greater than that of the equilateral triangle circumscribed.

PROB. xxIv. In a triangle, not equilateral, to find a
point, from which, if three perpendiculars be drawn to
the three sides, they shall be together equal to a given-
line.—We have excluded the equilateral triangle, hecause
it may be easily demonstrated, that from whatever point,
within such a triangle, perpendiculars are let fall on the
sides, their sum will be always the same.

The case is the same in regard to every regular poly-
gon ; and even those that are irregular, prowded the sides
are equal,

PROB. xxv. In a given circle to inscribe an isosceles
triangle, or to circumscribe about it a triangle of a given
perimeter.—This problem not being al\vays possible, as
may be easily seen, it is required to assign'its limitations.

PRrROB. xxVIL In agiven circle to inscribe, or to circum-
scribe about it, any triangle whatever, of a determinate
perimeter.

PROB. XXVIL In a given quadrilateral to inscribe an
ellipsis ; that is, to describe in it an ellipsis which shall
touch its four sides.

PROB. XXVIIL A jeweller has a valuable plate of agate,
in the form of an irregular trapezium, and is desirous to
cut from it the Jargest oval possible for the lid of a spuff-

N
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box: in what manner must he proceed ?—It is evident
that this problem expressed geometrically is as follows:
In a given quadrilateral to inscribe the largest ellipse pos-
sible : a problem which is certainly not easy. Itis propet
to inform those who may be disposed to try it, that it re-
quires a profound knowledge of analysis. The following
also might be proposed: About a given quadrilateral to
circumscribe the least ellipsis possible.

PROB. xx1X. A point and a straight line being given,
- in what line will be found the centres of all the circles
passing through the given point, and touching the given
line.

PROB. XxxX. Required the same thing in regard to all
the circles that touch a given circle and a given straight
line.—This straight line may be without the given circle;
or it may touch it, or intersect it.

PROB. XXX1. Any two circles being given, in what line
will be found the centres of all the circles that touch the
given circles ; whether the touching circle comprehends
them both within it, or touches the one without and the
other within ?

PROB. XxX11. The base of a triangle, the sum of the
two other sides, and the line drawn from the vertex to the
middle of the base, being given; to determine the tri-
angle.

PROB. xxX111. Given the three lmes, drawn from the
angles of a triangle to the middle of each of the opposite
sides; to determine the triangle.

PROB. XxXIV. Given the base of a triangle, and the sum
and the difference of the squares of the sides, to deter-
mine the triangle.—This problem is susceptible of a very
simple and very elegant comstruction; for the vertex of
this triangle is in the cireumference of a certain circle,
and is also in a certain straight line.

PROB. xxXv. Given the three lines drawn from the
angles of a triangle to the opposite sides, dividing each of

N\
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these angles into two equal parts; to determine the tri~
angle.

PROB. XXXVI. Any number of points being given, to
draw a straight line among them in such a manner, that if
a perpendicular be let fall on it from each of these points,
the sum of the perpendiculars on the one side, shall be
equal to the sum of those on the other side. o

PrOB. xxxViI. The same supposition being made, it is
required that the sum of the squares of the perpendiculars
drawn on the one side, shall be equal to the sum of the
squares of those on the other ; or that the sum of these
perpendiculars, raised to any power whatever n, shall’be
on both sides equal. :

PROB. xxxVIIIL. In any trapezium, given the four sides
and the area, to determine the trapezium.

PROB. xxxIX. An angle being given, to find a point
from which if two perpendiculars be let fall on its sides,
the quadrilateral formed by them and the sides of the
angle, shall be equal to a given square.

PROB. XL. As there are an infinite number of points
which will answer the problem, it is proposed to find the
line traced out by them, or the curve which they form.

PRo®. xL1. To find four numbers in arithmetical pro-
gression, to which if four given numbers, such as 2, 4, 8,
17, be added, their sums shall be in geometrlcal pro-
gression.

pRroOB. xLI1. Two couriers, A and B, set out at the same
time; A from Paris for Orleans, the distance between
which is 60 miles, and ‘B from Orleans for Paris ; and they
travel at such a rate that A reaches Orleans 4 hours after
meeting B, and B reaches Paris 6 hours after meeting a:
how many miles per hour did each travel?

PROB. XLII. A certain sum, placed out at interest,
amounted at the end of a year to 1100l. and at the end of
18 months to 1120l. what was the sum, and at what rate
of interest was it lent? - :
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ProB. xLIV. Two bills of exchange, one of 1200l pay-
able in 6 months, and the other of 2000l. payable in 9
months, were discounted at the same time, and at the
same rate of interest, for 120l. at what rate of mtelest
were they discounted ?

PROB. xLV. How many ways can 100l. be paid by gui-
neas, at 21 shillings, and pistoles at 17 shillings each?

PROB. XLVI, Anangle and a point within it being given,
to draw through that point a straight line intersecting
the twossides of the angle, in such a manner, that the rect-
angle of their segments towards the vertex shall be equal
to a given square.—This given square must not be less
than a certain square, which gives rise to the following
problem.

PROB. XLVIL The same supposltlon bemg made as in
the preceding case, required the position of the line pass-
ing through the given point, when the recta.ngle of the
sides of the angle cut off towards the vertex is the least
possible. ~

PROB, xLvi1l. Three lines being given in position, to
find a point from which the three perpendiculars drawn
to these lines shall be in a given ratio.——We shall here
observe that this problem is susceptible of a very simple
and very elegant solution, without calculation.

PROB. XL1x. Given two circles in a given ratio, as of 1
to 2, for example, and which cut each other, but in such
_ a manner as not to form a quadrable lunule; it is pro-
posed to draw through these circles a line parallel to that
which joins the points of intersection, so that the part of
the lunule cut off above may be equal to a rectilineal
space.

PrOB. L. The same supposition being made, it is pro-
posed to cut the two circular arcs by a third, which shall
be of such a nature that the concavo-convex triangle,
formed by these three arcs, shall be equal to a rectilineal
space, if possible. . ’



562 A COLLECTION OF PROBLEMS.

PROB. L1, Three persons have together 1001 ; and it is
known that 9 times the money of the first, plus 15 times
that of the second, plus 20 times that of the third, is equal
to 1500l. How much money has each ?—It may be here
proper to observe, that this problem, as well as the 45th,
52d, 57th, and 58th, is susceptible of several solutions;
and to solve them completely it will be necessary to find
all the different answers, and to show that there can be
no more ; for by repeated trials it would not be difficult
to find some of them.

PROB. LiI. A farmer bought 100 calves, sheep, and
pigs, for the sum of 100l. at the rate of 3l. 10s. for the
calves, 11. 6s. 8d. for the sheep, and 10s. for the pigs:
How many of each kind did he purchase ?

ProB. Lil1. Three merchants enter into partnership,
and agree to advance each 10000l. towards a certain adven-
ture; two of them paid down the money, but the third
advanced only the half of his share, that is 5000l. the ad-
venture having failed, they lost not only their capital but
50 per cent more: What must each contribute to make
good the loss ?

PRrOB. L1V, In a rectilineal triangle, given the base, the
rectangle of the other two sides, and the including angle,

- to determine and construct the triangle.

PROB. Lv. An arc of a circle being given, to divide it
into two parts, the sines of which shall be in a given ratio.

PROB. LvI. If a person draws 4 cards from a pack, con-
taining 32, what probability is there, or how much may
be betted to 1, that among these 4 cards there will be one
of each' colour ?

PROB. LviL It is required to divide 24 into three such
parts, that if the first be multiplied by 36, the second by
24, and the third by 8, the sum of those products may be
816? -

ProB. Lviii. How many ways may four sorts of wine,
the prices of which are 16, 10, 8 and 6d. per quart, be
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mixed, so as to make 100 quarts in all, worth 12d. per
quart ? '

PROB. Lix. To find a number of such a nature, that if
12 and 25 be successively added to it, the sums shall be
square numbers, '

PrOB. LX. To find three numbers, the squares of which
shall be in arithmetical progression.

PROB. Lx1, Any number of points being given, to find
another, from which if straight lines be drawn to all the
rest, the sum of these lines shall be equal to a given line.

PROB. LXIt. The same supposition being made as be-
fore, the sum of the squares of the lines drawn from the
required point must be equal to a given square.

* Itis very singular that the last problem is susceptible
of a construction much easier than the preceding. We
shall here observe, merely for the purpose of exciting the
curiosity of the geometrical reader, that in the latter the
required point, and all those that solve the problem, for

" there are a great many which do so, are situated in the
circumference of a certain circle; and it is very remark-
able that the centre of this circlg is the centre of gravity
_of the given points, supposing each of them to be charged
with the same weight.

It may be observed also, that if it were requn'ed that the
square of one of the lines drawn, plus the double of the
second, plus the triple of the third, &c, should make the
same sumn, it would be necessary to suppose the first point
loaded with a single weight, the second with a double
weight, the third with a triple one, &c, and their centre
of gravity would still be the centre of the required circle.

The solution of this problem was not unknown to the
ancient geometricians. It was one of those of the Loca
plana of Apollonius; and this may serve to give us a
more favourable idea of their analysis than is generally
entertained.
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IN the last paragraph of prob. 2, page 103, a prin«
ciple is advanced, which requires some modification or li-
mitation, viz, that ¢ if an indeterminate doublet be pro-
posed, it is evident that the probability is 6 times as great
as when an assigned doublet is proposed ; &c.” For this
property can only be true with 2 dice and 3 dice, but not
with 4, or 5 or 6. The probability of an assigned doublet
with 4 dice, is 8%, as determined in the preceding para-
graph;if this be multiplied by 6, it gives {234 ; and if to this
we add the probability of a different face coming up with
each die, which is § x§ x4 x §, or 5%, it gives }33¢:
bein 90 chances more than there are in all the 4 dice:
which is impossible. -~ - _

The probability of an assigned doublet with 4 dice, viz,
17> includes the probability of some other doublet ; for
we may throw aces, and also fours, or any other doublet,
at the same throw; which cannot happen with two, or
three, dice. So that the multiplier 6 will answer to the
probability of an indeterminate doublet, with two or three
dice, but not with more.

In all such cases indeed, the safest, as well as the easiest
way, will be to find the chances, or the probability, of the
contrary or reverse problem, namely, of not throwing
doublets ; and then subtracting it from the whole number
of chances, or certainty, to give the chances or probability
for doublets. )

Thus, with two dice, A and 8. For an assigned dou-
blet, as suppose aces: each die having 6 faces, there is but

“ene chance out of 6 that A shall come up an ace, and also
one chance out of 6 that B shall come up an ace; there is
therefore only one chance out of the 6 times 6, or 36, that
they shall both be aces; that is, there is only one way, out
of all the 36 varieties, by which the assigned doublet, aces,

‘
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can come up, but 85 for the contrary. Therefore the
prebability of throwing it, is 5%, and that of missing it,
.44 the odds being 35 to 1 against it.—But, for an inde-
terminate doublet, or any doublet, whatever it may be, it is
plain that, whatever face of A may come up, we have only
to find the chances for B missing that face, to have the
chances against the doublet. Now there being 5 faces on
B different from the face of o that may have come up,
and only one that is the same as it, there are therefore 5
chances out of 6 for missing the face of A ; consequently
the probability of missing a’s face, or of missing a dou-
blet, is ; ; which being taken from all the chances, §, leaves
1 or J;, for the chance of throwing some doublet or
other: which is therefore 6 times (%) the chance of throw-
ing the assigned doublet.—Or thus: the die A may come
- up 6 different ways; and the die B may come up with 5
faces all different from that of A, but with only one face
the same as that of A; there are therefore 6 x 5 or 80
chances for both different faces, and 6 x 1 or 6 chances
for the same face, or a doublet, out of the whole 36
chances on two dice. ’
Again, for 3 dice, A, B, c. First, the die A may come
up 6 different ways, but the die r 5 ways all different
from A, and the die ¢ 4 ways all different from A and B
therefore 6 X 5 x 4 = 120 are the number of ways for
all three different faces, out of 6 x 6 x 6 or 216, the.
whole number of ways or chances with three dice ; conse-
quently 216 — 120 = 96 is the number of ways or chances
for -some or an indeterminate doublet, with three dice:
which therefore is equal to 6 times (16) the number of
chances or ways for an assigned or proposed doublet.
Again, for 4 dice, a, B, ¢, . By reasoning in the same
way, it appearsthat 6 X 5 x 4 x 8 = 360 is the num-
ber of chances or ways for all four different faces, or miss-
ing a doublet out of the whole number, 6* or 1296, dif-
ferent varieties or ways with 4 dice ; consequently 1296 —



366 ' APPENDIX.

360 = 936 is the number of chances, or 235 the proba~
bility of throwing some or an indeterminate. doublet with
4 dice; and which is therefore not so much as 6 times
(£2d) the probability of throwing a determinate doublet
with the same number (4) of dice.

Again, with 5 dice. Here, in the same manner, 6 x
5 X 4 x 3 x 2= 720, is the number of chances or ways
of throwing all the faces of 5 dice different, or of missing
a doublet, out of 6 = 7776, the whole number of varieties
or chances with five dice ; therefore 7776 — 720 = 7056
is the number of chances or ways for throwing doublets ;
consequently 73$% is the probability of throwing doublets
with 5 dice, and 7 the probability of missing them.

Again, with 6 dice, the number of chances or ways for
all the six faces different,is6 % 5 X 4 x3 X 2 X 1 =720,
out of the whole number, 6% — 46656, of chances or va-
rieties with 6 dice. Therefore 46656 —— 720 = 45936 is
the number of chances or ways for throwing doublets,
with the same dice.” Consequently $333% is the probability
of throwing a doublet with 6 dice, and ;73¢7 is the pro«
bability of missing all doublets, with the same number of
dice. :

As to the throws of 7 or more dice, it is certain that
there must always be a doublet, or nore; because the
number of dice exceeds the number of the faces on each
die.

Addition on magic squares of magic squares.

Since the remark at pp. 204, 205, 206, 207, was printed,
it has been discovered that there are some inaccuracies
among the numbers in the cells of the magic square-there
referred to, fig. 1, pl. 4, of arithmetic ; for the two diago-~
nals have not either of them the sum of their numbers

‘equal to the general sum 2056; instead of which, the sum:
of the one is 2184,and of the other only 1928, the former
being 128 too great, and the latter the same quantity too
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littte. Which circumstances may, perhaps, have been
occasioned by misplacing or miscopying some of the num-
bers, by transcribers, after the figure came out of the
hands of the author.

Instead of that square therefore, we here insert another,
of the same kind and extent, constructed and communi-
cated by Isaac Dalby, esq; first professor at the Royal Mi-
litary College,. and is engraven on plate 5 of the arith-
metic ; the properties of which are the following :

1. The sum of the 16 numbers in each column or row,
vertical or horizontal, and in each of the diagonals, is
2056.

2. The sum of the 4 corner numbers, of each of the 8
concentric squares, is 514, or the § part of the former
sum 2056.

3. Half a diagonal ascending, &c, as in art. 3, pa. 205.

4. The same with all the parallels, &c, as in 4, pa. 205,

5. If a square hole, &c, as in art. 6, p. 205.

6. If the square be cut by one of the two stronger lines,
either horizontally, or vertically, through the middle, the
halves may change places, and the properties of the-
square will remain as before.

7. This magic square is composed of four other magic
squares, of 64 cells each.

8. If the 4 upper and the 4 lower horizontal rows be
taken away, there will remain 2 magic squares of 64 cells
. each, And the like takes place when the 4 left band,
and the 4 right hand columns are detached.

9. And if we take away the 4 outward rows or celumns,
all. round, the remainder will be a magic square of 64
cells :
10. The sum of the numbers in each of the honzontal,
vertical, and diagonal ranks, in each of these lesser squares,
is 1028, orjust half of a rank in the great one. .

11. And the properties of each of these lesser squares
are similar to those of the great ones.
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COLLECTION OF USEFVL TABLES.

-

TABLE

Of the length of the foot, or other longitudinal measure
" used in its stead, among the different nations, and in the
principal cities in Europe.

Havine frequently experienced great embarrassment,
while engaged in certain researches, from not being able
to obtain accurate information respecting the measures of
different countries, whenever an opportunity. occurred we
«collected with great care the proportions of these foreign
neasures, both ancient and modern, as compared thh
our own, and it isshoped our readers will consider them-
selves indebted to us for the following table on this sub-
ject, which there is reason to think is the fullest and most~
complete ever given. All the different measures are com-
pared with the English foot, which is here supposed to be
divided into 12 inches, each inch into 12 lines, and each
line into 10 parts; which makes the foot\to consist of 1440
-of these parts. The first column in the table shows the
nurqber of. these parts which each measure contains ;- and
the second the-valué. of it in Eno‘hsh feet, mohes, hnen,
,and tenths of a lme. T .



FEET.

ANCIENT FEET.

parts
Ancient Roman foot . . 1392
Greek and Ptolemaic . . 1453
Greek Phyleterian .. 1681
Foot of Archimedes or probably of Sicily
and Syracuse . . 1051
Drusian . . . . 1570
Macedonian . . . 1670
Egyptian . . . . . 2046
Hebrew . 1745
The natural (hommzs westzgzum ) . 1172
Arabian . . . . 1577 -

1648

Babylonian . L {1635

MODERN FREET.

English . . . . 1440
Altorf « . . . 1116
Amsterdam . . 1335
Ancona and the ecclesmsucal states. 1846
Antwerp . . . . 1353
Aquileia . . . . 1624
- Arles . . . . 1279
Augsburg . . . . 1399
Avignon . o . . 1279
Barcelona . . . 1428
Basle . . . . 1360
Bergamo . . . . 2060
Berlin . . . . . 1428
Besangon . . . . 1462
Bologna " . . . 1792
Bourg en Bresse and Bugey . 1483
Bremen . . . . 1375
Brescia . . . . 2247
Breslaw . . . . 1620
Bruges . . . . 1079
Brussels . B . . 1299
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parts
Chambery and Savoy . . 1504
China { Tribufnal of mathematics 1623
Imperial foot . . 1513
Cologne . . . . 1300
. . . 3161
Constantinople { . ; 1678
Copenhagen . . . 1511
Cracow .~ . . . 1684
Dantzic . . . . 1829
Delft . . . . 787
Denmark . . . 1508
Dijon . . . . '1483
Dordrecht . . ‘. 1110
Ferrara . - . . 1896
Florence . . . . 1433
Franche-Comté . . . 1687
Frankfort on the Main .’ . 1343
Genoa (the palm) . . 1170
Geneva . . . 2763
Grenoble and Dauphlgny . 1611
Haerlem . . . . 1350°
Halle in Saxony . . . 1407
Hamburgh . . . 1343
Heidelberg (Palatinate) . . 1300
Inspruck . . . . 1586
Leghorn . . . . 1428
Leipsic . . . . 1489
Leyden . . . . 1473
~ Liege - . . . . 1360
Lisbon . . . 1371
Lombardy, foot of Lultprand or Aliprand 2053
Lorraine . . . . 1377
‘Lubec . . . . 1343
Lucca . . 2787
Lyons and the Lyonnese Fores and} 1611
Baujalois . . .
Madrid . . . . 1318

Maestricht . . . 1319

feet in. lin, pts,
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Malta (the palm)

Mantua (the brasso)

Marseilles
Mechlin
Mentz

. Decimal foot
Mil :
Hran {Aliprand do.

Modena .
Monaco

Montpellier (the pa.n)

Moscow

Munich .
Naples (the pa]m)

Netherlands, see Maestricht.
Nuremberg {

Padua .

Palermo

Paris {fOOt

.
-
.

metre
Parma .
Pavia .
Prague .

Provence, see Marsex]les.

Rhinlandish foot .

Riga

Rome (the palm)
Rouen, as at Paris

Savoy, see Chambery.
Seville in Andalusia

Sienna, common foot
Stettin in Pomerania

‘Stockholm
) Strasburgh

Toledo

Town foof

Town foot
Country do.

Country do,

Turin (Pledmont)

Trent

.

.

FEET.

parts
1318

2190
1172
1084
1423
1231
2053
2997
1110
1119
1337
1364
1240

1434
1306
2024
1076
1535
4731
2692
2217
1424

1473
1343
1055
1535

1428
1784
1763
1545

1377

1395
1318
2414
1729
BB2

371

feet in. lin, pts.
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* parts 7 feet in. lin. pts.
Valladolid . . . 1307 0 10 10

7
Venice . .. . . 1638 11 7 8
Verona . . . . 1609 11 4 9
Vicenza . . . . 1636 1 17 6
Vienna . . . . 1492 1 0 5 2
Vienne in Dauphigny . . 1524 1 0 8 4
Ulm . . . . 1190 0 911 O
Urbino . . . . 1653 1 111 3
Utrecht . . . . 1067 0 810 7
Warsaw . L 1684 1 2 0 4
Wesel . . . . 1110 o 9 3 0
Zurich . . . . 1410 011 9 0

TABLE

Of some other measures, both ancient and madern, compared
with the English standard.

The ancient cubit in general was a foot and a half. The
Hebrews however had three cubits:

1st. The common cubit, which was a foot and a half Hebrew
measure, or 2617 of those parts of which the English foot con-
tains 1440.

2d. The sacred and modern cubit, which was one Babylonic
foot and three quarters, or 2883 or 2861 parts of the English
foot, ,

3d. The great geometric cubit, which was 9 Hebrew feet, or
6 lesser cubits,

Grecian feet.
The orgya of the Greeks was . . . 6
The arura . . . e 50
The plethron . . e e e 100
The diplethron . . . e . . 200

S : . Roman feet.
The hexapeda of the Romans was . . 6
The decempeda . . . . . 10
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MEASURES OF PARIS. =
French feet. FEnglish feet.

Toise of Paris . . . . 6 6-3959
Metre, or new measure . . . Sxes 32854
The royalperch . . . . 22 234515
The mean pesch . . . . 20 213195
The lesser perch, used at Paris . 18 101876
The acre is 100 square perches.

The are is 100 square metres.

MEASURES OF CAPACITY FOR LIQUIDS,

The Muid for liquids (Paris measure) contains 8 French cubic
feet, or 167447071 English cubic inches.
Six French cubic inches make a poingon, or by corruption
poisson, = 72677 Eng. cubic inches.
. Eng. cub. inches.
2 poissons make . . . 1 demi-setier 145353

2 demi-setiers . « « 1 chopine 290707
2 chopines . . . . . 1 pinte 481413
2 pintes « « « .« o« 1 quarte 1162827

4 quartes . . . . . 1 grandsetier 465°1308

36 grand setiers . . . 1 Muid 167447071

Litre . . a cubical decimetre = 1,; pinte.

A Muid therefore is equal to 72:4871 English wine gal-
lons, or about 11 hogshead. '

FRENCH DRY MEASURES,
The litron contains 36 French cubic inches, or 43'606 En-

glish cubic inches.
Eng. cub. inches.

16 Litrons make . . . 1 Boisseaun 697-696

3 Boisseaux . .« « « 1 Minot 2093088
2 Minots . e« « « 1 Mine 4186°176
2 Mines . . « . 1 Setier 8372352

12 Setiers . . . . 1 Paris Muid 100468224
Hence the French Muid for things dry is equal to 4672
English bushels, or 5 quarters 6 bushels 2'88 pecks.
The following tables of ancient measures have been added
from Arbuthnot.
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ROMAN MEASURES OF LENGTIL,

! Eng. inches.

Digitus transversus . . . 072525
Uncia, the ounce . . . 0067
Palmus minor . . . . 2°'901
Pes, the foot . e . 11'604

‘ Eng. feet.
Palmipes . .+ . . . 120875
Cubitus e e e 1°4505
Gradus . . . . . 2°4175
Paces.
Passus . .. . 0967
Stadium . . . . . 120°875

Milliare . . . . 9670

SCRIPTURE MEASURES OF LENGTH.

. * Tnches.
Digit . . . . . .. ~o07425
Palm . .- . . . . 297
Span . . . .. . 891
: Eng. feet.
Lesser cubit . . . . 1°485
Greater cubit « o .« . 14325
. Yards.
Fathom . . . . . 231
Ezekiel's reed . . . . 3465
Arabian pole . . e 462

Schenus . . . . . 462
Stadium . . . . . 2310
Sabbath day’sjourngy. . . 1155°0

Miles.
Eastern mile . . . . 1-886
Parasatg . . . . . - 41358

Day’s journey . . . . 33964
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GRECIAN MEASURES OF LENGTH.

Inches.
Dactylos . . . . . 075540
Doron
Dochme } . . . . 302187
Dichas : . . . . 7:55468°
Orthodoron . . . . 831015
Eug. inches.
Spithame . . . . . 906562
Pous . . . . . . 12°0875
) Fog. feet.
Pous . . . e . . 1-:00729
Pygme* . . . <. 1°13203
Pygon . . . . . 125011
Pechys . . . . . 1°51093
Eng. paces.
Orgya . . . . . 1°00729
Stadios
Dulos } . . . . 10072916

Milion . . . . . 805°8333

ROMAN DRY MEASURES.

‘ ) Eng. pints.
Hemina . . . . . ‘05074
Sextarius . . . . . 1-0148

Eng. peck.
Modius [ . . . . l .0141
+  ATTIC DRY MEASURES.
Eng. piuts.
Xestes . . . . . 09903
*Chenix . . e . 1486
Eng. bushel.
Medimnus . . . . . 1°0906

@ FProm this measure is derived the English word pigmy.
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JEWISH DRY MEASURES, ACCORDING TO JOSEPHUS,

Gachal .
Cab . .
Gomer .
Seah . .
Ephah .
. Latech .
Coron }
Chomer

.

_ Eng. pints.
01949
3874
70152

Eng. peck.
14615
Eng. bush,
1:0961
5°4807
Eng. quarter.

1:3702

ROMAN MEASURES FOR LIQUIDS.

Hemina .
Sextarius
Congius .
\ Urna .
Amphora .
Culeus .

Eng. pinfs.
059759
1.10518
7:1712

Eng. gallons.
35857
7°1712

~ Eng. hogs.

22766

- ATTIC MEASURES FOR LIQUIDS.

Cotyle .

Xestes .
Chous .
Meteotes .

.

.

Eng. pints.
05742
11483
68900
Eng. gall.

' 10°3350

JEWISH MEASURES FOR LIQUIDS.

"Caph .
Leg .
Cab . .

Eng, pints.
0'8612
1°1483
4'5033.
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Eng. gall.
Hin . e . . . . 17225
Seah . . . . . . 34450
Bath . . . . . . 10°3350
Eng. vogs.
Coron . . . e . . 1'64 05

FRENCH MEASURES.

The English foot is to the Paris foot, as 1 to 1°065977
The English square ft. is to the Paris, as 1 to 1°1363.7
The English cube ft. is to the Paris, as 1 to 1°2.12;'7

The French wine pint contains £8:1413 iunglish cubical
inches; and the English wine pint contains 28'8;5 cubical
inches.

NEW FRENCH MEASURES.

The new French measures were established by a decree of
the national convention, on the 7th .of April 1795. The ele-
mentary measure on which they are founded, is a decimal part
of the distance from the pole to the equator; that is, a decimal
part of a quarter of the terrestrial meridian : for the Metre,
which is the element of all the rest, is the ten millionth part of
that distance, and is equal, in the old French measures, to 36
inches and 11-296 lines. A metre, in length, is the element of
all the lineal measures; a square metre is the element of all the
superficial measures ; and a cubic metre is the element of all
the measures of capacity.

MEASURES OF LENGTH.

Eng. inches.
Millimetre . e . . ‘03937
Centimetre . . . . *309378
Decimetre . . . . 803786
Metre . . . . 30°37860
Decametre . . . . 303-78605
Hectometre . . B . 3037'86059
Chiliometre . . 3937860599

Myriometre . . e 39378605907
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Miles fur. yards feet inch.

A metre is . . —_ — — 3 337
A Decametre . . — — 10 2078
" A Hectometre . — — 100 1 186
A Chiliometre . . — 4213 2660
A Myriometre .« L. 6 1158 1605

The distance from the pole to the equator, or 4th part of the
terrestrial meridian, according to the late French measure-
ment, is 32815504 English feet.

Centesimal degree = 328155-04 English feet.

MEASURES OF CAPACITY.

Eng. cub. inches.

Millilitre .. . . . 06106
Centilitre . . ... . ‘61063
Decilitre .. . . . - 610634
Litre e e . . 61-06345
Decalitre . . . . . 610'63450
Hectolitre . . . . . 6106°34504
Chiliolitre (cubic metre) .- 61063°45042
Myriolitre . . . 610634°50427

A litre is 2°114, or nearly 2% English winé pints. .
A Hectolitre is 26434 wine gallons, or 2 gall. 2 quarts 1°14
pint. .
> A chiliolitre is 4 hogsheads, 12 gallons, 1-36 quart; or 1 tun
' 12-34 gallons.
A Myriolitre is 10 tuns, 1 hogshead, 664 gallons; or nearly

10% tuns.
SQUARE OR SUPERFICIAL MEASURES. ’
’ Eng. square feet.
Square millimetre . e . ‘01076
Square centimetre . o *10768
Square decimetre . . . . 1'07685

Centiare (square metre) . . 10°76856

+ Deciare . . . . + 10768564
Are .+« . . 107685645
* Pecare . . . . . 10768'56454

\
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Eng. square feet.
Hectare . . . . 107685°64540
Chiliare ., . . . 1076856'45407
Myrlare . . . 10708564'54070
A Hectare is 2+472 Engllsh statute acres; or 2 acres 1 rood
35°5 poles,

MEASURES FOR FIRE WOOD.

'

R Eug. cubic feet.
Decistere . . . . 3533764
Stere (cubic metre) . . 35337645

‘
END OF THE FIRST VOLUME.
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